
Stokes úª �©/ª�È©

11.5.2 Stokes ½n

� L ´²¡þ©ã1w4��, L �±3²¡þ�¤��4«� D,

d�éu²¡þ�1w�þ| ~F = (P,Q), ~F 3 L þ�1�.�È©�

u ∂Q
∂x
− ∂P

∂y
3 D þ��È©. � L ´�m¥�4�, ~F ´�m¥��

þ| (P,Q,R)�, ~F 3 Lþ�1�.�È©��±�¡È©ïáéX.

½n 1 (Stokes úª) � S ´±µ4� L �>.�©¡1w¡,

P,Q,R´3�¹¡ S ����m«�þäkëY �ê�¼ê. Kk∮
L

Pdx +Qdy +Rdz =

∫∫
S

(
∂R

∂y
−
∂Q

∂z

)
dy ∧ dz+ (11.1)(

∂P

∂z
−
∂R

∂x

)
dz ∧ dx +

(
∂Q

∂x
−
∂P

∂y

)
dx ∧ dy,

(11.2)

Ù¥ L���� S ����N.
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Stokes úª �©/ª�È©

y² �Än«a.�¡,

A.¡: ²1u x¶���� S �õk���:.

B .¡: ²1u y ¶���� S �õk���:.

C .¡: ²1u z ¶���� S �õk���:.

kb� S ´�� C .¡,ù� S kwL«

z = f(x, y), (x, y) ∈ D, D´ S 3 Oxy²¡

þ�ÝK.� L1 = ∂D,�� L1 ��§�

x = x(t), y = y(t), t ∈ [α, β].

ù� L��§Ò´

x = x(t), y = y(t), z = f(x(t), y(t)), t ∈ [α, β].

Ø�� tO\���Ò´ L���.d���

S ����N. x

y

z

D

S

L

L1

O
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Stokes úª �©/ª�È©

�â1�.�È©�O��{±9 Greenúª,k

∮
L

P (x, y, z)dx =

∫ β

α

P (x(t), y(t), f(x(t), y(t)))x′(t)dt

=

∮
L1

P (x, y, f(x, y))dx

= −
∫∫

D

∂

∂y
P (x, y, f(x, y))dxdy

= −
∫∫

D

(
P ′2(x, y, f(x, y)) + P ′3(x, y, f(x, y))z′y

)
dxdy

∵
∫∫

S

∂P

∂y
dx ∧ dy =

∫∫
D

P ′2(x, y, f(x, y))dxdy∫∫
S

∂P

∂z
dz ∧ dx =

∫∫
D

P ′3(x, y, f(x, y))
∂(z, x)

∂(x, y)
dxdy

= −
∫∫

D

P ′3(x, y, f(x, y))z′ydxdy
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Stokes úª �©/ª�È©

∴
∮
L

P (x, y, z)dx =

∫∫
S

∂P

∂z
dz ∧ dx−

∫∫
S

∂P

∂y
dx ∧ dy. (11.3)

aq/,� S ´ A.¡�,k∮
L

Q(x, y, z)dy =

∫∫
S

∂Q

∂x
dx ∧ dy −

∫∫
S

∂Q

∂z
dy ∧ dz. (11.4)

� S ´ B .¡�,k∮
L

R(x, y, z)dz =

∫∫
S

∂R

∂y
dy ∧ dz −

∫∫
S

∂R

∂x
dz ∧ dx. (11.5)

u´� S Q´ A.¡,q´ B .Ú C .¡�, (11.3),(11.4),(11.5)Ó�¤

á,nª�\=� (11.1)ª. ?�Ú,� S ´dk��äkþã5��¡�

N©�¤�, (11.1)ªE¤á. 3ù��^�e,®y²
 Stokesúª.

� S ´��ëY����K½�¡�,�±e¡��{y² Stokesú

ª. � S �ëê�§´

~r = ~r(u, v) = (x(u, v), y(u, v), z(u, v)), (u, v) ∈ D.

4/16

‖J I‖ J I �£ �¶ '4 òÑ



Stokes úª �©/ª�È©

∂D �ëê�§� u = u(t), v = v(t), t ∈ [α, β], t O\���� L = ∂S

���.u´�â Greenúª,k∮
L

P (x, y, z) dx =

∫ β

α

Px′(t)dt

=

∫ β

α

P

(
∂x

∂u
· u′(t) +

∂x

∂v
· v′(t)

)
dt

=

∮
∂D

P ·
∂x

∂u
du + P ·

∂x

∂v
dv

=

∫∫
D

(
∂

∂u

(
P ·

∂x

∂v

)
−
∂

∂v

(
P ·

∂x

∂u

))
dudv.

∵
∂

∂u

(
P ·

∂x

∂v

)
=

(
∂P

∂x
x′u +

∂P

∂y
y′u +

∂P

∂z
z′u

)
x′v + P

∂2x

∂u∂v

∂

∂v

(
P ·

∂x

∂u

)
=

(
∂P

∂x
x′v +

∂P

∂y
y′v +

∂P

∂z
z′v

)
x′u + P

∂2x

∂v∂u
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Stokes úª �©/ª�È©

∴
∂

∂u

(
P ·

∂x

∂v

)
−
∂

∂v

(
P ·

∂x

∂u

)
=
∂P

∂z
·
∂(z, x)

∂(u, v)
−
∂P

∂y
·
∂(x, y)

∂(u, v)
.

∮
L

P (x, y, z)dx =

∫∫
D

(
∂P

∂z
·
∂(z, x)

∂(u, v)
−
∂P

∂y
·
∂(x, y)

∂(u, v)

)
dudv

=

∫∫
S

∂P

∂z
dz ∧ dx−

∂P

∂y
dx ∧ dy,

=, (11.3)¤á. Ón (11.4),(11.5)�¤á. u´ (11.1)¤á. y..

Stokesúª��¤

∮
∂S

Pdx +Qdy +Rdz =

∫∫
S

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ (11.6)
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Stokes úª �©/ª�È©

~ 1 �¡ S � {(x, y, z) : x+ y + z = 1, x > 0, y > 0, z > 0},{�
� (1, 1, 1)Ó�.¦å| ~F = (y2, z2, x2)7 S ���>. ∂S �±¤��õ.

) S �ü {�þ´ ~n = 1√
3
(1, 1, 1).u´�â Stokesúª

�õ =

∮
∂S

~F · d~r

=

∫∫
S

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

y2 z2 x2

∣∣∣∣∣∣∣∣
=

∫∫
S

(−2z,−2x,−2y) · ~ndS

= −
2
√

3

∫∫
S

(x + y + z)dS

= −
2
√

3
·
√

3

2
= −1.

x

y

z

1

1

1

n
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Stokes úª �©/ª�È©

~ 2 �� L´ý��Ô¡ z = 3x2 + 4y2 �ý�Î¡ 4x2 + y2 = 4y

���,l z ¶���w, L���´^����.¦�þ|
~F = (y(z + 1), xz, xy − z)÷ L��þ.

) D ´ Oxy ²¡«� 4x2 + y2 6 4y, S ´¡ z = 3x2 + 4y2

(x, y) ∈ D,���e. d Stokesúª

�þ =

∮
L

~F · d~r

=

∫∫
S

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

y(z + 1) xz xy − z

∣∣∣∣∣∣∣∣
= −

∫∫
S

dx ∧ dy

=

∫∫
D

dxdy = 2π.

D

S

x

y

z
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Stokes úª �©/ª�È©

~ 3 O� I =
∫
L
(y2 + z2)dx + (z2 + x2)dy + (x2 + y2)dz,Ù¥

L :

x2 + y2 + z2 = 2ax

x2 + y2 = 2bx,
z > 0, 0 < b < a.

l x¶��wL�, L���´_����.

) � S ´ L 3�¥¡ x2 + y2 + z2 = 2ax (z > 0) ¤�¤�¡. Ï

�l x¶��w, L���´_���,¤± S ����e,��¥%. Ïd

S �{�� ~n = −1
a
(x− a, y, z).d Stokesúª,k

I =

∫∫
S

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

y2 + z2 z2 + x2 x2 + y2

∣∣∣∣∣∣∣∣
= 2

∫∫
S

(y − z, z − x, x− y) · ~ndS

= −2

∫∫
S

(z − y)dS = −2

∫∫
S

zdS

O x

y
z

2a2b

S
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Stokes úª �©/ª�È©

Ï� S ��§´ z =
√
a2 − (x− a)2 + y2,¤±

dS =

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy

=
a√

a2 − (x− a)2 + y2
dxdy =

a

z
dxdy,

Ï

I = −2a

∫∫
D

dxdy = −2aπb2 = −2πab2,

Ù¥ D ´ S 3 Oxy ²¡�ÝK,=, (x− b)2 + y2 6 b2.
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Stokes úª �©/ª�È©

~ 4 O�1�.�È© I =

∫
L

(y − z)dx + (z − x)dy + (x− y)dz,

Ù¥ L´Î¡ Sz : x2 + y2 = a2 �²¡ πy : x
a

+ z
h

= 1 (a, h > 0)���,

l x¶��w�÷_����.

) �{ 1: � S ´²¡ πy �Î¡ Sz ¤�e�Ü©,K L = ∂S. S 3

Oxy ²¡þ�ÝK��� Dxy : x2 + y2 6 a2, 3 Oyz ²¡þÝK�ý�

� Dyz : y2

a2 + (z−h)2

h2 6 1,3 Ozx²¡þÝK���ã. d Stokesúª

I =

∫∫
S

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

y − z z − x x− y

∣∣∣∣∣∣∣∣
= −2

∫∫
S

dy ∧ dz + dz ∧ dx + dx ∧ dy

= −2

∫∫
Dyz

dydz − 2

∫∫
Dxy

dxdy

= −2πah− 2πa2 = −2π(a + h)a.

x

y

z

L
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Stokes úª �©/ª�È©

�{ 2: S ´�¶©O� a Ú
√
a2 + h2 �ý�, §�ü {�þ�

~n =
(

h√
a2+h2

, 0, a√
a2+h2

)
.�â Stokesúª,k

I =

∫∫
S

∣∣∣∣∣∣∣∣
h√
a2+h2

0 a√
a2+h2

∂
∂x

∂
∂y

∂
∂z

y − z z − x x− y

∣∣∣∣∣∣∣∣ dS
=

∫∫
S

−2(a + h)
√
a2 + h2

dS

=
−2(a + h)
√
a2 + h2

∫∫
S

dS

=
−2(a + h)
√
a2 + h2

π
√
a2 + h2a

= −2π(a + h)a.
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Stokes úª �©/ª�È©

�{ 3: Ø^ Stokes úª, ��^1�.�È©�O��{. � L 3

Oxy ²¡þ�ÝK�ëê�§� x = a cos t, y = a sin t (t ∈ [0, 2π]). Ï

L�ëê�§�

~r(t) : x = a cos t, y = a sin t, z = h(1− cos t) (t ∈ [0, 2π]).

~r′(t) = (−a sin t, a cos t, h sin t).

P ~F = (y − z, z − x, x− y).u´

I =

∫
L

~F · d~r =

∫ 2π

0

~F ◦ ~r(t) · ~r′(t)dt

=

∫ 2π

0

(
− a2 − ah + ah sin t + ah cos t

)
dt

= −2π(a + h)a.
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Stokes úª �©/ª�È©

11.5.3 �©/ª�È©

3 n��m Rn ¥,P�þ x = (x1, x2, · · · , xn),¡∑
i1,··· ,ip

ai1,··· ,ip(x)dxi1 ∧ · · · ∧ dxip (1)

��� pg�©/ª, ai1,··· ,ip(x)´ n�¼ê,IÒ i1, · · · , ip ¥�z��Ñ
Õá/l 1�� n. þª�±{P�∑

I

aI(x)dxI, (2)

ùp I = (i1, · · · , ip)§�z�©þl 1�� n. �½dxi ∧ dxj = −dxj ∧ dxi

dxi ∧ dxi = 0.
(3)
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Stokes úª �©/ª�È©

Ïd, (1)�±�¤

ω =
∑

ai1,··· ,ip(x)dxi1 ∧ · · · ∧ dxip (4)

ùp�¦Ú´é��·Ü^� 1 6 i1 < i2 < · · · < ip 6 n��I?1.

� Rn ¥� p�¡ S këêL«

Φ :


x1 = x1(u1, · · · , up)

· · · · · ·

xn = xn(u1, · · · , up)

Ù¥ u = (u1, · · · , up) ∈ E ⊂ Rp, E ¡� S �ëê�,¿�

xi = xi(u1, · · · , up) (i = 1, · · · , n)

k��ëY �ê. ¤± S Ò´l E ⊂ Rp→ Rn � C1 �þ�¼ê.
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Stokes úª �©/ª�È©

� ω ´ (4)¥ pg�©/ª. ½Â ω 3 S þ�È©�∫
S

ω =

∫
E

∑
i1,··· ,ip

ai1,··· ,ip(Φ(u))
∂(xi1, · · · , xip)
∂(u1, · · · , up)

du1 · · · dup (5)

§´ E þ��� pÈ©. ·�kXe��� Stokesúª:∫
∂Ω

ω =

∫
Ω

dω, (6)

ùp ω ´ pg�©/ª, Ω´ p + 1�¡.
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