
Bernstein õ�ª Bernstein %C½n Weierestrass %C½n �/5� Bezier �

§7.5 ^õ�ª��%CëY¼ê

� F ´½Â3«m I þ���¼ê�m. éu½Â3 I þ���¼ê

f ,XJé?¿�ê εÑ�3 g ∈ F ¦�

|f(x)− g(x)| < ε, (∀ x ∈ I)

K¡�±^ F ¥�¼ê��%C f.d�,�3 F ¥�¼ê� {gn}3 I þ

��Âñu f.

duõ�ªäkûÐ�5�, ·�F"�±^õ�ª5��%C¼ê.

5¿�õ�ª´ëY�, �±^õ�ª5��%C�¼ê�½�´ëY�.

·��?Øe¡�¯K:

¯K éuk�4«m [a, b] þ�ëY¼ê f(x), ´Ä�3õ�ª¼ê

� {fn(x)}3 [a, b]þ��Âñu f(x)?
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� Bn
i (x) =

(
n
i

)
xi(1− x)n−i (i = 0, 1, · · · , n)¡� BernsteinÄ¼ê.

½Â 1 � f(x)´ [0, 1]þ�ëY¼ê,¡

Bn(f ;x) =

n∑
i=0

f(
i

n
)Bn

i (x), (1)

� f � n� Bernsteinõ�ª (1912cJÑ).

w,, Bn(f, x)´gê 6 n�õ�ª,�

Bn(1;x) = 1. (2)

��±y²

Bn(x;x) = x. (3)
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Bn(x;x) =

n∑
i=0

i

n

(
n

i

)
xi(1− x)n−i =

n∑
i=1

(n− 1)!

(i− 1)!(n− i)!
xi(1− x)n−i

=

n−1∑
i=0

(n− 1)!

i!(n− 1− i)!
xi+1(1− x)n−1−i

= x

n−1∑
i=0

(
n− 1

i

)
xi(1− x)n−1−i = x.

^aq��{�±y²

Bn(x2;x) = (1−
1

n
)x2 +

1

n
x. (4)

���±�y,� f ´mgõ�ª�, Bn(f ;x)´gê� min(n,m)�õ�

ª.

d (2), (3), (4)�±��
n∑
k=0

(k − nx)2Bn
k (x) = nx(1− x). (5)
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½n 1 (Bernstein) � f(x)´ [0, 1]þ�ëY¼ê,K Bn(f ;x)3 [0, 1]þ

��Âñu f(x).

y² éu�ê δ,� ω(δ)� f �ëY�,=,

ω(δ) = max
|x−y|6δ
x,y∈[0,1]

|f(x)− f(y)|.

½Â�K�ê: λ(x, y; δ) =

[
|x− y|
δ

]
(�êÜ©). Kk

|f(x)− f(y)| 6
(
1 + λ(x, y; δ)

)
ω(δ).

Ï�

f(x) =

n∑
i=0

f(x)Bn
i (x),

Bn(f ;x) =

n∑
i=0

f(
i

n
)Bn

i (x),
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¤±

|Bn(f ;x)− f(x)| =

∣∣∣∣∣
n∑
i=0

(
f(
i

n
)− f(x)

)
Bn
i (x)

∣∣∣∣∣
6

n∑
i=0

∣∣∣∣f(
i

n
)− f(x)

∣∣∣∣Bn
i (x)

6
n∑
i=0

(
1 + λ(

i

n
, x; δ)

)
ω(δ)Bn

i (x)

6 ω(δ)

(
1 +

n∑
i=0

λ2 ·Bn
i (x)

)

6 ω(δ)

(
1 +

n∑
i=0

(x− i
n
)2

δ2
Bn
i (x)

)
= ω(δ)

(
1 +

x(1− x)

nδ2

)
6 ω(δ)

(
1 +

1

4nδ2

)
.
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� δ = 1√
n
,=�,

|Bn(f ;x)− f(x)| 6
5

4
ω

(
1
√
n

)
. (6)

¤±k

lim
n→∞

Bn(f ;x) = f(x)

3 [0, 1] þ��¤á, =, ùÒ`² Bn(f ;x) 3 [0, 1] þ��Âñu f(x). y

..

5 (6) ªØ=y²ëY¼ê� Bernstein õ�ª��Âñ�ù�ëY¼

ê,��Ñ
Âñ��Ý.§L²ù��Ý��Ø�L ω(n−1/2).ù��Ý´

éú�.
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� f(x)´k�4«m [a, b]þ�ëY¼ê,-

g(x) = f(a + x(b− a)), x ∈ [0, 1].

K g(x)3 [0, 1]ëY,Ïd Bn(g;x)3 [0, 1]þ��Âñu g(x),l�y²

Bn(g; x−a
b−a)3 [a, b]þ��Âñu f(x).=,k

½n 2 (Weierestrass) k�4«mþ�ëY¼ê�^õ�ª��%C.

Bernstein½n´ Weierestrass½n����E5y²,� Bernsteinõ�ª

ÂñuëY¼ê��Ý��'�ú, ^5��ëY¼ê�Cq�ØÜ·. ù

�´��o3é��ã�mS, Bernsteinõ�ªvk�oA^��Ï.

ØL Bernsteinõ�ªkéÐ��/5�.
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½n 3 (Bernstein õ�ª��/5�) � f(x) ´½Â3 [0, 1] þ�¼ê.

Kk

1◦ Bn(f ; 0) = f(0), Bn(f ; 1) = f(1); (à:��)

2◦ e f 3 [0, 1]þ�K,K Bn(f ;x)�3 [0, 1]þ�K; (�Ò)

3◦ e f 3 [0, 1]þüN4O,K Bn(f ;x)�3 [0, 1]þüN4O;(�üN)

4◦ e f ´ [0, 1]þà¼ê,K Bn(f ;x)�´ [0, 1]þà¼ê. (�à)

«m [0, 1] ��©:: i
n
, (i = 0, 1, · · · , n) ¡� Bernstein õ�ª�!:.

!:þ�� fi = f( i
n
)¡�!:�.¿P

∆f

(
i

n

)
= f

(
i + 1

n

)
− f

(
i

n

)
, (0 6 i 6 n− 1)

∆2f

(
i

n

)
= f

(
i + 2

n

)
− 2f

(
i + 1

n

)
+ f

(
i

n

)
, (0 6 i 6 n− 2).

©O¡�!:�����©Ú���©.
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·�k

(Bn(f ;x))′ = n

n−1∑
i=0

∆f

(
i

n

)
Bn−1
i (x),

(Bn(f ;x))′′ = n(n− 1)

n−2∑
i=0

∆2f

(
i

n

)
Bn−2
i (x)

dd�±y²Xe½n:

½n 4 e f ∈ C1[0, 1],K (Bn(f ;x))′ 3 [0, 1]þ��Âñu f ′(x).

e f ∈ C2[0, 1],K (Bn(f ;x))′′ 3 [0, 1]þ��Âñu f ′′(x).

� f ´ [0, 1]þ�¼ê. P

f∗i =
i

n + 1
fi−1 +

(
1−

i

n + 1

)
fi, (i = 0, 1, · · · , n + 1),

ùp f−1 = fn+1 = 0.Kk

½n 5 (,�úª) Bn(f ;x) = Bn+1(f
∗;x).
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½n 6 � f(x)´ [0, 1]þ�à¼ê,@ok

Bn(f ;x) > Bn+1(f ; , x), x ∈ [0, 1], (n = 1, 2, · · · ).

½n 7 (Ziegler, 1968) � f(x)´ [0, 1]þ�ëY¼ê. e

Bn(f ;x) > Bn+1(f ; , x), x ∈ [0, 1], (n = 1, 2, · · · ),

K f(x)´ [0, 1]þ�à¼ê.

½n 8 (Kelisky-Rivlin ½n) � f(x)´ [0, 1]þ�ëY¼ê. éu�fS

� (Bn)(m) := Bn(B(m−1)
n ),k

lim
m→+∞

(Bn)(m)(f ;x) = f(0) + (f(1)− f(0))x.

d½n¡� Bernstein�f��15�.
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�´du Bernsteinõ�ªkéÐ��/5�,¦�§3CA�c3ó�

�O¥kéÐ�A^.

� ~a0, ~a1, · · · , ~an ´�m¥ n + 1��þ,��±`´ n + 1�:. -

P (t) =

n∑
i=0

Bn
i (t)~ai, 0 6 t 6 1. (7)

dëê�§L«��m�¡�d {~a0, ~a1, · · · , ~an} ��� n g Bézier 

�.r ~ai−1� ~aiü:^��ë�, i = 1, 2, · · · , n,Ò����/õ>/0. �

�5`, ù�õ>/Ø´µ4�, ¡ù�õ>/�� (7) �Bézier ��õ>

/ (Bézieru 1968cJÑ).�^��õ>/��/éAX�^ Bézier�.

1◦ e��õ>/´à�,K Bézier��´à�;

2◦ Bézierõ>/�Ä�ü:��u Bézier�;

3◦ Bézierõ>/�Ä�ü^>Ñ� Bézier���.
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~a0 ~a1

1g Bézier�

~a0

~a1

~a2

2g Bézier�

~a0

~a1 ~a2

~a3

3g Bézier�

~a0

~a1

~a2

~a3

3g Bézier�
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	用多项式一致逼近连续函数

