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5.1.6 ½È©�O�

1◦ ½È©���{

½n 1 (½È©���{) �¼ê f(x) 3«m [a, b] þëY, ¼ê

x = ϕ(t)3 [α, β]þëY��, a 6 ϕ(t) 6 b,� ϕ(α) = a, ϕ(β) = b.Kk

e¡���úª ∫ b

a

f(x)dx =

∫ β

α

f(ϕ(t))ϕ′(t)dt.
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y² d½n¥�^���, þªüà�È©Ñ�3, �¼ê f(x) Ú

f(ϕ(t))ϕ′(t) ©O3«m [a, b] 9 [α, β] þk�¼ê. � F (x) ´ f(x) (3

[a, b]þ)����¼ê,K�âEÜ¼ê�¦�{K��, F (ϕ(t))��,�

(F (ϕ(t)))′ = F ′(ϕ(t))ϕ′(t) = f(ϕ(t))ϕ′(t).

Ïd F (ϕ(t))´ f(ϕ(t))ϕ′(t)3 [α, β]þ����¼ê. d Newton–Leibnizú

1/24

‖J I‖ J I �£ �¶ '4 òÑ



5.1.6 5.1.7 5.1.8 ��{ ©ÜÈ©{

ª,·�k ∫ b

a

f(x)dx = F (b)− F (a),

±9 ∫ β

α

f(ϕ(t))ϕ′(t)dt = F (ϕ(β))− F (ϕ(α)) = F (b)− F (a).

ùÒy²
¤`��ª. y..

51 l½n�y²5w, vk7��¦ ϕ′(t) 3 [α, β] þëY, ��§�

ÈÒ�±
.

52 �Ø½È©���{'�, ùpvk�¦ x = ϕ(t) î�üN. ù´

Ï�ØI��Ø½È©@��ªAò#Cþ�£�5�È©Cþ.
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~ 1 � f(x)´4«m [−a, a]þëY�Û¼ê,¦
∫ a

−a
f(x) dx.
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0

f(x) dx

= −
∫ 0

a

f(−t)dt +
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0

f(x) dx

=

∫ 0

a

f(t) dt +
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0

f(x) dx

= −
∫ a

0

f(t) dt +

∫ a

0

f(x) dx

= 0.
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~ 2 ¦
∫ a

0

√
a2 − x2 dx (a > 0).
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~ 2 ¦
∫ a

0

√
a2 − x2 dx (a > 0).

) - x = a sin t (0 6 t 6 π/2). K� x = 0 �, t = 0; � x = a �,

t = π
2
. ¤± (d½È©���{K)∫ a

0

√
a2 − x2 dx =

∫ π
2

0

a2 cos2 t dt

4/24

‖J I‖ J I �£ �¶ '4 òÑ



5.1.6 5.1.7 5.1.8 ��{ ©ÜÈ©{

~ 2 ¦
∫ a

0

√
a2 − x2 dx (a > 0).

) - x = a sin t (0 6 t 6 π/2). K� x = 0 �, t = 0; � x = a �,

t = π
2
. ¤± (d½È©���{K)∫ a

0

√
a2 − x2 dx =

∫ π
2

0

a2 cos2 t dt

=
a2

2

∫ π
2

0

(1 + cos 2t) dt
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~ 2 ¦
∫ a

0

√
a2 − x2 dx (a > 0).

) - x = a sin t (0 6 t 6 π/2). K� x = 0 �, t = 0; � x = a �,

t = π
2
. ¤± (d½È©���{K)∫ a

0

√
a2 − x2 dx =

∫ π
2

0

a2 cos2 t dt

=
a2

2

∫ π
2

0

(1 + cos 2t) dt

=
a2

2

(
t +

1

2
sin 2t

)∣∣∣∣π2
0
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~ 2 ¦
∫ a

0

√
a2 − x2 dx (a > 0).

) - x = a sin t (0 6 t 6 π/2). K� x = 0 �, t = 0; � x = a �,

t = π
2
. ¤± (d½È©���{K)∫ a

0

√
a2 − x2 dx =

∫ π
2

0

a2 cos2 t dt

=
a2

2

∫ π
2

0

(1 + cos 2t) dt

=
a2

2

(
t +

1

2
sin 2t

)∣∣∣∣π2
0

=
π

4
a2.

5: ù�~f`²�»� a ��¡È�o©���u π
4
a2. Ïd��¡

È´ πa2.
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~ 3 O�È© I =
∫ 1

0
ln(1+x)
1+x2

dx.
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~ 3 O�È© I =
∫ 1

0
ln(1+x)
1+x2

dx.

) �C� x = tanϕ,K dϕ = 1
1+x2

dx,�� x = 0�, ϕ = 0;� x = 1

�, ϕ = π
4
.u´

I =

∫ π
4

0

ln

(
cosϕ + sinϕ

cosϕ

)
dϕ
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~ 3 O�È© I =
∫ 1

0
ln(1+x)
1+x2

dx.

) �C� x = tanϕ,K dϕ = 1
1+x2

dx,�� x = 0�, ϕ = 0;� x = 1

�, ϕ = π
4
.u´

I =

∫ π
4

0

ln

(
cosϕ + sinϕ

cosϕ

)
dϕ

=

∫ π
4

0

{
ln

(√
2

(
1
√
2
cosϕ +

1
√
2
sinϕ

))
− ln(cosϕ)

}
dϕ
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1
√
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1
√
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sinϕ

))
− ln(cosϕ)

}
dϕ

=

∫ π
4
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√
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dϕ

5/24

‖J I‖ J I �£ �¶ '4 òÑ



5.1.6 5.1.7 5.1.8 ��{ ©ÜÈ©{

~ 3 O�È© I =
∫ 1

0
ln(1+x)
1+x2

dx.

) �C� x = tanϕ,K dϕ = 1
1+x2

dx,�� x = 0�, ϕ = 0;� x = 1

�, ϕ = π
4
.u´

I =

∫ π
4

0

ln

(
cosϕ + sinϕ

cosϕ

)
dϕ

=

∫ π
4

0

{
ln

(√
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1
√
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1
√
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sinϕ
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=

∫ π
4

0

{
ln
√
2 + ln

(
sin
(
ϕ +

π

4

))
− ln(cosϕ)

}
dϕ

=
π

8
ln 2 +

∫ π
4

0

ln
(
sin
(
ϕ +

π

4

))
dϕ−

∫ π
4

0

ln(cosϕ)dϕ.
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4
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ln
(
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(
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4
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dϕ−

∫ π
4
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Ï�∫ π
4

0

ln
(
sin
(
ϕ +

π

4

))
dϕ

ϕ=π
4−t

====== −
∫ 0

π
4

ln
(
sin(

π

2
− t)

)
dt =

∫ π
4

0

ln(cos t)dt.

¤± I = π
8
ln 2.
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~ 4 � f(x)´ [a, b]þ��È�à¼ê,¦y

(b− a)f
(
a + b

2

)
6
∫ b

a

f(x) dx.
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~ 4 � f(x)´ [a, b]þ��È�à¼ê,¦y

(b− a)f
(
a + b

2

)
6
∫ b

a

f(x) dx.

y² Ï� f(x)´à¼ê,¤±é x ∈ [a, b]k

f(x) + f(a + b− x) > 2f

(
a + b

2

)
.

ü>È©��∫ b

a

f(x) dx +

∫ b

a

f(a + b− x) dx > 2(b− a)f
(
a + b

2

)
.

��� t = a + b− x,��∫ b

a

f(a + b− x) dx = −
∫ a

b

f(t) dt =

∫ b

a

f(t) dt.

dd=�¤y.
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~ 5 � f(x)3 Rþk½Â,3?¿k�«mþ�È,�÷v

f(x + y) = f(x) + f(y).

¦ f(x).
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~ 5 � f(x)3 Rþk½Â,3?¿k�«mþ�È,�÷v

f(x + y) = f(x) + f(y).

¦ f(x).

) �	¼ê

F (x) =

∫ x

0

f(t) dt.
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∫ y
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=é?¿ x, y k

F (x + y) = F (x) + F (y) + yf(x).

�� x, y ��

F (x + y) = F (x) + F (y) + xf(y).

'�þ¡�ª,�

yf(x) = xf(y).

� y = 1,�

f(x) = ax,

Ù¥ a = f(1)´?¿~ê.
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2◦ ½È©�©ÜÈ©{

½n 2 (½È©�©ÜÈ©{) �¼ê u(x)Ú v(x)3«m [a, b]þkëY

��¼ê u′(x)� v′(x). K∫ b

a

u(x)v′(x) dx = u(x)v(x)
∣∣∣b
a
−
∫ b

a

u′(x)v(x) dx.
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2◦ ½È©�©ÜÈ©{

½n 2 (½È©�©ÜÈ©{) �¼ê u(x)Ú v(x)3«m [a, b]þkëY

��¼ê u′(x)� v′(x). K∫ b

a

u(x)v′(x) dx = u(x)v(x)
∣∣∣b
a
−
∫ b

a

u′(x)v(x) dx.

y² d�©¥�¦�{K

(u(x)v(x))′ = u′(x)v(x) + u(x)v′(x),

9®�^���, þª�ü>Ñ´ëY�, Ïd�È. éþªü>?1È©,

¿^ Newton–Leibnizúª,�Ñ

u(x)v(x)
∣∣∣b
a
=

∫ b

a

u′(x)v(x) dx +

∫ b

a

u(x)v′(x) dx.

=�¤�y²��ª.
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~ 6 O�
∫ 1

0

ln(1 + x) dx.
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~ 6 O�
∫ 1

0

ln(1 + x) dx.

) �â©ÜÈ©{,∫ 1

0

ln(x + 1) dx = x ln(x + 1)
∣∣∣1
0
−
∫ 1

0

x ·
1

x + 1
dx

10/24

‖J I‖ J I �£ �¶ '4 òÑ



5.1.6 5.1.7 5.1.8 ��{ ©ÜÈ©{

~ 6 O�
∫ 1

0

ln(1 + x) dx.

) �â©ÜÈ©{,∫ 1

0

ln(x + 1) dx = x ln(x + 1)
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−
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0

x ·
1

x + 1
dx

= ln 2−
∫ 1

0

(
1−

1

x + 1

)
dx
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−
∫ 1

0

x ·
1

x + 1
dx

= ln 2−
∫ 1

0

(
1−

1

x + 1

)
dx

= ln 2−
(
1− ln(x + 1)

∣∣∣1
0

)
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) �â©ÜÈ©{,∫ 1

0

ln(x + 1) dx = x ln(x + 1)
∣∣∣1
0
−
∫ 1

0

x ·
1

x + 1
dx

= ln 2−
∫ 1

0

(
1−

1

x + 1

)
dx

= ln 2−
(
1− ln(x + 1)

∣∣∣1
0

)
= 2 ln 2− 1
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x ·
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(
1−

1
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= 2 ln 2− 1

= ln
4

e
.

10/24

‖J I‖ J I �£ �¶ '4 òÑ



5.1.6 5.1.7 5.1.8 ��{ ©ÜÈ©{

~ 7 O�
∫ √3

0

x arctanx dx.
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~ 8 O�
∫ π

2

0

sinn x dx9

∫ π
2

0

cosn x dx (n = 0, 1, 2, · · · ).
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~ 8 O�
∫ π

2

0

sinn x dx9

∫ π
2

0

cosn x dx (n = 0, 1, 2, · · · ).

) ��� x = π
2
− t. ��∫ π

2

0

sinn x dx = −
∫ 0

π
2

cosn t dt =

∫ π
2

0

cosn t dt =

∫ π
2

0

cosn x dx.

Ïd·��I¦ In =
∫ π

2

0
sinn x dx. w, I0 =

π
2
, I1 = 1. é n > 2,d©ÜÈ

©��
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©��

In =
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= In = (n− 1)In−2 − (n− 1)In,¤±

In =
n− 1

n
In−2 (n > 2).

dù4íúª,·��Ñ

I2n =
(2n− 1)

2n
I2n−2 = · · · =

(2n− 1)

2n
·
(2n− 3)

(2n− 2)
· · ·

3

4
·
1

2
· I0

=
(2n− 1)!!

(2n)!!
·
π

2
.

aq/��

I2n+1 =
2n

(2n + 1)
·
(2n− 2)

(2n− 1)
· · ·

2

3
· I1 =

(2n)!!

(2n + 1)!!
.

nÜå5,·�k∫ π
2

0

sinn x dx =

∫ π
2

0

cosn x dx =


(n−1)!!
n!!

, n�Ûê,
(n−1)!!
n!!
· π

2
, n�óê.
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~ 9 ¦y lim
n→∞

n∏
k=1

(
1 +

k

n

)1/n

Âñ.
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~ 9 ¦y lim
n→∞

n∏
k=1

(
1 +

k

n

)1/n

Âñ.

y² Ï� ln(1 + x)3 [0, 1]ëY,Ï3 [0, 1]�È.æ^�©:

0,
1

n
,
2

n
, · · · ,

n− 1

n
, 1

ò [0, 1]©� n�°,� ξk = k
n
, k = 1, 2, · · · , n.K RiemannÚ

Sn =

n∑
k=1

1

n
ln

(
1 +

k

n

)
� n→∞�Âñ� A =

∫ 1

0
ln(1 + x) dx = ln 4

e
.Ï� Sn �L«�

ln

n∏
k=1

(
1 +

k

n

)1/n

,

¤± lim
n→∞

n∏
k=1

(
1 +

k

n

)1/n

Âñ� 4
e
.
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5.1.7 ^È©½Â¼ê

ëY¼êÑk�¼ê. Ð�¼ê3Ù½Â�S´ëY¼ê,Ïd,Ð�¼

êÑk�¼ê. kNõÐ�¼êÙ�¼êE´Ð�¼ê, ��k�
Ð�¼

ê,Ù�¼êØU^Ð�¼êL«,½ö`§Ø´Ð�¼ê. ~X,∫
e−x

2

dx,

∫
sinx

x
dx,

∫
sinx2 dx.

XJ��Ð�¼ê f(x)��¼êE´Ð�¼ê g(x) ,@·��±��TÐ

�¼ê g(x) �È©L«. XJ��Ð�¼ê f(x) ��¼êØ´Ð�¼ê,

@·��±^Cþ�È© ∫ x

x0

f(t) dt

(x0 3 f �½Â�¥)5½Â��#�¼ê.
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^È©½Âéê¼ê

y3b�·�¯kØ���o´éê¼ê,^È©½Â¼ê

f(x) =

∫ x

1

1

u
du, (x > 0).

§´½Â3 x > 0 þ��ëY����¼ê. lAÛþw, §´�

y = 1
u
CXe�¡È.Ïd,ÃØ´AÛ�*,�´�âÈ©�5�,·�Äk

��þª¤½Â�¼ê÷v

f(1) = 0, f(x)î�üN4O.

Ïd� x > 1�, f(x) > 0,� 0 < x < 1�, f(x) < 0.

éu x > 0, y > 0,|^È©��\5Ú��{,k

f(xy) =

∫ xy

1

1

u
du =

∫ x

1

1

u
du +

∫ xy

x

1

u
du

=

∫ x

1

1

u
du +

∫ y

1

1

u
du,
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Ïd¼ê f(x)äke�5�:

f(xy) = f(x) + f(y)

AO,� y = x,�

f(x2) = 2f(x)

� y = x−1,Kk

f(x) + f(x−1) = f(1) = 0, = f(x−1) = −f(x)

þ¡(J�g,í2´

f(xn) = nf(x), x > 0, n´?Û£�½K¤��ê

éu?Û��knê α = m
n
,P xα = y,Ïd xm = yn,K

f(xm) = f(yn) =⇒ mf(x) = nf(y)

¤±

f(xα) = αf(x), x > 0
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e¡y²

f(e) = 1

�âê��4�,·���

e = lim
n→∞

(
1 +

1

n

)n
5¿�¼ê f(x)�ëY5,k

f(e) = f

(
lim
n→∞

(
1 +

1

n

)n)
= lim

n→∞
f

((
1 +

1

n

)n)
= lim

n→∞
nf

(
1 +

1

n

)
|^È©¥�½n,���3�: ξ ∈

[
1, 1 + 1

n

]
,¦�

f

(
1 +

1

n

)
=

∫ 1+ 1
n

1

1

u
du =

1

ξ

1

n

Ïd,� n→∞�, ξ → 1,¤±� f(e) = 1.

·�rþ¡½Â�¼êP� log x½ lnx.
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5.1.8 Taylor Ðm¥{��È©L«

½n 3 (�È©{�� Taylor ½n) �¼ê f(x) 3 (a, b) þk�� n + 1

��ëY�¼ê. @oé?¿�½� x0 ∈ (a, b)k

f(x) =

n∑
k=0

f (k)(x0)

k!
(x− x0)

k +Rn(x), (5.1)

Ù¥

Rn(x) =
1

n!

∫ x

x0

(x− t)nf (n+1)(t) dt, x ∈ (a, b). (5.2)

5¿�� t ∈ [x0, x]�, (x− t)n ØCÒ,� f (n+1)(t)ëY,�âí2�

È©¥�½n,�3 ξ ∈ (x0, x)¦�

Rn(x) =
1

n!
f (n+1)(ξ)

∫ x

x0

(x− t)n dt =
f (n+1)(ξ)

(n + 1)!
(x− x0)

n+1.
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y² |^ Newton–Leibnizúª9©ÜÈ©{,

f(x) = f(x0) +

∫ x

x0

f ′(t)dt = f(x0) +

∫ x

x0

(t− x)′f ′(t)dt
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f(x) = f(x0) +

∫ x

x0

f ′(t)dt = f(x0) +

∫ x

x0

(t− x)′f ′(t)dt

= f(x0) + f
′(x0)(x− x0)−

∫ x

x0

(t− x)f ′′(t)dt
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∫ x

x0
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= f(x0) + f
′(x0)(x− x0)−
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(t− x)2

2
f ′′(t)

∣∣∣x
x0
−
∫ x

x0

(t− x)2

2
f ′′′(t)dt

)
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∣∣∣x
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−
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x0

(t− x)2
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= f(x0) + f

′(x0)(x− x0) +
(x− x0)

2

2
f ′′(x0) +

∫ x

x0

(t− x)2

2
f ′′′(t)dt
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∣∣∣x
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(t− x)2
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(t− x)2
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= · · ·
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= f(x0) + f
′(x0)(x− x0)−
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−
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(x− x0)

2

2
f ′′(x0) +
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x0

(t− x)2

2
f ′′′(t)dt

= · · ·

=

n∑
k=0

f (k)(x0)

k!
(x− x0)

k +Rn(x).
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~ 10 � f(x) 6≡ 0,3 [a, b]þ��, f(a) = f(b) = 0.¦y���3�

: c ∈ [a, b]¦

|f ′(c)| >
4

(b− a)2

∫ b

a

|f(x)| dx. (1)
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~ 10 � f(x) 6≡ 0,3 [a, b]þ��, f(a) = f(b) = 0.¦y���3�

: c ∈ [a, b]¦

|f ′(c)| >
4

(b− a)2

∫ b

a

|f(x)| dx. (1)

y² Pþªmà�M . b�é�� c ∈ [a, b]k |f ′(c)| 6 M,·�±

eíÑgñ. Äk�â�©¥�½n,éu x ∈ [a, a+b
2
]�3 ξ ∈ (a, x),¦

f(x) = f(x)− f(a) = f ′(ξ)(x− a),

Ïddb�,k

|f(x)| 6M(x− a), x ∈ [a,
a + b

2
], (2)

Ï ∫ a+b
2

a

|f(x)| dx 6
1

2

(
b− a

2

)2

M. (3)
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2�â�©¥�½n,éu x ∈ [a+b
2
, b]�3 η ∈ (x, b),¦

f(x) = f(x)− f(b) = f ′(η)(x− b),

Ïddb�,k

|f(x)| 6M(b− x), x ∈ [
a + b

2
, b], (4)

Ï ∫ b

a+b
2

|f(x)| dx 6
1

2

(
b− a

2

)2

M. (5)

ò (3)� (5)�\��∫ b

a

|f(x)| dx 6

(
b− a

2

)2

M =

∫ b

a

|f(x)| dx.

ù`² (3)Ú (5)7L´�ª,Ï (2)Ú (4)7L¤��ª. u´

f 2(x) =

M 2(x− a)2, x ∈ [a, a+b
2
],

M 2(b− x)2, x ∈ [a+b
2
, b],

d©ã¼ê3 x = a+b
2
Ø��,ù� f(x)3 [a, b]��gñ!
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~ 11 ¦y:

∫ π/2

0

t

(
sinnt

sin t

)4

dt 6

(
n2

4
−

1

8

)
π2.
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~ 11 ¦y:

∫ π/2

0

t

(
sinnt

sin t

)4

dt 6

(
n2

4
−

1

8

)
π2.

y²: ^êÆ8B{N´y² | sinnt| 6 n sin t, t ∈ [0, π
2
].,	qk

| sinnt| 6 1, sin t >
2t

π
, t ∈ [0,

π

2
].

� a = π
2n
.Kk∫ π/2

0

t

(
sinnt

sin t

)4

dt =

∫ a

0

t

(
sinnt

sin t

)4

dt +

∫ π/2

a

t

(
sinnt

sin t

)4

dt
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2t
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2
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� a = π
2n
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0
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(
sinnt

sin t

)4
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∫ a

0

t

(
sinnt

sin t

)4

dt +

∫ π/2

a

t

(
sinnt

sin t

)4

dt

6
∫ a

0

tn4 dt +

∫ π/2

a

t

(
1

2t/π

)4

dt
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~ 11 ¦y:
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(
sinnt

sin t
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4
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)
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sinnt
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∫ a

0

t

(
sinnt

sin t

)4

dt +

∫ π/2

a

t

(
sinnt

sin t

)4

dt

6
∫ a

0

tn4 dt +

∫ π/2

a

t

(
1

2t/π

)4

dt

=
1

2
n4a2 +

1

2

(π
2

)4( 1

a2
−

1

(π/2)2

)
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~ 11 ¦y:
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sinnt
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(
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0
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a
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(
1

2t/π

)4
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=
1

2
n4a2 +

1

2

(π
2

)4( 1

a2
−

1

(π/2)2

)
=

1

2
n4a2 +

1

2

(π
2

)4
·
1

a2
−
π2

8
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2
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−
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=
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2
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2
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2
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·
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−
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=

(
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4
−

1

8

)
π2.
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~ 12 � f(x)3 Rþ��, f(0) = 0, g(x)3 RþëY,�

|f ′(x)| 6 |g(x)f(x)|, x ∈ R.

¦y: f(x) ≡ 0.
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~ 12 � f(x)3 Rþ��, f(0) = 0, g(x)3 RþëY,�

|f ′(x)| 6 |g(x)f(x)|, x ∈ R.

¦y: f(x) ≡ 0.

y²: - u(x) =

∫ x

0

|g(t)| dt,K u′(x) = |g(x)|.2-

h(x) = f 2(x)e−2u(x).

·�k

h′(x) =
(
2f(x)f ′(x)− 2f 2(x)|g(x)|

)
e−2u(x) 6 0.

ù`² h(x) üN4~. du h(0) = 0, k h(x) 6 0, x > 0. �l½Â�

h(x) > 0.¤± h(x) = 0, x > 0.l� x > 0� f(x) = 0.
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~ 12 � f(x)3 Rþ��, f(0) = 0, g(x)3 RþëY,�

|f ′(x)| 6 |g(x)f(x)|, x ∈ R.

¦y: f(x) ≡ 0.

y²: - u(x) =

∫ x

0

|g(t)| dt,K u′(x) = |g(x)|.2-

h(x) = f 2(x)e−2u(x).

·�k

h′(x) =
(
2f(x)f ′(x)− 2f 2(x)|g(x)|

)
e−2u(x) 6 0.

ù`² h(x) üN4~. du h(0) = 0, k h(x) 6 0, x > 0. �l½Â�

h(x) > 0.¤± h(x) = 0, x > 0.l� x > 0� f(x) = 0.

�Ä¼ê f1(x) = f(−x),Óþ�y f1(x) = 0, x > 0.u´� x 6 0�

�k f(x) = 0.

¯K g(x)ëY�^��±�°í?
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