
¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

§3.3 �©¥�½n

3.3.1 Rolle½nÚ Fermat½n

½Â 1 �¼ê f(x)3 x0��� (x0− δ, x0 + δ)Sk½Â,XJéÙ¥�

?�: x,Ñk

f(x0) > f(x), (½ f(x0) 6 f(x)),

K¡ f(x0) �¼ê f(x) �4��£½4��¤, x0 ¡� f(x) ���4�

�:£½4��:¤. 4��Ú4��Ú¡�4�,4��:Ú4��:Ú

¡�4�:.

�*þ,lAÛþw,XJ¼ê f(x)3�: x0��4� (4�)�,�

¼ê3d:����3,@o3ù:���A�´Y²�£²1u x¶¤,�

Ò´`¼ê3ù:��ê�".
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 1 (Fermat½n) �¼ê f(x)3Ù½Â«m I ���S:£=Ø´à

:¤x0 ?��4�,XJ¼ê3ù�:��,K7k f ′(x0) = 0.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 1 (Fermat½n) �¼ê f(x)3Ù½Â«m I ���S:£=Ø´à

:¤x0 ?��4�,XJ¼ê3ù�:��,K7k f ′(x0) = 0.

y² Ø��¼ê3 x0��4��.�â½Â,�3�� (x0−δ, x0 +δ),

¦�

f(x0 + h)− f(x0) 6 0

��UCþ h÷v |h| < δ. u´�û

f(x0 + h)− f(x0)

h
> 0, � h < 0 �

f(x0 + h)− f(x0)

h
6 0, � h > 0 �

qÏ�¼ê3 x0 ��,¤±3þ�üª¥©O- h→ 0− Ú h→ 0+,k

f ′−(x0) > 0, f ′+(x0) 6 0

� f ′(x0) = 0.� f 3 x0 ��4����¹,�aqy².
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n
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5¿ Fermat ½n�_¿Ø¤á, �Ò´`, =¦¼ê f 3�S:��

ê�", �7ù�:´4�:, �{ü��~´ f(x) = x3, x ∈ [−1, 1], w

,, f ′(0) = 0, �´ x = 0 Ø´T¼ê�4�:. =BXd, Fermat ½nJø


ù��å»,=d�ê�&E,íä¼ê�k' (4�!4�)�´Ä�3?

Ï~,¡�ê�"�:�¼ê�7:,Ïd�
)¼ê�4�:,��37:

¥�?�Ú?Ø=�.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 2 (Rolle ½n) � f(x) 34«m [a, b] þëY, 3m«m (a, b) S�

�,� f(a) = f(b),K7k ξ ∈ (a, b),¦ f ′(ξ) = 0.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 2 (Rolle ½n) � f(x) 34«m [a, b] þëY, 3m«m (a, b) S�

�,� f(a) = f(b),K7k ξ ∈ (a, b),¦ f ′(ξ) = 0.

y² �â4«m [a, b] þëY¼ê�½k���Ú���£���Ú

����,�´4�¤�¢¯, XJ���Ú���¥��k��3 (a, b)

SÜ�: ξ ��,Kd Fermat½n�, f ′(ξ) = 0. ��,���Ú���Ñ�

U3à: aÚ b?��, f(a) = f(b),¤±���Ú�����,=,¼ê

´��~�¼ê,d�¼ê��¼ê3?Û�:Ñ�". y..

-
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.2 �©¥�½n

½n 3 (�©¥�½n) � f(x) 3 [a, b] ëY, 3 (a, b) ��, K7k

ξ ∈ (a, b)¦

f ′(ξ) =
f(b)− f(a)

b− a
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.2 �©¥�½n

½n 3 (�©¥�½n) � f(x) 3 [a, b] ëY, 3 (a, b) ��, K7k

ξ ∈ (a, b)¦

f ′(ξ) =
f(b)− f(a)

b− a
.

y² ·��E¼ê

F (x) = f(x)−
f(b)− f(a)

b− a
(x− a)− f(a).

KN´�y: F (b) = F (a) = 0, � F (x)34«m [a, b]þëY,3m«m

(a, b) S��, Ïd F (x) ÷v Rolle ½n�n�^�, ��3�: ξ ∈ (a, b)

¦�

F ′(ξ) = f ′(ξ)−
f(b)− f(a)

b− a
= 0.

ù=´½n�(Ø.y..

5/25

‖J I‖ J I �£ �¶ '4 òÑ



¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

k�, ·��¡�©¥�½n� Lagrange ¥�½n. � f(a) = f(b) �,

¥�½nÒ=z¤ Rolle½n,Ïd§´' Rolle½n����½n.

lAÛþw, �©¥�½n�(J

-
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´ØJn)�. �Ä¼ê��û
f(b)− f(a)

b− a
§´�� AB ��Ç. ���e, XJ

·�²1£Äù^��,K§��k�

gÅ¬��ù�� �,=3�þ�

�� AB ål���@�:M , ¤�����£ã3.5¤. �Ò´`, �3

0u aÚ b�m��: ξ,¦�½n 3¤á.

lÔnþw,��÷��$Ä��:,7,3,�����]��Ý,�

u��$ÄL§�²þ�Ý.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 1 XJ¼ê f 3��«mþëY, �é«mS�z��: x, Ñk

f ′(x) = 0, K¼ê f 3«mþ�½´~�¼ê. éuü���¼ê f Ú g,

XJ§���ê��,Kü�¼ê����~ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 1 XJ¼ê f 3��«mþëY, �é«mS�z��: x, Ñk

f ′(x) = 0, K¼ê f 3«mþ�½´~�¼ê. éuü���¼ê f Ú g,

XJ§���ê��,Kü�¼ê����~ê.

y² ?�«mþü: x1 < x2,3 [x1, x2]þ,d¥�½n�,�3�:

ξ ¦�

f(x2)− f(x1) = f ′(ξ)(x2 − x1)

� f ′(x)ð�",¤± f ′(ξ) = 0,u´ f(x1) = f(x2),=¼ê3«mþ?¿ü

:����,¤±´~�¼ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 1 XJ¼ê f 3��«mþëY, �é«mS�z��: x, Ñk

f ′(x) = 0, K¼ê f 3«mþ�½´~�¼ê. éuü���¼ê f Ú g,

XJ§���ê��,Kü�¼ê����~ê.

y² ?�«mþü: x1 < x2,3 [x1, x2]þ,d¥�½n�,�3�:

ξ ¦�

f(x2)− f(x1) = f ′(ξ)(x2 − x1)

� f ′(x)ð�",¤± f ′(ξ) = 0,u´ f(x1) = f(x2),=¼ê3«mþ?¿ü

:����,¤±´~�¼ê.

?�Ú�±y²§e¼ê f 3��«mþëY,�é«mS�z��:

x,Ñk f (n)(x) = 0,K¼ê f 3«mþ�½´gêØ�L n− 1�õ�ª.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 1 y²: e¼ê f(x)3 Rþ��,�÷v�§ f ′(x) = f(x),K�3

~ê c¦� f(x) = cex.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 1 y²: e¼ê f(x)3 Rþ��,�÷v�§ f ′(x) = f(x),K�3

~ê c¦� f(x) = cex.

y² - g(x) = e−xf(x).K g(x)3 Rþ��,� g′(x) = e−x(f ′(x)−
f(x)) = 0.u´ g(x)´~ê,P g(x) = c.Kk f(x) = cex.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 1 y²: e¼ê f(x)3 Rþ��,�÷v�§ f ′(x) = f(x),K�3

~ê c¦� f(x) = cex.

y² - g(x) = e−xf(x).K g(x)3 Rþ��,� g′(x) = e−x(f ′(x)−
f(x)) = 0.u´ g(x)´~ê,P g(x) = c.Kk f(x) = cex.

±þ(Ø�±í2Xe:

� ϕ(x) 3 R þ��, � ϕ′(x) = g(x). e¼ê f(x) 3 R þ��, �÷

v�§ f ′(x) = g(x)f(x),K�3~ê c¦� f(x) = ceϕ(x).
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 2 �¼ê f 3«m I ��,� |f ′(x)| 6M£=�êk.¤. K

|f(x2)− f(x1)| 6M |x2 − x1|

=,äkk.�ê�¼ê�½´ LipschitzëY�.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 2 �¼ê f 3«m I ��,� |f ′(x)| 6M£=�êk.¤. K

|f(x2)− f(x1)| 6M |x2 − x1|

=,äkk.�ê�¼ê�½´ LipschitzëY�.

~ 2 �¼ê f 3«m I þk½Â.e�3M > 0,9 α > 1¦�

|f(x2)− f(x1)| 6M |x2 − x1|α, ∀ x1, x2 ∈ I,

K f(x)´~ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

íØ 2 �¼ê f 3«m I ��,� |f ′(x)| 6M£=�êk.¤. K

|f(x2)− f(x1)| 6M |x2 − x1|

=,äkk.�ê�¼ê�½´ LipschitzëY�.

~ 2 �¼ê f 3«m I þk½Â.e�3M > 0,9 α > 1¦�

|f(x2)− f(x1)| 6M |x2 − x1|α, ∀ x1, x2 ∈ I,

K f(x)´~ê.

y² éu?¿ I �S: x0,� ∆x¿©��,k

|f(x0 + ∆x)− f(x0)| 6M |∆x|α.

Ïd, ∣∣∣∣f(x0 + ∆x)− f(x0)

∆x

∣∣∣∣ 6M |∆x|α−1.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

du α > 1,·���

lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
= 0,

=, f ′(x0) = 0.ù`² f 3 I þ����¼êð�",Ïd f �~ê.

10/25

‖J I‖ J I �£ �¶ '4 òÑ



¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

du α > 1,·���

lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
= 0,

=, f ′(x0) = 0.ù`² f 3 I þ����¼êð�",Ïd f �~ê.

~ 3 y²: é?¿~ê c, �§ x3 − 3x + c = 03 [0, 1]¥Ø�Ukü

��É�¢�.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

du α > 1,·���

lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
= 0,

=, f ′(x0) = 0.ù`² f 3 I þ����¼êð�",Ïd f �~ê.

~ 3 y²: é?¿~ê c, �§ x3 − 3x + c = 03 [0, 1]¥Ø�Ukü

��É�¢�.

y² P f(x) = x3 − 3x + c. eé,� c, �§3 [0, 1] þkü��É

�¢� x1, x2 Ø�� 0 6 x1 < x2 6 1 K f(x1) = f(x2) = 0, Ïd f(x) 3

[x1, x2]þ÷v Rolle½n�n�^�,¤±7k x1 < ξ < x2 ¦�

f ′(ξ) = 3(ξ2 − 1) = 0.

= |ξ| = 1, � 0 6 x1 < ξ < x2 6 1, �gñ. gñ`²kü��É¢��b

�´Øé�.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 4 � 0 < a < b,y²
b− a
b

< ln
b

a
<
b− a
a

.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 4 � 0 < a < b,y²
b− a
b

< ln
b

a
<
b− a
a

.

y² du 0 < a < b,�3 [a, b]þ,¼ê lnxw,÷v¥�½n�^

�,¤±�3�: ξ ∈ (a, b)¦�

ln b− ln a = (lnx)′|x=ξ(b− a) =
1

ξ
(b− a)

�
1

b
<

1

ξ
<

1

a

=k¤y�(J.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 4 � 0 < a < b,y²
b− a
b

< ln
b

a
<
b− a
a

.

y² du 0 < a < b,�3 [a, b]þ,¼ê lnxw,÷v¥�½n�^

�,¤±�3�: ξ ∈ (a, b)¦�

ln b− ln a = (lnx)′|x=ξ(b− a) =
1

ξ
(b− a)

�
1

b
<

1

ξ
<

1

a

=k¤y�(J.

� a = x > 0, b = x + 1��

1

x + 1
< ln

(
1 +

1

x

)
<

1

x
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 5 y²ð�ª

arcsinx + arccosx =
π

2
, |x| 6 1

12/25

‖J I‖ J I �£ �¶ '4 òÑ



¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 5 y²ð�ª

arcsinx + arccosx =
π

2
, |x| 6 1

y² · f(x) = arcsinx + arccosx. K f ′(x) ≡ 0. ¤±

arcsinx + arccosx ≡ c (~ê).

ò x = 0�\,=� c = π
2
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 5 y²ð�ª

arcsinx + arccosx =
π

2
, |x| 6 1

y² · f(x) = arcsinx + arccosx. K f ′(x) ≡ 0. ¤±

arcsinx + arccosx ≡ c (~ê).

ò x = 0�\,=� c = π
2
.

~ 6 � f(x)3 [a, b]ëY,3 (a, b)��,� f(a) = f(b) = 0.¦y: �

3 ξ ∈ (a, b)¦�

f ′(ξ)− ξf(ξ) = 0.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 5 y²ð�ª

arcsinx + arccosx =
π

2
, |x| 6 1

y² · f(x) = arcsinx + arccosx. K f ′(x) ≡ 0. ¤±

arcsinx + arccosx ≡ c (~ê).

ò x = 0�\,=� c = π
2
.

~ 6 � f(x)3 [a, b]ëY,3 (a, b)��,� f(a) = f(b) = 0.¦y: �

3 ξ ∈ (a, b)¦�

f ′(ξ)− ξf(ξ) = 0.

y² - g(x) = e−
1
2x

2
f(x). K g(x) 3 [a, b] ëY, 3 (a, b) ��, �

g(a) = g(b) = 0.�â Rolle½n,�3 ξ ∈ (a, b)¦� g′(ξ) = 0,=

−ξe−
1
2ξ

2

f(ξ) + e−
1
2ξ

2

f ′(ξ) = 0,

�Ò´ f ′(ξ)− ξf(ξ) = 0.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 4 (Cauchy¥�½n) � f(x)Ú g(x)3 [a, b]þëY,3 (a, b)S�

�.�é?�: x ∈ (a, b), g′(x) 6= 0. K3 (a, b)S,7�3�: ξ,¦�

f(b)− f(a)

g(b)− g(a)
=
f ′(ξ)

g′(ξ)
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

½n 4 (Cauchy¥�½n) � f(x)Ú g(x)3 [a, b]þëY,3 (a, b)S�

�.�é?�: x ∈ (a, b), g′(x) 6= 0. K3 (a, b)S,7�3�: ξ,¦�

f(b)− f(a)

g(b)− g(a)
=
f ′(ξ)

g′(ξ)
.

y² �9Ï¼ê

F (x) = f(x)− f(a)−
f(b)− f(a)

g(b)− g(a)

(
g(x)− g(a)

)
´�, F (x) 3 [a, b] þëY, 3 (a, b) S��, � F (b) − F (a) = 0. =, F (x)

÷v Rolle½n�n�^�.

13/25

‖J I‖ J I �£ �¶ '4 òÑ



¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

�â Rolle½n,�3�: ξ ∈ (a, b),¦� F ′(ξ) = 0,=

f ′(ξ)−
f(b)− f(a)

g(b)− g(a)
g′(ξ) = 0.

�â^�k g′(ξ) 6= 0,9 g(a) 6= g(b).u´k

f(b)− f(a)

g(b)− g(a)
=
f ′(ξ)

g′(ξ)
.

d=½n�(Ø.y..
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

Cauchy¥�½n�AÛ¿Â

� f(t)Ú g(t)3 t ∈ [a, b]þëY,3 (a, b)S��.�	ëê�§

x = g(t), y = f(t), (t ∈ [a, b])

¤(½�� L, T��ü�

à:´ A = (g(a), f(a)) Ú B =

(g(b), f(b)), ë�ùü�à:���

��Ç´ f(b)−f(a)
g(b)−g(a)

.�â^��3�

LþØà:	�z�:Ñ´k���.

Cauchy ¥�½n�AÛ¿ÂÒ´�

þk�: C = (g(ξ), f(ξ)) ����

Ç f ′(ξ)
g′(ξ)
TÐ�u f(b)−f(a)

g(b)−g(a)
.

x

y

A

B

C

O
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 7 � 0 < a < b,¼ê f(x)3 [a, b]ëY,3 (a, b)��. ¦y: �3

ξ ∈ (a, b)¦�
af(b)− bf(a)

a− b
= f(ξ)− ξf ′(ξ).

16/25

‖J I‖ J I �£ �¶ '4 òÑ



¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 7 � 0 < a < b,¼ê f(x)3 [a, b]ëY,3 (a, b)��. ¦y: �3

ξ ∈ (a, b)¦�
af(b)− bf(a)

a− b
= f(ξ)− ξf ′(ξ).

y² ¤�y²�ªf�±�¤

f(b)
b
− f(a)

a
1
b
− 1

a

=

(
f(x)
x

)′
(

1
x

)′
∣∣∣∣∣∣∣
x=ξ

.

Ïd��é¼ê f(x)
x
Ú 1

x
A^ Cauchy¥�½n,=���(Ø.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 8 � f(x), g(x)3 [a, b]þëY,3 (a, b)þ��,Ù¥ g′(x)3«m

(a, b)¥Ã":. ¦y: �3 ξ ∈ (a, b),¦�

f ′(ξ)

g′(ξ)
=
f(ξ)− f(a)

g(b)− g(ξ)
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 8 � f(x), g(x)3 [a, b]þëY,3 (a, b)þ��,Ù¥ g′(x)3«m

(a, b)¥Ã":. ¦y: �3 ξ ∈ (a, b),¦�

f ′(ξ)

g′(ξ)
=
f(ξ)− f(a)

g(b)− g(ξ)
.

y² �	¼ê

F (x) =
(
f(x)− f(a)

)(
g(b)− g(x)

)
.

�â^���, F (x) 3 [a, b] þëY, 3 (a, b) þ��, �w,k F (a) =

F (b) = 0.d Rolle½n,�3 ξ ∈ (a, b),¦� F ′(ξ) = 0,=,

f ′(ξ)
(
g(b)− g(ξ)

)
− g′(ξ)

(
f(ξ)− f(a)

)
= 0.

du g′(x)3«m (a, b)¥Ã":,k g′(ξ) 6= 0,9 g(b)− g(ξ) 6= 0.Ï

f ′(ξ)

g′(ξ)
=
f(ξ)− f(a)

g(b)− g(ξ)
.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.3 �¼ê�0�5�

½n 5 (Darboux ½n) � f(x) 3«m [a, b] þ��. K f ′(x) U��

f ′(a)� f ′(b)�m�?¿ê. =,�¼ê÷v0�½n.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.3 �¼ê�0�5�

½n 5 (Darboux ½n) � f(x) 3«m [a, b] þ��. K f ′(x) U��

f ′(a)� f ′(b)�m�?¿ê. =,�¼ê÷v0�½n.

y² Ø�� f ′(a) < r < f ′(b). - g(x) = f(x)− rx,K g(x)3 [a, b]

þ��,� g′(a) < 0 < g′(b).
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.3 �¼ê�0�5�

½n 5 (Darboux ½n) � f(x) 3«m [a, b] þ��. K f ′(x) U��

f ′(a)� f ′(b)�m�?¿ê. =,�¼ê÷v0�½n.

y² Ø�� f ′(a) < r < f ′(b). - g(x) = f(x)− rx,K g(x)3 [a, b]

þ��,� g′(a) < 0 < g′(b).

l g′(a) < 0��,3 am>�����S g(x)���' g(a)�;
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.3 �¼ê�0�5�

½n 5 (Darboux ½n) � f(x) 3«m [a, b] þ��. K f ′(x) U��

f ′(a)� f ′(b)�m�?¿ê. =,�¼ê÷v0�½n.

y² Ø�� f ′(a) < r < f ′(b). - g(x) = f(x)− rx,K g(x)3 [a, b]

þ��,� g′(a) < 0 < g′(b).

l g′(a) < 0��,3 am>�����S g(x)���' g(a)�;

l g′(b) > 0��,3 b�>�����S g(x)���' g(b)�.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

3.3.3 �¼ê�0�5�

½n 5 (Darboux ½n) � f(x) 3«m [a, b] þ��. K f ′(x) U��

f ′(a)� f ′(b)�m�?¿ê. =,�¼ê÷v0�½n.

y² Ø�� f ′(a) < r < f ′(b). - g(x) = f(x)− rx,K g(x)3 [a, b]

þ��,� g′(a) < 0 < g′(b).

l g′(a) < 0��,3 am>�����S g(x)���' g(a)�;

l g′(b) > 0��,3 b�>�����S g(x)���' g(b)�.

ù`² g(a) Ú g(b) ÑØ´ g(x) ����. Ïd g(x) �����U3

(a, b)¥,: ξ ��. d Fermat½n�� g′(ξ) = 0.=, f ′(ξ) = r.y..

5¿ l Darboux½n��,�¼êvk1�amä:.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 9 � 0 < a < 2. ¦yØ�3 (−∞,+∞) þ���¼ê f(x), ¦�

é?¿ xk f(ax− f(x)) = x.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 9 � 0 < a < 2. ¦yØ�3 (−∞,+∞) þ���¼ê f(x), ¦�

é?¿ xk f(ax− f(x)) = x.

y² e f(x)´÷v^��¼ê,- g(x) = ax− f(x),K

f(x) + g(x) = ax, (1)

f(g(x)) = x. (2)
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 9 � 0 < a < 2. ¦yØ�3 (−∞,+∞) þ���¼ê f(x), ¦�

é?¿ xk f(ax− f(x)) = x.

y² e f(x)´÷v^��¼ê,- g(x) = ax− f(x),K

f(x) + g(x) = ax, (1)

f(g(x)) = x. (2)

d (2)�� x 6= y �,k g(x) 6= g(y).5¿� g ´ëY¼ê,�â0�½

n�� g ´î�üN¼ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

~ 9 � 0 < a < 2. ¦yØ�3 (−∞,+∞) þ���¼ê f(x), ¦�

é?¿ xk f(ax− f(x)) = x.

y² e f(x)´÷v^��¼ê,- g(x) = ax− f(x),K

f(x) + g(x) = ax, (1)

f(g(x)) = x. (2)

d (2)�� x 6= y �,k g(x) 6= g(y).5¿� g ´ëY¼ê,�â0�½

n�� g ´î�üN¼ê.

e g î�~, Kd (1) � f î�O. � x < y. k g(x) > g(y), Ï

f(g(x)) > f(g(y)),(Ü (2)�� x > y,gñ! ù`² g �Uî�O.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

e g kþ.,K lim
x→+∞

g(x) = b´k��. �â f �ëY5k

lim
x→+∞

f(g(x)) = f(b),

ù� (2)gñ! u´ g Ãþ.,Ón g �Ãe..
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

e g kþ.,K lim
x→+∞

g(x) = b´k��. �â f �ëY5k

lim
x→+∞

f(g(x)) = f(b),

ù� (2)gñ! u´ g Ãþ.,Ón g �Ãe..

du g ëY, �Ãþ.Úe., Ïéu?¿¢ê x �3 y ¦�

g(y) = x,d (2)� f(x) = y,Ïd

g(f(x)) = x. (3)

d (3)�� f �î�O.u´ f Ú g ´p��¼ê�î�OëY¼ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

e g kþ.,K lim
x→+∞

g(x) = b´k��. �â f �ëY5k

lim
x→+∞

f(g(x)) = f(b),

ù� (2)gñ! u´ g Ãþ.,Ón g �Ãe..

du g ëY, �Ãþ.Úe., Ïéu?¿¢ê x �3 y ¦�

g(y) = x,d (2)� f(x) = y,Ïd

g(f(x)) = x. (3)

d (3)�� f �î�O.u´ f Ú g ´p��¼ê�î�OëY¼ê.

l (1)��

f ◦ f(x) = af(x)− x, (4)

g ◦ g(x) = ag(x)− x. (5)
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

� fn � f � ngS�, gn � g � ngS�,lþ¡üª,��

fn(x) = cnf(x)− cn−1x, (6)

gn(x) = cng(x)− cn−1x, (7)

Ù¥ê� cn ÷v4íúª:

cn+1 = acn − cn−1, c1 = 1, c2 = a.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

� fn � f � ngS�, gn � g � ngS�,lþ¡üª,��

fn(x) = cnf(x)− cn−1x, (6)

gn(x) = cng(x)− cn−1x, (7)

Ù¥ê� cn ÷v4íúª:

cn+1 = acn − cn−1, c1 = 1, c2 = a.

e 0´ f �ØÄ:, K 0�´ g �ØÄ:, f(0) = g(0) = 0.é (2)¦�

��

f ′(0)g′(0) = 1.

é (1)¦���

f ′(0) + g′(0) = a.

ùü�ªf´gñ�,Ø,k

a = f ′(0) + g′(0) > 2
√
f ′(0)g′(0) = 2.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

ù`² 0Ø´ f Ú g �ØÄ:. Ïd f(0)Ú g(0)¥7k��´�ê.
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

ù`² 0Ø´ f Ú g �ØÄ:. Ïd f(0)Ú g(0)¥7k��´�ê.

Ø�� f(0) > 0.l f �î�O5,�� {fn(0)}�î�4Oê�. Ï�

fn(0) = cnf(0),¤± cn ´4O�,Ï cn > c1 = 1.q

cn+1 − cn = (a− 2)cn + cn − cn−1 < cn − cn−1.

¤± {cn− cn−1}´�K4~�,ù`² {cn− cn−1}Âñ,�ùq�íÑ cn

ªu",� cn > 1gñ. ù�Ò�¤
y².

y{� ®²k f, g ÷v (1), (2), (3) �î�üN4Op��¼ê§

�§f ′(x) > 0, g′(x) > 0.éu?¿ x,- y = f(x).d (1), (2),�

f ′(y) + g′(y) = a, (8)

f ′(y)g′(x) = 1. (9)

e g′(y) > g′(x),Kd (8), (9),k

a > 2
√
f ′(y)g′(y) > 2

√
f ′(y)g′(x) = 2,
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

ù�^�gñ�Ïd, g′(y) < g′(x).ò (8), (9)� x, y ��,^fâ�í�E

��Ñgñ��,÷v^�� f(x)Ø�3.

y{n =b� f(x) ëY. � (1), (2), (3), e�3 x0 > 0 ¦� f(x0) =

g(x0),Kd (1),�

f(x0) =
a

2
< x0.

d (3)9 g �O5,�

x0 = g(f(x0)) < g(x0) = f(x0).

þ¡ü�Ø�ªgñ! �, éu?¿ x > 0, k f(x) 6= g(x). �â"�½n,

7k f(x) > g(x), (x > 0)½ö f(x) < g(x), (x > 0).Ø��,

f(x) < g(x), (x > 0). (10)

d��â (1),k f(x) < a
2
x, (x > 0).P a1 = a

2
.K

f(x) < a1x, (x > 0).
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

b�k�ê an ¦�

f(x) < anx, (x > 0). (11)

d (3)Ú g �üN5,�

x < g(anx), (x > 0).

òdª¥� x�¤ x
an
,�

x

an
< g(x), (x > 0).

�\ (1),�

f(x) < an+1x, (x > 0).

Ù¥

an+1 =
aa2

n

a2
n + 1

. (12)
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¤ê½n Û�½n .�KF¥�½n �Ü¥�½n �Ù½n

ù�Ò4í�E
�ê� {an}÷v (11). 5¿�, a1 < 1, a2 = a
1+1/a2

1
< a1.

ê� {an} î�üN4~, �d (12) �� lim
n→∞

an = 0. 3 (11) ¥- n → ∞
�� f(x) 6 0.ù� f(x)üN4OÃþ.gñ.

o�,3K�^�e,=b� f(x)ëY,�Ø�U�3 f(x)÷v^�.
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