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b2 | frogf: X K o0 yrecswoble wrt. Ga . Ynz|
then =g (Xi Xn).C_::.'gn
Obviowsly, §F iy 15 afiltrtion , and ne T,

EOel B = E(EVanl G| ) = Ea| Fa)=Xa. ¥
= X b a purtingale wort. E,
4.3 Sobr (ex SL=10.1). ﬁ;{ Lebesgue Mmesswuble €ets . P--Lebeague, meusure,

{His aﬂtmﬂon , ke Xna—mt:l , ¥n20
Elknl®) = -7 > 7= Kn E(Xn’ﬁl%en)=fn‘;bt< Wld')’ =3

= {Xrﬂnm % 5ubmw‘u‘r3ute, and {)(ﬁ,\;o 5 o swmarf,{ngalg,,

4.2.3 Proof: E Ve | FBn) = EQ ) > X,
EQanVina| ) = ELTan L F) > Yn
= BV | F) 2 XV
then XVt s o submartingole wrt.
424 Proof: [° YK>0. let Ak=inf {n: Xn2K3 . then Mk b a stopping time,

Ha=Ll(tn) - then Ho & pradicoble . Ha>0 e
We may sex Xo=0, ond sine Xa i Q submartingale ;S0 s (FX0n =X i

Z )UM.NK > xﬁl(MM«) T X;VK lu\ahlo . bR B 284 18] Thm .3 | FAUER
Note thar, X3 Line Mo <K %F‘TQ\ 'ﬂ{?\é D < Sk B R B
+ oz . k4 valam e
x/.Vr\ 1(“3/\/:;) == X/\/Kl nzh0 = (X”K" T é/VK) lUBNk) <K+ 5ué>§; E .=
S 4 s MA e L 3] ta k-~
= Ex:ANK s 2K+ E(?\gjéi)wo %;& AR

Bg Thm ¢2). the submortingale Xyay, @¥Verye o-5.
3 Dc,ncrtew C=a {izuf)(“<vo’1 . then PQ)=|
C:kl)=l{s"‘l;\>xn< KY - Xn Coh\krges s, on'{?‘gf Xn<Kj

=7 Xn Convenjes as.
425 Sl Suppose 5i O independent and Pg=-0=5, P(éaz'i)sz‘i: : P(éf:0)=l—z‘;‘;}i
E5i=0 = Ka=41=tén 5 @ mortigalr wrt. F=cli4)
Ersi>0-5 Pgi=id=E s < 3 P§20.100=0
Spi<-L) =S Ph=D= 2 = D Plic- i0)=1

Hene . Xy, —-w Gs.
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426, By Thm 42,12 . we find that Xa converges a.s.
ECm)=1. PUm=D<l. D Pm>D >0 = 3550. st. P(Impef) >0
= mg;, PUfm2e") =, sine Yi’%s are identically disTributed .
By Borel- Catellt, P(Ym>e. i0)=1"
{0} ] gl =03 _QAQ{e"’< Tm<€* . Yimoh)
> P a>0)=0,
Xn=20. as.

() This condusion wwd be fube due to the wse Eh)fﬁm:.-oq.
Heore is & (,ounter‘ﬁ)(OtMFLe Tle Uscs<T:

POe™= £ . then ZeT% <), and S<|

-zfe“’-ﬁ— e :
A= 35 >~l‘n%,,- . then ET=|
EW&“Z%%%Q’"F%%:@. Tm=1. tid. (my1)

By Strory Low of lovge numbers , the. conclusion is Julse.

4.2.8 Proof: et anxy\/:]j;cl-r’(; - (noting that Tn is positive)
_thQaY\ H)’l 5 O‘SAOPM to #n

E(Hnﬂl#n) = E()("ﬂl?e;‘) = én‘
Tf U Tath)

= Hiis a wperm(krtmgc\le, =%> Hn converyes as.
> <00 0S. = T(‘ﬂ.ﬂ) wv\verfjes as.

Xa= Hn- -‘T(HT. anQYHeS as. to QQC"WCQ bmrt

#2.9. Prof = NV is o stopping time = N>} ={ysni"e F,
EChal %) = e Lo | B) + B Ly | B
Ly BUGRIT) + Lpny B0 19) |
< Loone X 1 (Nn ) Xn + Lipney E(X:ﬂmd

:lW)Y\T\) x.v‘\ N l(NiV\) X; Tl(N’nTl) X:‘ = YV\
Its similev to PWVQJ Ellw | Fn) < Ln
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433 Poof: let Hn=Xo— 3 . then Hn€ ¥, (H.2 KXo
E( H[ %) = £ Ol = ~Z Yo < Jat T =t
= (Halnso B & SuPerrthmujalﬂ
YM>o. denote A= inf {keil | 2—Tm>N\
H=ni= 1 S YoM, ETasM for hsnieF,
S5 Nisa Stopping time. .
= (Haan)mo B & supermardrga[e

NAn+ /V "
HN/\n— X/vm-*é_n? Ym =~ o S = -M ( note that HAn-|<N)

By Thm 4212 {Hypnl onverges, aus.
> IHal onverges as. on the set { =00
Eano os. P 2_Yn<m) P(U {F-Ynéki)—l
{Had converges s, to o Finite Limit, -
= {dal converges s to G Jcim‘te bimit, T

SE Wb P oy P LglARY)
435 P Dame 0= SHEESS . o) c; |[T)- ™ i
= 5 (=00 , Ad 0 P(M‘AY;V,) — | proviced that P(ﬁA° )70.
",l"(f“) o) | o nvee poler o o T ‘”)5 |
. ; Write = (A An .
ba)=oe 5 (flonz-w 5 Fawo W e
A role btiots kit l‘iﬁ\)lhc_P(An(hA)

i.e. P(@A%)-C’Tan— corrtmohowm > ﬂ A
e m& Z n| ) = 00
App(mnt‘ﬁ, P(UmZa/*>0|2 =0) = | T 45%{1‘\»1 10
SuPPoSQ R>0. Zg= ?.’réz,‘t +§k AYK{\/{ECOY\CLMO[Q that P(ﬂ Am) =0,
Then ead\? will deduce, ancther branchtnj Proce% ‘which i inclependent. '
A = P(LWZV\/M"“OIZ%M“ gk ,
€. g = 2—6")’;; p®) . and 8 <l =g
Za[" onveryes as.
= lm2u'>01= 1= 7 Um2afp" -01 “'{Z_,. =0 Jor some n3 ‘{2.,00 all thewnel‘ 8 a9
4.0 Progfs On {2e=ki. E(P*1%= ECEA1E) = E( W') 'rupé )
- (5, Pn- W‘ o
= E(Fzml‘b% p T I u) ). nz0 s amwt;‘nga“
Suppose Zy=4; there. ove ¥ lNJePendem, bmnchmﬂ l»rocesses = P20 for some n [ 2= x)=p"
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by Proof: IN=jie
E(X; M=) < B CERIE) 5 Ms)) = E (e Vsj)
EXv =% E()(J-;N-—j)sé E Utk s i) = B
btz Poof: Bn=Llimaren) €F . ) npo B 0 sSUbMartingale.
2 ((HX)n)ppo o also a submar tingale.
Because P(Nsk=1. then E(H-X)e= 5(2- Loejemy %)
= E(Xy-Xm) 2 E(H-X), =0
> EXpsBX
443 P Fu={Acd| ANIMsiS . vneN]
vASH,. Ateni= ) (A0thk) 2= D (pn (D nchtngnemt)
:on 9-4, (AOIM=m} AIN=RY) €% . YnelV
D el . ie. %c_?‘:/v
ynelN. {L=ni={M=n3nA) U {N=n10A%)
By definition, {M=ninp€,.
CACH, D INEINAT= N} - (N NA € B
Then iL=nl€ % . = L s a stopig time.

w4 Proof: YAS of, . Let L= Mg+l '
In 443, we have cheched that L is a stopping time. And (<N . PNsh)=)

= EX < B
e E(XysA) + EU AI<EN 3 Bl A)S EU;A)
Then X <EQW| %)
kS Proofs ELECG) ECIT] = ELEQYENI®)[G)] = ELYENIH]
=ELECEUI®IF)] = E[EaIp ENIE) ]
= E(ED0§1-elvi1 )= E(EDNG1) 2B [BUIS EIB] + B kEUWl
= E(EDNGD*- E(ELYI%D)?
446 Progf: Denote A= {qu [sm| 2%%. N=itf{m: {Sm|>x or m=n}
/Vnso\stoppwﬂ ume, P(N<w =1, WS- sk s OMWUnjdg
) 0= Eoy-s3) < (xR (23— ar(Sw) PAY)

Write  P(A)= 1-PAY
> (XTK)* > (VW(Sn) Kot b\ﬂ(}"} PAS) > \IQYLSH) P(AC) e P( mw( lSml<x) - (X+Kn)

mm‘f
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447 Proof: X b oo mortingale =) (Xntc)® B a submartigole  for oy &R

CAA25
P( max Xn>7) < P( mox (meCf%um’) o Ety G
msn o [smsn (et (ct)*
Take, c<I21, 7om = 7%
Am2n) < B
P”ﬂ?ﬁln“ " EXpt ¥

4q Proofs M1, E Ofon= Yo oY) = E Ko = E (onfos  Xona T XYoo )
= £ Xerlen +E Xalms = E( Tt BVl T) + Xow EQl ) )
53 Eqmiag Ly (R
= EXTn~EXTi= 2 E VoK)= Yo
b4.10 Proof: M=EXE+ 2 B4 < o
By 449, Efh= E U Xm)™ = EXom EXoy
=, Bz B +ZE$ms/V\ ¥n> |

ﬂ‘%t? Xn > Xe OS ond ™ 2

4.64. Froof: {lrjmo)(n:oc% {xns/\/ OR|
HweiXn<N. Lo.% the,re exists 0L subsegpence Xngy - st Ky w s/
' P(Dlxl.“‘-Xr\(w)BS(NPO-V/QGW :
Ry Fm 465 POXGXaw) 1 0 Ry -6,
> 1,250 >0 as. on {Xus/V. i ' |
2 Jo=1 05 W {l.lan 00{ e PCDU{U""X" m")
465 Prof: Low D={2zn=0 for some n}, POYZ>P(2i=0) = P>0 (Assuw«ezo )

0<Pp) < :
Suppose 2n=k., then 41, £l ék con be seen 0s h mdq)endent brand\lrg

Proesses . Tt follows thay P(Dlz EDa PO on {Zn= k3

D PD|2,20) 2 PO* >0 s on {Znsx}

BS Bxercise b4, PIDU{Um2n=pa3)=1. le. P( UW\ Zn=20o0r )=
467 ProOJc {Et‘f\?i)ﬂh,o B a unformly fegroble’ marungule And ?’:’1‘?“

= E(YIHR) = BUIH) i L
V¢r0. aNelN. st. E|e|H) - o] <%, EM-N<E. ¥z

E|ECHIR)- E(Tl‘ﬁo)] E|ENI%)- ELYl‘R)lTE\E(Yv\Yl?ﬂ)l :

sS4 E(BUWY[18) = S+ElH<t o EMWBISENE)
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411 Proof el peo B o buckwords martingee - p>1. Assume X = X g 0
¥n>o. {X‘" Koy~ Ko 7 & martingole.
Applgln Thn 444 we have
EIXA < (T EL?, where Xon= x|

~ns M<O
And X3, increases as n-ts0,

> E (stp bl )< (£l o

X-n = Xw 5., onch [Xon]'< SmPanlP

By  dominated wnvezgence, the backwardls martingule  converges  in /P
e quf. let W/V“sl'ﬁo{[\f'\ T’“\‘"'W‘s-m . Sinee Ta—= Yoo 5. as N> -0

Wy decreases as- 0 0 0s N1, Wys22Z . then EWy<w
= E(Wy Fe) — 0 asits! Heros

hmsw Bt H%\) bm E(WVIE) = Wy Fw) $0 a V10 as.

N—) -

= Umg B Yol %) =0. as. as n2-w0

By Thm 410, B o] B = B B) as. s n-00
2> EW|B) 2 Ew| Fe) @s. as n3-oo
4.8.1 Frogf: We com oppLy Thm #.3.| 4o the uniformly inteﬂrabte wbmqru‘ngalg Man

ond the 6t0ﬁ>\71ﬂ time L, then we 9oL

{ Tt oy & Uniormly  integrabe .

LhslsM > Tmaww =Y

Then \{U\n —’TL' L and YMAn = Y in !

EYian < EYwan » YnelV. let nswo. then ETL<ETM
VAT (%) . st T=LLytMlge sM. T is o stopping time,

and 1 follows that Ef<EYm = E(YA) < B A) . VACH
I Jollows Y.< E(|%)

482 Pogf: Xa B Q nonnegative supermartingole. , 50 o oneyes as. to X, Xo20as
Set N=if{n: Xa>al<oo , N b a stopping time. Xy>2 on §supXn>nl
Apy\ﬂfiﬂ Thm 484 . Wwe hove

EXoZ EXy 2n PlswpXadn) = PlpXa>n) < EXo/p.
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43.3 Proof: Suppose, E[=co., then ET> gi/q>. Otherwise, we ossume ET<w,
= <oy s D sWpSal>a as.
Sa-na® i5 O rrwtinjule,, 50 i Stay = (T,
= ?E(TM) = ESp . YnelN
TAnAT 05 neo, by monotane - convergence.
T ET= L’i_r)nw T ETA = i‘i"w ESios o l,{i"msﬁ"‘ O L@UY 12, os)
S ET2 afo*. ( Fatou’s Lemma) i
3.4 froof: {STaq = TTAN |50 & O Mortingale,
= E(Shn- Shaw ) = & ELTW - (TA0-0)] = 0P LT>n)
= EStm = %‘ #P(zm) =2 oo ES]Z-/],‘ = ET< 0
APPlH"‘ﬂ Thn 44.6 10 the muft(fyﬂle {STAn)lm' we have STM =V 05 ond
T2E(TM)=ESfay.  TAnTT 0s ndee » in L.
> ¢ El=ES
435 PmOflla)Ex\/o= T%ﬁ<°° = <0 as. ) =0 0s. So=%>D
b o), then o indepdent Ti=Zi7; - ENi=0. wrty= -y
Aoy Breise. .34 . viehae (- EVo = TV
To= Se= %= 0G0 D 1o = Syp- %= Volp- = ~%=olp-g)
e (-G Els = E(xt (W) = 20t 2(p-9) X BVt (p-4)'EVe
— T 2 - 2 PN
2 Vo) EVa- (EVo)-‘:X'L‘c—z%_ o 3
b Actually Var\) st liner wrt. X, but B\o 15
427 Proof: 10 E(Shm S8 | )= ELES3 b +bStmn 4580 1 410 | ) = b5n )
D B[ bowd s 1 - [sh-onsal | F) = 1= 60 ESm—5nlE) = ~bn-5
IF we set, b=3.c=2 . then
Yoz St —bnSnt3ntn 5 G martingole .
2 TTAn s olso @ wmartingale . T= min{n=0: Sng (-0, |
E[=a bﬂ Thm 431, {5l bowtkd = MaST I & and as.
ET<w D Tw 0s. Sf=a os,
EYp=0 DT bETS - ESt 2ET = b2t = ET = 5ok
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433 Proc: Yo = X 0, L EX0 < liminf EXopg = | < 84
0< XnL(pomy < ©p80)  bounded S {X"lm"ﬁm s Unifornly ,,aeﬂmuﬁ
Thm‘r% 2 b2 Xoe o Ofomy integruble
EX¢ = iy EXnpe =

Xt 2 2 plBsn) on {Sr<al, then |=EXu > exp(o.a) P(S[<u)

= P(St=<0) < e (-8:0) non-negative
439 Precf: Assuve Bo<0, and EexplBs)=1. Then Xp=explBSy is vavgate

Note thot, Pi<-D=0 ond Sy is integer-volued

then n<T impliss Sp>a e X,\l;m Tz(<61|>(90~) ——$ i\n/ﬂ is umformbﬁ
: i ¥ 131 integruble.

ZVT 20

—%(—n—}——a—atso—wnmgds—ﬁ(—;w—#w—es  Xep—r Ky L
St 20X <% {800 —bovwrdee =3 EXmay—>EXty-G5—e EXy=EK=|

%maw_,—gg_{_ g" —'E%>0.05. bj the Stronﬂ
' W&Wﬁ%} L‘*W of large numbers
| ) : % 9 ><oo = (. as.

%Wﬂ*ﬁ@——fw = X-[=€7\D(9°a) onv{"koo}
O'S—Em-lmfﬂ%b)_iﬂ_aﬁ_b:}_ﬂn‘ XT 0 on {T 71
':[—‘M—@—Té&—jw—%m%b‘ [= ENXp, then P(T<wo)= expl-H)

%8.10 froof: Suppose, o= U\(E-O <0, then .
Eexp0o%) = Me—-~ Gt tB- 43200 =
Sn=bt 1S, | Xn-QXP(BOSh) 15 O mamngaLe.
Te inf {n20: Sp=-i}
Using 9 argument i Exerce 439, P(T<w)= exp(-bsh)= (Bl

And thot's the probability we ever qo broke.
48.11 Proof : 4= =5 ~ Normal (c-ua?) . And asume ot 4.5, are independent .

Rn= 4114 t-t4n . | &
EexpB%0)= z’m j\ % emL(x-cﬂde p= +e(c1A) = b 650, B= - z(c_pL)
Xn= eXp(8Rn) 15 oxmam‘nﬂ-ale, Xo={ .. WS‘:{VPO Rn=- 50‘ anw*‘M " B

1= EXy 2 E(Xy; V<o) 2 Xp(-63.) P(N<oo) =) Plruin) =P (N<oa) < exp2lcppSela®),
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I/NJI

51 Proof: Its easyy 10 check that PO | 1)= 1 ~iN. §=iel -
0. ese

PUXan=] XV\-l X,H—I,H “ Ko lo)#O lff o, T2~ Ty == ngming « F=ing J4 20 o]
-9 P(XM'J \Xﬂ'!'Xnﬂ"lv\e\ X\,-—-IQ) =0 when J#l‘%d_ loZl

P Ui | X Ko om ) = PVt Mo e o) fr g
b P(snﬂeiil én‘ = h - Ko™ 30)/PU( l» Xo*’o) /l(/

A similory . P(Xml-mlx,l- ]o), %1
Xo‘h’ P(XMVJ an—l) me the (Dndmoml,

lhus P(Xar= bt [Xe=i -
I/N J“‘ P mbﬂbll[t\\’ moRes .'SenSe.
And the. trosition probability P(l it - V
0, else

< BLalid =, , o PLasXe2.%s2)  Plsi=D) P2 Xe=1)
S.1. . P = z2 =)= = b P =
2 Progf» PUG=3] Xe=2 . Xe= 1) e . ek
POG=3] =2 % =2)= P(Xi=3lXe=2.)(;=1.36=2)P(S<,=2)'+ |
POG=3[X=2, ¥s=2. Sy=0) P(Ss0).
= — P(ﬁ(, 2><~L
"' Xa & not d - Marhoy d\oun !
5.1% Proof: PUlag=U 5] )| Xa=(Rn. KD+ Xo= (Rpq. Ke). = Xo= Cho. RY )
25 P(Xhﬂ (ld) é""h'o %lzb*" ';gm-\ hﬂ‘t\)/?(éo ho gt-’hn énﬂ hm-\ 4

io 1#Rar mdq)endent Qj: Re ., ku“'fk

1, i=hm

= Xn=Bnsw) b a Markov chain.

x| (HH) WD @l (1)

WH | % 0 5 0

(WD | & Sl A e

() | (o)™ (gl o 8= (52

(T | o X 0 4

Pz(YY\.V\):Z*L Jor any state mn due to the fﬂdBPCVdenoe of ?m.?nﬂ /.inn‘.
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Eemork on Ex5.22. Tenote Bn=m:mﬁ X €Bm 1€ Fe P(E,\jm.ﬂa e 1. h_?b:,
Supmse R0, PULE, )2 P 1 [0 28 20 on Dol (Lygs 01 )

= & Um PR 25>
5.2 Poct: Be a(Xa X =) = 3\( e # st 152\(09:\; lBh k_\woyﬁ {ziazéi.c?\' '

Ru(ANBIXA) = By Ballala | %00 %) = B, {1y By el PXa)) £
= Bl Bl Yol [P0 L BB B Y %)/
= Ballali) ECY = B, a1 Bty M Db 1Tt )
Ly oaXm ) D EullplF) € H 0 ol Yo ~) = TXn)
S Bl Bl = EulBullsl FolXe) = ExllslXe)
€. Py (ANBLXa) = Rl AL Xo) B (8] Xo0) _
522 Prof: Let B={Xn€Bn. 101, Bn= [, DXm€Bml. then B= (1B , 3V B
]_gﬂ——»la a.s.llg—,,\ﬁ\ bownded..
And Pl Q;n”{xmeem‘( [Xa) = El1g, | X0 = E( E(1g 19

Xn)

= B (Bl Lptiesn) =B Lt Ellg )
S EUlg 1F) > 550 0 {Xnhn}
r AR By Domineced  Convergence for conditional. expectation, (Thn &6.10)
n 00 . W\Ay\/—\/\/‘-/_\/\/\/\/\_’.

E (15 1) SE(Lel -1 as. Al euy’s 0-1 bow s conrollwy,
Oh {w€hn iod. lg=lim EUg ) 2570 = P(PnSAiof-{XaeBnia})=0
5.2.3 Proof: Note that D €T, the tail o=fitkd, ond Fulki=)=1.

15980 = Lippma o some mony = 4o - fuGs.
h(Xa)= EanD: EM( 1,984 ) = Enllp] %) f—’lp as. bﬂ Lewys 0-] law.
> h() = 0 as. on D,
s24 Progf: o) = PXe=y [Xu=) = n%. PCka=y | Ty Ko=) PTy=m1Xe=x)
By Mooy property, PXezy LTy k] =P (Xn=y | o=y . Xoi#Y, Ko 4= X 2)
=Plgn=y [A=4) =™ ), o iz
P (Ty=m [%o=x) = Px(Ty=m) . then p"mg)sr% B (Ty=m) P y4)

52.5 Proof:  T=inf { m=R: Xm=x%1, VM%& |
Fmb‘:70= P (X=X [Xe=%) = L-;k Pr (m= x| T=L s Xo=x) kaT:LIXV‘X)

= ™m T
= 2 =X | X = %) Px (T=LXo=X) = Eki( ‘,;B PR
gpx()(mtx) = g Pmu.')() = %%‘;h Fm-{l(_xtX) &(_T‘-l,): nz‘—:k SE’:O Ps(x‘x) P;((T:M“S)
M=n k" :' S e _.'.‘. 4
= S§° Pj(x'?o ”%59 P)‘U:‘-W\"ﬁ) = %'DFSLX‘X) PX( kﬁTﬁ n*-k..s) Ssi PSH.X)‘—"%DPKV“X)
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$2.6 Proof: Yxes-C, K (Tc<w)>0 IMxel, st BlTs M) >0

Derote M= év;c;x Nx . then N<oo sine S-C js finite,
~C

= ;’22{ P (TQQN) >0
When k=1 . RToM) = |-B (—sM) s (=€, Yyes-C
Suypose %(Tp RDN) = ()R . Yyes-¢

Py (TeokND = Pg(TobJ\/\ Teotkn) By (o)

Ry (T 1 Tez ki) = By (K C Pr (kN<nskN IXA¢<- for lsnsGiW)
= Ry (& C Jor (hoN<ns RN | Xpw £C)
=3 3 Q% ()(,.$C for (‘H)/V<nskN l XU‘H)/V 27() @(X&;W:% \)((wafsC)

Xes-
= > BTN By U= M) < -4
= Pylc>kn) < (-t YR, yes-C
527 Proof: (> Tty triviel 4o verify that Liyp<ysy©Bi =Lleiacie) M Lo
hb&):M %\\fﬁ\/g) = BECE(Lupeved | F)) = E( E(Loyaipyoth [#))
= E(Ey o) = 51 P(Xi=y) %(VA<\/B) :%F(x,g)hg)
W h(XA Vage))= W")lkmvm) +h ) L (npwage

EQ‘Q(V/\U\H,\)]-Q\<V) \ ‘y?\) o E “\ US"*‘)‘IUKV) l?n) S l(y\w)E(h(Xnﬂ)l?an)
:lU\<\D Eth (Xl) '(:-l——) l(_”<v) L‘(Xv\) :
E( MXV/\(W)) l(n;v)[ "di,«) - E(MXV)l(v\;V) \?ﬁ\) < MXV) l(nZV)
= E(h(Xinmo) %) = hUXuaw)
Le. hX0 Vagp)) is @ martingole -

(i) Suppose g2 SR also salies the equartion. By ExS.2.6., We have |pp<00
g=lonA. g=oon 8 S-(AUB) is Finite G
= $UXapy) & o bounded prortingole
9w = ExglXntv) = Ex gLX0) = P (Va< V)

528 Poof: Usl‘ng Brerviee $.2]. we wndude thot B (\, AVy<w)=1, ¥xe5
By the comergence o the martingale X (WAVeAVy), we hove
%= B KLOAVAAW) = Ex K (VA = VP Uy<Uy) 2 Belpele)
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S22\ Pog: () Yxgh, Y ao0=Va P-as.
90 = ExVh = Bx B CBIT) = Ex BB I F0 4 |
B2 By = > ping g +|
W) E (9K guppy E) =E 3§Xnﬂ)|°93 )1(\/>n+) T 9y
= E (gX)e6n [%Ev\>l(v;m\) t300) Lyery
= Ex 9% Teyzney 900 Liyen)
= L%PUW Slﬂ)) 1(\}%%\) T SLXV) Lwen

: Eﬁ()(v‘)l(V;\M\)'+ 90 Loeny 'I(V;v\ﬂ) = S(X“AV) ~Joom
(/\/om thet  Vzntl implies  Xa éA)
= Kt t nAVa is o martingale .
D Ewploging Exercise, 526, P (Va<w) =1 fr vxeS
B\j Conyergence 3‘ the mortingale M (n)
90k Ex (qU0)+0) = By Q(XVA)’fVA) ExVa

h)"
3.\ Pmﬁ" DQhQ'tE’J U {(Y‘. S1,Se - -gr’)l r%[ , SIES e Y)[ 1o be all the P055|b

volues of the Vectors, Remork: YS*H stote space. [y V= Lfsk &H’ VMR S
\ s countable , then the o=Jreld on V i 2V VR: 2V areéﬁrZ;\ﬁj s,
y 15 reagrent = Ry (<oo)=] . YR=|. oMV LRUA RS B oA

Vi = Vt°9Qk Vv, V€ | k)m &i@f{ﬁ Vk%&@iﬁ(ﬁﬁ ranclom element .
Py (Vv == By ( Loy 5 m=01) = EH(Ej(l(Vw[%f-’Rk) T3 )

/Mﬁov
B B By Lol (B0 tietl) (DOl )

o E\‘j( PXRk( V[ V)) {VM'V)l ) 5 %(V“‘V) ‘3 (V"\;\T) UVOTP, %t XRI\:H)
So it suffices to prove that Ryvi=v)=RWkv) o show that Vi, v, are
Its tnvial 1o see that independent

PBLVEV) :ljjgj(l(\l\-’V)oeRkl?ﬁRk) = E\\} E)(‘Nx(lwﬁ\lﬁ G Pﬂ(Vﬁ\D

This also Verdfies that W's are idey\u‘ca% distyi buted,
In gereral gy B 11.d.

) L yen)
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L

532 Poof: FEYStlﬁ verty thet lqiqa)"@[\, S I(geoy on ITy<w} R-as.
Under the very circumstances that, the path starts from x,
Visits Y M tum  ond newer revisits z afterwards , will the
strict, inequolity hdds. Otherwise , the equortion holds,
Pra =P (<) 2 E‘KK]—(T#UO)" 9‘[\1 > _[Y< °°)

= Es (Ex (l(Ta<w)°9TJl?r3 )5 Ty<oo) = Exl EX@ l(]'%@a) 5 7:\,<uo)

= Ex (Pr o Ty<v0) = fy fye .
533 frodf: S is closed and finite .
Vitjes. ) J
H iﬂi : 'th?f\ PU = Pi (-[:]<Uo) > PJ"'(|“J) > P( 5 ) P(H‘l, |'+l)~---Pg-l,J) >0
B 12, then Pij =P (f<w) 2 PI’J({U‘) 2 pLr, =0 pU=l/ 12D pljH,j) 20
= S isireducuble .
Applying Thin 633, we condlude that all states in S are recuyrent,
537 frogf: Provided that p [ TecuTent.
VX'HGS, Py = Px('ll’<oo)>0 due to the lWEduCJ’biUTf/ of p.
Ay Thn s32 . we wndlide py =\ beause y & recurrent.
ol (Xanyy) B a nonnegoctive supermartingale  ond converges h-as. o f()(@)
= f(x)=§f(xo/\@) > ExJXg) =
Similarly, we can pre that fixj<fup. Henceforth . f B constunt.
I pis tronsient then all stotes are tronsient censfokxm& Y s irreducible
JuyreS, st K<) #P, (y<w) |
Regping y fixed . assign Fo = K (=)
Then F is o nonconstant, nonnegative, - swperhormonic funcrion
i (£3)
w Pl Wy = %E(Xn:ﬂfl?’l) A(h<Ty) = ,,% Ex ( R B<Ty)s Koy, Tom)
Qxﬂéﬁ«ﬁi&a@%fl) - g Ex(Ex( Ly 28n | )5 Xu=y, Tpn)
=§Ex(‘l(n<‘@)°9n ) Xn:}]‘ -,;?h)

Denote An :{ lu'x<'[3)°9n =] 5 Xn:y. Tx?‘ni _C_: {T&’<Tli

n<m. Suppose we AAm, then n<m<Tx, wntrdict to l(R<E)°9n='-
ie. Aws are disjoirt. Moreowr, if we{Ty<Tii

St Now = max {icnsTe [ K=y }. thon we Apy. Ingenenal , < = Ar
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WH;( Hx%) :go Px(An)z P (—@<T1\):W73 (P?( (Ao):O)
e ux(y = “&—)Q%
5.5.3 Proofs wy fived, then (). pylz) are both stationary measures on S.
APFlﬂMS T 5.5.9, Mg Is o onStant W variant qf 2.
(y)
Chooslf\\cj 2=, We Condude that \p;((azﬁx—&%) My'@) = P b Py @
S5t St A Th<Tt Yo
FRFARE AN Tenl = {Xi#ny, Kisnt Xex} €% D Aeth,
Py(A) = Wyx >0 becouse p 5 positive recsurent.  And TyoBp =Ty=Tx on <]y

BTy = By (Bely s Te<Ty) =8y (ExgTys Te<Ty) = By ( By Tyolr [£,), Te<y)
:Ey( ng"eTx ; _&<'|:\j) = Eﬁ('l:g-Tx; T<ly) < E}jTﬁ <0

' == E*]:‘j <09,
5.5.5 Prof Suppose, p Posiu‘ve Yecurrent ,

= 3Ix . st Elx<w

Applying Thm 5.5.12. g Thm 5.5.15°,
p ouly has fintte, stationary. measure wntrdiction |
opsicRg—the—StAPLR e m—aR, S= /. pX, =>—Dt% =g __.
The, transition pro abfmﬂ (s obviowsly irreducible , thus ft hos one
Unique., sttionary measure Up T 4 constant multiples.

Ad oz) (YxeZ) B a stationan messure dn partiavar.

6D kel PR) _ We have to assume the random wolk.
pot pg) A - 1L kel ﬁ s, )
le & (n=o l(xn=k)) =

6 Claim: k21, then > Liyey=2
S @)= 6 5 ] 3 0 (&
Ho®)= B 2 Doy = Bl 2, Lotk 5 %) 1 Bl 25 Lk s %=4)
‘ T T
(g}‘z ILSS"( Torm =0 ObVlO\AS‘(\} ondl %‘va\zhoﬁ‘:glmsﬁ on {XFI,Xo:O&)
s =T & og ¥ Xi=\) = (5
n=o:l{Xva31 91 ; K \) i E*’Q EO(,\Q;DJ.{ o 09([? ) )X:’l>
5 - Ik E‘ Yok} ( l
» T;:g E“%:—olb(“:k\ ) X(:l) e & =y l{xhzk\ , “then the cloim 5 (P"Wed

Assume E it
i Io_’_ | k—\ f\%o liXV\_—k—{‘ = Z(k‘\) 7 We an 3@ tkngco _]_%X“:H:ZG{—]) bj -trand/q-um e (*)
|

t S = To~l ool
1 ’Tp li&hi =Bl lowne 6r)= £ 3 T =2
wbining with &), ue have Ekglm:“ =2k . = The result BPro\ed b\\j indluction .
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S.6: Preof: When n=0, Bi(f=0>= pw)= &%p’r (I-o-p>° (po)- &%)
Suppose when n=0. Pp()("=o)=;%+u~o<—g>"(mo)—%)
Balw=0)= Pylia=0) P(0:0) + RilXe=1) pth0)

= Pa=0) (- t (- Ralin=00) -
=B+ Buln=0) (I-%-p)
- —f;,g t (Jp)™ (Hw%&%)
Fotlowinq bg induction, we andude that the result j true Jor ony nz|,

56.2 froof: Sine pis operiodic, IMxelN for ay x<S, st. P x%) >0 for any m>My.

M= s\,\g MX <t0 because, S E‘):ﬁnite.
X<
pis imeducible =3 YiyeS, Imyel. st P Yxy) >0
M= M E\Qg Myy <to  Gain by the assertion that 5 & finite.

V=i, Yxyes, pPlogzp™ wy p ™ gy >o (m-May =M=l )
S.6.3 Pmtgc: By Bertie 5.6.2, ImelN. st. Py >0 for all xyes.
Denote A=Is| to be the number of all startes, i:=x|‘nf Poky) >0
: &
PLXnﬁn—anmI Xn:XfTrFl]): % P2 P"'(y,%) 222/\/, for any x.y€s.
= H(Tonim| Fon)= 20 POXm T Y= T ) P (oo, Yoy [ o)

= ;?;3 U-€N) POG=% =y Ton) = [~

C‘-—“—OS:LMP(TM) £ 0.
Then we have P(T>m< C (1-2N)"

3l
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Avother proof of 1;7« s S
Denste Ny = >: = Lieyt - then ) = ExN W= Z PN =2n)

Obviously . Px(N(gP\) Pr(Ty< Tw) =Wy

n- {T“—\<TX ll G.dt}t hy
Ard BeN@2) = Ex Ligpeta s Ty <To) S B B Ly Oy o),
1<t = Lo By )
g =

M (EX lﬁfh&,@ <T) = (-wy) PN >n-1)

= PiNgn - W%ﬂ (o)
Sum over n to prove that Px(Y)= UU,(S/ Wyx -
Another Proof th Ex Sstf
Py B Tyzm) 2 p (g2l Xi=x) < PyTy2"™)
> Y E"Tlﬂ = '\% Py ) K(T (f=n) < n% PMWH 2ntl) < 53]3 <o bjﬂ\e Posft‘nve RN
ply ¥ >0 due 10 the irveducibility
== EXEFOO .
Remark on Ex S.56 i) _\
After verifying the cloim that - E\%_Q Ligeg=2 for ony k21", ue hove
two interpretotions on how to prove the ultimate result,,

I° Induction on k.

% b ffé)j 138, Xnfhmsl KR LR R-IBER

E“f Eki Liyeh) = =2(kO
e (B ERTHTE)
o T WTE T 3B ERMEEE ML clam B V&
2" K climME Re#E E&l %::0\ Lixeh =2 ProV\ded that k>L.
BRI =k kR, 0 4
MRE| -3 M, visits R F#H 2k
Wb B R Bl R visits kT 2%

Bkd, RS
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