
Parseval �ª�íØ

� L2[−π, π] ´ [−π, π] þ�È�²��È�¼ê�N (=, éu f ∈
L2[−π, π],e f(x)k.,K f ∈ R[−π, π]. e f(x)Ã.,K f Ú f 2 Ñ2Â

�È),Kk

a2
0

2
+

∞∑
k=1

(
a2
k + b2

k

)
6

1

π

∫ π

−π
f 2(x) dx.

ù¡� BesselØ�ª,Ù¥ an, bn ´ f(x)� FourierXê.

?�Úk

a2
0

2
+

∞∑
k=1

(
a2
k + b2

k

)
=

1

π

∫ π

−π
f 2(x) dx.

ù¡� Parseval�ª.
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íØ 1 � f(x)´ [−π, π]þ�È�²��È¼ê, {an}, {bn}´ f(x)�

FourierXê,Kk

lim
n→∞

an = 0, lim
n→∞

bn = 0,

=

lim
n→∞

∫ π

−π
f(x) cosnxdx = 0, lim

n→∞

∫ π

−π
f(x) sinnxdx = 0.

��/,k

Ún 1 (Riemann-Lebesgue) � f(x) ´ [a, b] þ�È�ýé�È¼ê(=, e

f k., K f Riemann �È; e f Ã., K f, |f | Ñ2Â�È, b ��±�

+∞),Kk

lim
λ→+∞

∫ b

a

f(x) cosλx dx = 0, lim
λ→+∞

∫ b

a

f(x) sinλx dx = 0. (12.1)
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y² ·��y² [a, b] �k�«m� f � Riemann �È��¹. d�

�3M > 0 ¦� |f(x)| 6 M é?¿ x ∈ [a, b] ¤á. P n = [
√
λ] ´

√
λ

��êÜ©. K� λ → +∞ �, k n → +∞. y3r«m [a, b] ©¤ n �

°,©:�

xi = a +
i

n
(b− a) (i = 0, 1, · · · , n).

P ωi � f 3 [xi−1, xi]þ��Ì,du f 3 [a, b]þ�È,k

lim
n→∞

n∑
i=1

ωi∆xi = 0, (12.2)

ùp ∆xi = xi − xi−1.5¿�

| cosλx| 6 1,

∣∣∣∣∣
∫ xi

xi−1

cosλx

∣∣∣∣∣ dx =
1

λ
| sinλxi−1 − sinλxi| 6

2

λ
.
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±9 ∫ b

a

f(x) cosλx dx =

n∑
i=1

∫ xi

xi−1

f(x) cosλx dx

=

n∑
i=1

∫ xi

xi−1

(
f(x)− f(xi−1)

)
cosλx dx +

n∑
i=1

f(xi−1)

∫ xi

xi−1

cosλx dx,

|^ (12.2)��∣∣∣∣∫ b

a

f(x) cosλx dx

∣∣∣∣ 6 n∑
i=1

ωi∆xi +
2n

λ
M

6
n∑
i=1

ωi∆xi +
2
√
λ
M → 0 (λ→ +∞).

u´ (12.1)¥1��ªf¤á. aq/,�y (12.1)¥1��ªf¤á.
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íØ 2 � f(x)3 [−π, π]þëY,� f(x)�n�¼êX

1, cosx, sinx, · · · , cosnx, sinnx, · · ·

¥z�¼êÑ��,K f(x) ≡ 0.

y² d^�� f(x)� FourierXêÑ� 0,Ïd Parseval�ª�∫ π

−π
f 2(x) dx = 0.

du f(x)´ëY¼ê,þª%¹ f(x) ≡ 0.

íØ 3 � f(x)Ú g(x)Ñ3 [−π, π]þëY,�¦�k�Ó� FourierXê,

K f(x) ≡ g(x).
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íØ 4 � f(x) Ú g(x) Ñ´ [−π, π] þ�È�²��È¼ê, an, bn Ú

αn, βn ©O´ f Ú g � FourierXê,Kk

a0α0

2
+

∞∑
n=1

(
anαn + bnβn

)
=

1

π

∫ π

−π
f(x)g(x) dx.

y² ´� f + g� FourierXê� an +αn, bn + βn. f − g� Fourier

Xê� an − αn, bn − βn.Ïd�â Parseval�ª,k

(a0 + α0)
2

2
+

∞∑
n=1

(
(an + αn)2 + (bn + βn)2

)
=

1

π

∫ π

−π
(f(x) + g(x))2 dx

(a0 − α0)
2

2
+

∞∑
n=1

(
(an − αn)2 + (bn − βn)2

)
=

1

π

∫ π

−π
(f(x)− g(x))2 dx.

òd�ª�~2Ø± 4,=�¤y.
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íØ 5 � f(x) ´ [−π, π] þ�È�²��È¼ê, an, bn ´ f � Fourier

Xê,=

f(x) ∼
a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
.

Ké [−π, π]¥?¿f«m [a, b]k∫ b

a

f(x) dx =

∫ b

a

a0

2
dx +

∞∑
n=1

∫ b

a

(
an cosnx + bn sinnx

)
dx.

y² � g ´?� [−π, π] þ�È�²��È¼ê, Ù Fourier Xê�

αn, βn.�âíØ 4,k

a0α0

2
+

∞∑
n=1

(
anαn + bnβn

)
=

1

π

∫ π

−π
f(x)g(x) dx.
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ò

αn =
1

π

∫ π

−π
g(x) cosnxdx βn =

1

π

∫ π

−π
g(x) sinnxdx

�\þª,��

1

π

∫ π

−π

a0

2
g(x) dx +

∞∑
n=1

1

π

∫ π

−π
g(x)

(
an cosnx + bn sinnx

)
dx

=
1

π

∫ π

−π
f(x)g(x) dx.

-

g(x) =

1, x ∈ [a, b]

0, x ∈ [−π, π] \ [a, b]

=�¤y.
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~ 1 ·�®k FourierÐm

|x| =
π

2
−

4

π

∞∑
k=1

1

(2k − 1)2
cos(2k − 1)x, (−π 6 x 6 π).

òdª�ü>3 [0, π
2
]þÈ©,��

π2

8
=
π2

4
−

4

π

∞∑
k=1

1

(2k − 1)3
sin (2k − 1)x

∣∣∣π2
0

=
π2

4
−

4

π

∞∑
k=1

1

(2k − 1)3
sin

(2k − 1)π

2

=
π2

4
−

4

π

∞∑
k=1

(−1)k−1

(2k − 1)3
.

¤±
∞∑
k=1

(−1)k−1

(2k − 1)3
=
π3

32
.
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~ 2 � f(x) =

0, −1 6 x 6 0

x2 0 < x < 1,
K f(x)3 (−1, 1)þ� Fourier?ê

�

f(x) ∼
1

6
+

∞∑
n=1

[
2(−1)n

n2π2
cosnπx +

(
(−1)n−1

nπ
+

2 ((−1)n − 1)

n3π3

)
sinnπx

]
.

òdª3 (0, 1)þÈ©,�

1

3
=

1

6
+

∞∑
n=1

[
2(−1)n

nπ2

sinnπx

nπ

∣∣∣1
0

+

(
(−1)n−1

nπ
+

2 ((−1)n − 1)

n3π3

)
− cosnπx

nπ

∣∣∣1
0

]
.

=,

1

6
=

∞∑
n=1

(
(−1)n−1

nπ
+

2 ((−1)n − 1)

n3π3

)
·

1− (−1)n

nπ
.

dd¿|^
∑∞

k=1
1

(2k−1)2 = π2

8
,��
∞∑
k=1

1

(2k − 1)4
=
π4

96
.
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~ 3 � f(x) =

π−1
2
x, 0 6 x 6 1

π−x
2
, 1 < x 6 π

¦y:

f(x) =

+∞∑
n=1

sinn

n2
sinnx, (|x| 6 π)

¿¦
+∞∑
n=1

sinn

n
,

+∞∑
n=1

(
sinn

n

)2

,

+∞∑
n=1

sin2 n

n4
.

y² ò f(x)Ûòÿ� (−π, 0],2± 2π �±Ïòÿ� (−∞,+∞),

Kk

an = 0,

11/13

‖J I‖ J I �£ �¶ '4 òÑ



bn =
2

π

∫ π

0

f(x) sinnxdx

=
2

π

∫ 1

0

π − 1

2
x sinnxdx +

2

π

∫ π

1

π − x
2

sinnxdx

=
π − 1

π

(
−

cosn

n
+

sinn

n2

)
+
(
−

cosnx

n

) ∣∣∣π
1
−

1

π

(
−
x cosnx

n
+

sinnx

n2

) ∣∣∣π
1

=
π − 1

π

(
sinn

n2
−

cosn

n

)
+

cosn− (−1)n

n
+
π(−1)n − cosn

nπ
+

sinn

n2π

=
sinn

n2
.

Ï� f(x)´©ã�5�ëY�,¤±

f(x) =

+∞∑
n=1

sinn

n2
sinnx, (|x| 6 π)
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- x = 1,��
+∞∑
n=1

(
sinn

n

)2

= f(1) =
π − 1

2
.

|^Å�¦�,��

f ′(x) =

+∞∑
n=1

sinn cosnx

n
, x ∈ (−1, 1).

- x = 0,��
+∞∑
n=1

sinn

n
= f ′(0) =

π − 1

2
.

é f(x)� Fourier?ê^ Parseval�ª,�
+∞∑
n=1

sin2 n

n4
=

1

π

∫ π

−π
f 2(x) dx =

(π − 1)2

6
.

13/13

‖J I‖ J I �£ �¶ '4 òÑ


