
ÛN� _N� ÛÜ_N�½n �N_N�½n

9.3.2 l�©��ÝwÛ¼ê½n

� F (x, y, u, v)Ú G(x, y, u, v)´ü����¼ê. �dü��§

F (x, y, u, v) = 0, G(x, y, u, v) = 0

(½
���Û¼ê u = u(x, y), v = v(x, y), ò§��\þ¡��§|,

¿©Oé xÚ y ¦ �ê,�

∂F
∂x

+ ∂F
∂u

∂u
∂x

+ ∂F
∂v

∂v
∂x

= 0

∂G
∂x

+ ∂G
∂u

∂u
∂x

+ ∂G
∂v

∂v
∂x

= 0

þ¡1���§ü>¦± ∂G
∂v
~�1���§ü>¦± ∂F

∂v
,�

∂F
∂x

∂G
∂v
− ∂G

∂x
∂F
∂v

+
(
∂F
∂u

∂G
∂v
− ∂G

∂x
∂F
∂v

)
∂u
∂x

= 0.

5¿�
∂F
∂x

∂G
∂v
− ∂G

∂x
∂F
∂v

= ∂(F,G)
∂(x,v)

, ∂F
∂u

∂G
∂v
− ∂G

∂x
∂F
∂v

= ∂(F,G)
∂(u,v)

.
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e
∂(F,G)
∂(u,v)

6= 0,Kk

∂u
∂x

= −∂(F,G)
∂(x,v)

/
∂(F,G)
∂(u,v)

.

^Ó���{��
∂v
∂x

= −∂(F,G)
∂(u,x)

/
∂(F,G)
∂(u,v)

.

aq��� u, v é y ��ê

∂u
∂y

= −∂(F,G)
∂(y,v)

/
∂(F,G)
∂(u,v)

, ∂v
∂y

= −∂(F,G)
∂(u,y)

/
∂(F,G)
∂(u,v)

.

�,,d«�¹eÛ¼ê�3�cJ^���E,´

∂(F,G)
∂(u,v)

6= 0.
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±e�Ä�����¹. � D ⊂ Rn+m ´m8. D ¥�:�� (x, y),

ùp x = (x1, · · · , xn) ∈ Rn, y = (y1, · · · , ym) ∈ Rm.�

F = (F1, F2, · · · , Fm) : D → Rm,

K

JF =


∂F1

∂x1
· · · ∂F1

∂xn

∂F1

∂y1
· · · ∂F1

∂ym
... ... ... ...

∂Fm
∂x1
· · · ∂Fm

∂xn

∂Fm
∂y1
· · · ∂Fm

∂ym


m×(n+m)

P

JxF =


∂F1

∂x1
· · · ∂F1

∂xn
... ...

∂Fm
∂x1
· · · ∂Fm

∂xn


m×n

, JyF =


∂F1

∂y1
· · · ∂F1

∂ym
... ...

∂Fm
∂y1
· · · ∂Fm

∂ym


m×m

Kk JF = (JxF, JyF ).
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½n 1 � D ⊂ Rn+m ´m8. N� F = (F1, F2, · · · , Fm) : D → Rm ÷
v

(i) F ∈ C1(D);

(ii) (x0, y0) ∈ D ¦ F (x0, y0) = 0.ùp x0 ∈ Rn, y0 ∈ Rm;
(iii)1�ª det JyF (x0, y0) 6= 0,

K�3 (x0, y0)����� U × V ¦�
1◦éz� x ∈ U,�§ F (x, y) = 03 V ¥k���) y = f(x);

2◦ y0 = f(x0);

3◦ f ∈ C1(U);

4◦� x ∈ U �,k

Jf(x) = −(JyF (x, y))−1JxF (x, y),

Ù¥ y = f(x).
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~ 1 �§| u2 − v + x = 0,

u + v2 − y = 0,

3 (0, 0)���¥(½ uÚ v ´ x, y �¼ê. ¦ ∂u
∂x
Ú ∂v

∂x
.

) ��§|®(½Û¼ê|

u = u(x, y), v = v(x, y).

�§|�ü��§é x¦�,��2uu′x − v′x + 1 = 0,

u′x + 2vv′x = 0.

u´)�
∂u
∂x

= −
2v

1 + 4uv
, ∂v

∂x
=

1

1 + 4uv
.
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9.3.3 _N���û

3��¼ê�/. � y = f(x) këY��¼ê, f ′(x0) 6= 0, Ø��

f ′(x0) > 0,Ï��¼êëY,¤±3 x0���+� (a, b)S, f ′(x) > 0.ù`

²¼ê3 (a, b)Sî�üNO,¤±�¼ê x = f−1(y)�3,P y0 = f(x0).

�
O��¼ê��û£= xé y ��ê¤,·�l,���Ý�Ä.-

F (x, y) = y − f(x),K¼ê y = f(x)´�§

F (x, y) = 0

�). �´,��¡, Ï� F ′x(x0, y0) = −f ′(x0) 6= 0, �âÛ¼ê�nØ, �

§¥��)ÑÛ¼ê x = x(y),P� x = f−1(y),�¦��ê´
dx

dy
=
df−1

dy
= −

F ′y

F ′x
=

1

f ′(x)
,

¤±
df−1

dy

df

dx
= 1.
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�
y²���_N�½n,ky²��Ún.

Ún 1 � D ⊂ Rn ´m8, f : D → Rm ´ëYN�. e V ⊂ Rm ´m
8,K f−1(V ) = U := {x ∈ D | f(x) ∈ V }´ Rn ¥�m8.

y² � x0 ∈ U. K y0 := f(x0) ∈ V. Ï� V ´m8, ¤±�3 ε > 0

¦ B(y0, ε) ⊂ V. qÏ� f 3 x0 ëY, ¤±éù� ε �3 δ > 0, ¦��

x ∈ B(x0, δ)�,Òk

|f(x)− f(x0)| < ε,

=

f(x) ∈ B(y0, ε) ⊂ V.

dd�� x ∈ U.Ï
B(x0, δ) ⊂ U.

ùL² x0 ´ U �S:. ¤± U ´m8.
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½n 2 (ÛÜ_N�½n) � D ⊂ Rn ´m8, x0 ∈ D. XJN�

f : D → Rn

÷v

(i) f ∈ C1(D);

(ii) det Jf(x0) 6= 0,

@o�3 x0 ����� U Ú y0 := f(x0)����� V ¦�

1◦ f(U) = V,� f 3 U þ´ü�;

2◦ P g ´ f 3 U þ�_N�,Kk g ∈ C1(V );

3◦ � y ∈ V �,k

Jg(y) = (Jf(x))−1,

Ù¥ x = g(y).
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y² �

F (x, y) = f(x)− y.

K F : D × Rn→ Rn,� F ∈ C1(D × Rn), F (x0, y0) = 0.qk

det JxF (x0, y0) = det Jf(x0) 6= 0.

�âÛN�½n,�3 x0���H ⊂ DÚ y0��� V ,¦�éz� y ∈ V,
�§ F (x, y) = 03 H ¥k���),P� x = g(y),� g ∈ C1(V ),

Jg(y) = −(JxF (x, y))−1JyF (x, y)

= −(Jf(x))−1(−In), In ´ n× nü �


= (Jf(x))−1.

- U = g(V ), K f(U) = V. Ï� U ¢Sþ´ V 'u f ���� H ��

8,=, U = H ∩ f−1(V ).dÚn� f−1(V )´m8,Ï U ´m8.

y..
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� U Ú V Ñ´ Rn ¥m8. N� f : U → V ����_,Ù_N��

g.ã«Xe

(x1, · · · , xn)
f

�
g

(y1, · · · , yn)

det Jf =
∂(y1, · · · , yn)
∂(x1, · · · , xn)

det Jg =
∂(x1, · · · , xn)
∂(y1, · · · , yn)

Ï� Jg = (Jf)−1,¤± det Jg = (det Jf)−1,=,

∂(x1, · · · , xn)
∂(y1, · · · , yn)

·
∂(y1, · · · , yn)
∂(x1, · · · , xn)

= 1.

10/13

‖J I‖ J I �£ �¶ '4 òÑ



ÛN� _N� ÛÜ_N�½n �N_N�½n

½n 3 (�N_N�½n) � D ⊂ Rn ´m8. XJN�

f : D → Rn

÷vü�^�

(i) f ∈ C1(D);

(ii) éz� x ∈ D,k det Jf(x0) 6= 0,

K G = f(D)���m8. XJ�÷v

(iii) f 3 D þ´��ü�,

@o�3d G� D �N� f−1 ¦�é�� y ∈ Gk

f ◦ f−1(y) = y,

�

Jf−1(y) = (Jf(x))−1,

Ù¥ x = f−1(y).
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5¿ ½n 4 ¥^� (i), (ii) ��ØUíÑ^� (iii). Ïd, ���¹e,

3z�:�ÛÜ_N��3�ØU�y�N_N��3. ~X,

~ 2 � D = R2 \ {(0, 0)}.

f : (x1, x2) ∈ D → (y1, y2) ∈ R2,

¦�

y1 =
1

3
x3
1 + x1x

2
2,

y2 = x2.

Kk

∂(y1, y2)

∂(x1, x2)
= x2

1 + x
2
2 6= 0.

��N_N�Ø�3.
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~ 3 ¦4�IC� x = r cos θ, y = r sin θ ��C�� �ê.

) d_N�½n(
∂r
∂x

∂r
∂y

∂θ
∂x

∂θ
∂y

)
=

(
∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

)−1
=

(
cos θ −r sin θ
sin θ r cos θ

)−1

=
1

r

(
r cos θ r sin θ

− sin θ cos θ

)

=

(
cos θ sin θ

−sin θ
r

cos θ
r

)

=

 x√
x2+y2

y√
x2+y2

− y
x2+y2

x
x2+y2
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