
B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

§13.5 Euler È©

13.5.1 Γ¼ê B¼ê9Ù5�

½Â 1 ¹ëCþ x�È©

Γ(x) =

∫ +∞

0

tx−1e−tdt,

¤½Â���'u x�¼ê,¡� Γ¼ê (Gamma¼ê).

ÏL¹ëCþ x, y �È©

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt,

¤½Â���'u x, y ���¼ê,¡� B¼ê (Beta¼ê).

Ï�ùü�¼ê´d Euler 3¦) �©�§�Ú\�, ¤±q�¡�

Euler¼ê½ EulerÈ©.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 1 Γ(x)�½Â�´ (0, +∞),�´ (0, +∞)þëY¼ê.

y² rÈ©©¤üÜ©,

Γ(x) =

∫ 1

0

tx−1e−tdt +

∫ +∞

1

tx−1e−tdt.

é?¿� β > α > 0,� α 6 x 6 β,�k

tx−1e−t 6 tα−1e−t, 0 < t 6 1;

tx−1e−t 6 tβ−1e−t, 1 6 t < +∞.

ÏÈ©
∫ 1

0
tα−1e−tdt ÚÈ©

∫ +∞
1

tβ−1e−tdt ÑÂñ, �d Weierstrass �

O{�,È©
∫ 1

0
tx−1e−tdtÚÈ©

∫ +∞
1

tx−1e−tdt3 [α, β]þØ�Âñ,�

��Âñ. � Γ(x)3 [α, β]þk½Â,�ëY.

du β > α´?¿�ü��ê,¤± Γ(x)3 (0,+∞)k½Â�ëY.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 2 Γ¼êk?¿��ê.

y² � x ∈ [α, β]. ·�I�*	�È¼êé x¦ k g�ê��È©∫ +∞

0

tx−1e−t(ln t)kdt =

∫ 1

0

tx−1e−t(ln t)kdt +

∫ +∞

1

tx−1e−t(ln t)kdt.

|^½n 1¥Ó���{,k

|tx−1e−t(ln t)k| 6
(−1)k(ln t)k

t1−α
t ∈ (0, 1],

tx−1e−t(ln t)k 6 tβ−1e−t(ln t)k t ∈ [1,+∞).

þ¡ü�Ø�ª�m>Ñ´�È�,Ï�� t→ 0+ �, (ln t)k ªuÃ¡��

Ý,'?Û tγ, γ > 0ú. � t→ +∞�, tx−1(ln t)k ªuÃ¡��Ý,�'

Øþ et. ¤±�±y²þãÈ©3 [α, β]þ´��Âñ�,�½n¤á,�

Γ(k)(x) =

∫ +∞

0

tx−1e−t(ln t)kdt.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 3 (Γ¼ê4íúª) Γ(x + 1) = xΓ(x), x > 0.

y² d©ÜÈ©{�

Γ(x + 1) =

∫ +∞

0

txe−tdt = −txe−t
∣∣∣∣+∞
0

+ x

∫ +∞

0

tx−1e−tdt

= xΓ(x).

EA^þ¡�4íúªB�

Γ(x + 1) = x(x− 1) · · · (x− n + 1)Γ(x− n + 1), n− 1 < x 6 n.

3þª¥,Ï� 0 < x− n + 1 6 1,¤±é x > 1� Γ¼ê��O�o�±

8(�O� 0 < x < 1� Γ¼ê�.

AO� x = n (n�g,ê)�Òk

Γ(n + 1) = n(n− 1) · · · 1 · Γ(1) = n!,

ù´Ï� Γ(1) =
∫ +∞

0
e−tdt = 1.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

d	, Γ
(

1
2

)
��½�½Ñ.ù�L3È©

Γ

(
1

2

)
=

∫ +∞

0

t−
1
2e−tdt

¥�Cþ�� t = x2 =��

Γ

(
1

2

)
= 2

∫ +∞

0

e−x
2

dx =
√
π.

ddq�½Ñ� x���ê n + 1
2
� Γ¼ê��

Γ

(
n +

1

2

)
=

(
n−

1

2

)(
n−

3

2

)
· · ·

1

2
Γ

(
1

2

)
=

(2n− 1)!!

2n
√
π.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 4 B(x, y)3 I = (0,+∞)× (0,+∞)þëY,� B(x, y) = B(y, x).

y² 3 B¼ê�½Âª

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt

¥,XJ x < 1,K t = 0´×:;XJ y < 1,K t = 1´×:. �rÈ©¤

üÜ©:∫ 1

0

tx−1(1− t)y−1dt =

∫ a

0

tx−1(1− t)y−1dt +

∫ 1

a

tx−1(1− t)y−1dt,

Ù¥ 0 < a < 1.

� t→ 0�,

tx−1(1− t)y−1 ∼ tx−1,

¤±1��È©� x > 0�Âñ;
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

� t→ 1�,

tx−1(1− t)y−1 ∼ (1− t)y−1,

¤±1��È©� y > 0�Âñ. Ò´`, B(x, y)�½Â�� x > 0, y > 0.

éu«m I þ?��: (x0, y0), � x0 > x1 > 0, y0 > y1 > 0, K�

x > x1, y > y1 �,ÃØ t´«m (0, 1)þN��ê�,Ñk

tx−1(1− t)y−1 6 tx1−1(1− t)y1−1,

duÈ©
∫ 1

0
tx1−1(1 − t)y1−1dt Âñ, ÏÈ©

∫ 1

0
tx−1(1 − t)y−1dt 3

[x1,+∞) × [y1,+∞) þ��Âñ, � B(x, y) 3 (x0, y0) ëY, d (x0, y0) �

?¿5��, B(x, y)3Ù½Â�þëY.

�C� t = 1− u,=��� B(x, y) = B(y, x).
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 5 (B¼êÃ¡È©L«) é?¿� x > 0, y > 0,k

B(x, y) =

∫ +∞

0

zy−1

(1 + z)x+y
dz.

y² d½Â�

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt,

- t = 1
1+z

,=k 1− t = z
1+z
, dt = − dz

(1+z)2 ,�\�Òk

B(x, y) =

∫ +∞

0

zy−1

(1 + z)x+y
dz (x > 0, y > 0).
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 6 (B¼ê4íúª) é?¿� x > 0, y > 1,k

B(x, y) =
y − 1

x + y − 1
B(x, y − 1).

y² l B¼ê�½ÂÑu,d©ÜÈ©��

B(x, y) =

∫ 1

0

(1− t)y−1d
tx

x
=
tx(1− t)y−1

x

∣∣∣∣1
0

+
y − 1

x

∫ 1

0

tx(1− t)y−2 dt

=
y − 1

x

∫ 1

0

tx−1(1− t)y−2 dt−
y − 1

x

∫ 1

0

tx−1(1− t)y−1 dt

=
y − 1

x
B(x, y − 1)−

y − 1

x
B(x, y).

Ïd,

B(x, y) =
y − 1

x + y − 1
B(x, y − 1).

AO,du B(1, 1) = 1,éum,n ∈ N+ k B(m,n) = (m−1)!(n−1)!
(m+n−1)!

= Γ(m)Γ(n)
Γ(m+n)

.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 7 (B¼ê� Γ¼ê�'X, Dirichletúª) é?¿� x > 0, y > 0,k

B(x, y) =
Γ(x)Γ(y)

Γ(x + y)
.

y² �â B ¼êÚ Γ ¼ê�4íúª, �Ié x > 1, y > 1 ��¹

y²(Ø¤á. d Γ¼ê�½Â

Γ(x)Γ(y) =

∫ +∞

0

ux−1e−udu

∫ +∞

0

vy−1e−vdv,

3þª¥· v = ut,2��È©gS,Ò��

Γ(x)Γ(y) =

∫ +∞

0

ux−1e−udu

∫ +∞

0

uyty−1e−utdt

=

∫ +∞

0

ty−1dt

∫ +∞

0

ux+y−1e−(1+t)udu. (1)

þ¡��È©gS´Ün�,ù�I5¿�3 x > 1, y > 1�b�e,k
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

0 6 ux+y−1ty−1e−u(t+1) 6
(x + y − 1)x+y−1

(t + 1)x
, (u > 0)

0 6 ux+y−1ty−1e−u(t+1) 6 (y − 1)y−1uxe−u, (t > 0).

y33 (1)ªmà^Cþ�� w = u(1 + t),����

Γ(x)Γ(y) =

∫ +∞

0

ty−1dt

∫ +∞

0

wx+y−1e−w

(1 + t)x+y
dw

= Γ(x + y)

∫ +∞

0

ty−1

(1 + t)x+y
dt

= Γ(x + y) B(x, y).

l��

B(x, y) =
Γ(x)Γ(y)

Γ(x + y)
(x > 0, y > 0).

11/15

‖J I‖ J I �£ �¶ '4 òÑ



B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

~ 1 ¦È© ∫ π
2

0

sinn x cosm xdx

��,Ù¥ n9mÑ´�K�ê.

) �Cþ�� t = sin2 x,�∫ π
2

0

sinn x cosm xdx =
1

2

∫ 1

0

t
n−1

2 (1− t)
m−1

2 dt

=
1

2
B

(
n + 1

2
,
m + 1

2

)
=

1

2
·

Γ
(
n+1

2

)
Γ
(
m+1

2

)
Γ
(
n+m

2
+ 1
) ,

3ù�L�ª¥, Γ¼ê�gCþ¤���½´�ê,½´��ê,Ïd¤�
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

È©´�±�Ñ5�. AO�m = 0�Òk∫ π
2

0

sinn xdx =
1

2

Γ
(

1
2

)
Γ
(
n+1

2

)
Γ
(
n
2

+ 1
)

=


(n−1)!!
n!!

π
2
, � n�óê;

(n−1)!!
n!!

, � n�Ûê.
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

½n 8 (Legendre\�úª) � x > 0�,k

Γ(2x) =
22x−1

√
π

Γ(x)Γ

(
x +

1

2

)
.

y² 3È©

B(x, x) =

∫ 1

0

tx−1(1− t)x−1dt =

∫ 1

0

[
1

4
−
(

1

2
− t
)2
]x−1

dt

= 2

∫ 1
2

0

[
1

4
−
(

1

2
− t
)2
]x−1

dt

¥�Cþ�� 1
2
− t = 1

2

√
u,K���

B(x, x) =
1

22x−1

∫ 1

0

u−
1
2(1− u)x−1du =

1

22x−1
B

(
1

2
, x

)
,
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B ¼ê� Γ ¼ê B ¼ê�d½Â Dirichlet úª \�úª

òù��ªü>� B¼ê^ Γ¼ê5L«Ò¤�

Γ2(x)

Γ(2x)
=

1

22x−1

Γ(1
2
)Γ(x)

Γ(x + 1
2
)
,

r Γ
(

1
2

)
=
√
π �\=�\�úª.

½n 9 (Stirlingúª) é?¿ x > 0,�3 θ(x) ∈ (0, 1)¦�

Γ(x + 1) =
√

2πx
(x
e

)x
e
θ(x)
12x .

íØ 1 éu?¿¢ê a,k

lim
x→+∞

xaΓ(x)

Γ(x + a)
= 1.
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