
Û¼ê½Â �35½n ��Û¼ê

§9.3 Û¼ê½nÚ_N�½n

/X y = f(x)�Cþ y �Cþ x�'X´ÏL¼ê f 5ïá,Ò¡�

w¼ê. 3éõ�/�Cþ�m�'X´ÏL��½õ��§5ïá�.

½Â 1 � F (x, y)3«� D ⊂ R2 þk½Â,�§ F (x, y) = 0(½


²¡þ�^�. XJ3�þ,�: (x0, y0) ∈ D£= F (x0, y0) = 0¤�

�� I × J ⊂ DS, éu?� x ∈ I Ñk��� y ∈ J , ¦ F (x, y) = 0, K

ddéA'X(½� I þ�¼ê y = f(x) ¡�3 (x0, y0) ���¥d�§

F (x, y) = 0¤(½�Û¼ê.

XJ�� xkõ� y ¦� F (x, y) = 0,Kù��§(½
õ�Û¼ê.

k�UÏL�§)Ñ§L«�Û¼ê,�3éõ�/´Ã{)ÑÛ¼ê�.

·��?Ø�§¤(½�Û¼ê���5,±9¦Û¼ê��©��{.
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xy + x + y − 1 = 0

x2

2x2+sinx+1
e−y − y = 0

x− y2 + sin y = 0

x2 + y2 = 1

(x0, y0)

(x0, y0)
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9.3.1 Û¼ê��35Ú�û

©Û � F (x, y)´����¼ê. bX�§

F (x, y) = 0

(½
 Oxy ²¡þ�^�,�U
3�þ�: (x0, y0)���S)Ñ

�§¤(½�Û¼ê

y = f(x),

Ï3 (x0, y0)NCk

F (x, f(x)) ≡ 0.

b� f(x)´���. éþ¡ð�ªü>|^EÜ¼ê�óª{K¦�,�

F ′x + F
′
yf
′(x) = 0,

Ï�

f ′(x) =
dy

dx
,

3/11

‖J I‖ J I �£ �¶ '4 òÑ



Û¼ê½Â �35½n ��Û¼ê

¤±,Û¼ê��êAT´Xe/ª

dy

dx
= −

F ′x(x, y)

F ′y(x, y)
, (F (x, y) = 0).

dd©Û�wÑ:

1�,���¹e,�§

F (x, y) = 0

3 (x0, y0)NC¤(½�Û¼ê

y = f(x)

�3�7�^�AT´¼ê F (x, y)� �ê F ′y(x, y)3 (x0, y0)?Ø�u

". é¡/,e(½�Û¼ê´ x = f(y),K7�^�AT´ F (x, y)� �

ê F ′x(x, y)3 (x0, y0)?Ø�u".

1�, XJÛ¼ê y = f(x) �3, §��û, ATÒ´þ¡í�Ñ5�

/ª.
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½n 1 (Û¼ê�3½n) �«� D ⊂ R2, M0(x0, y0) ∈ D. XJ F (x, y)

3 D ¥k½Â¿÷vµ

1◦ F (x, y) ∈ C1(D),=3«�þkëY� �¼ê¶

2◦ F (x0, y0) = 0,=: M0 3�§ F (x, y) = 0(½��þ¶

3◦ F ′y(x0, y0) 6= 0.

K�3M0 ��� I × J ⊂ D,¦�µ

1)é I ¥?¿ x,k J ¥�� y ¦ F (x, y) = 0¶=3LM0 ���ã

��±(½��Û¼ê y = f(x) ,� y0 = f(x0) .

2)d 1)¤(½�Û¼ê y = f(x)këY��û,�§��û´

dy

dx
= −

F ′x(x, y)

F ′y(x, y)
, (F (x, y) = 0).

XJ^� 3◦ U� F ′x(x0, y0) 6= 0,KÛ¼ê´ x = f(y).
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y² '�´�y²Û¼ê��35. y²L§¥, ò�E|^¤�9

¼ê�ëY5. Ø�� F ′y(x0, y0) > 0. Kd F ′y(x, y) �ëY5, ���3�

�± (x0, y0)�¥%�Ý/ I ′ × J ,¦�

F ′y(x, y) > 0, (x, y) ∈ I ′ × J

¤± F (x, y)3 I ′ × J þ'u y î�üNO.P J = [c, d],K

F (x0, c) < F (x0, y0) = 0 < F (x0, d), = F (x0, c) < 0 < F (x0, d)

Ï� F (x, y)é xëY,¤±�3��± x0 �¥%�«m I ⊂ I ′,¦�

F (x, c) < 0 < F (x, d), x ∈ I

2Ï� F (x, y)é y �ëY5!üN5Ú0�½n,éz�� x ∈ I ,�3�
�� y = f(x),¦ F (x, f(x)) = 0,� c < f(x) < d, x ∈ I .

f(x)3 x0ëY:é?¿ ε > 03þ¡�L§¥o�±À J ¦� |J | < ε.

��±�«m I ·��,¦�� x ∈ I �, f(x) ∈ J.Ï

|f(x)− f(x0)| < |J | < ε. ù`² f(x)3 x0 ëY.
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f(x) 3 I ëY: é x1 ∈ I , � y1 = f(x1), K (x1, y1) ∈ I × J. Ï�
F (x1, y1) = 0, ∂F

∂y
(x1, y1) > 0,¤± F 3: (x1, y1)÷v� (x0, y0)Ó��^

�.Ïddc¡�y²��,�3�¹ (x1, y1)�mÝ/ I1 × J1 ⊂ I × J.�
x ∈ I1 �,�§ F (x, y) = 03 J1 k��) g(x),� g 3 x1 ëY.d)��

�5�: � x ∈ I1 �, f(x) = g(x).ù`² f 3 x1 �ëY.

f(x) 3 I ��: � x ∈ I. � h ¿©�, ¦� x + h ∈ I. - y = f(x),

k = f(x + h)− f(x).d F ���5,k

0 = F (x + h, y + k)− F (x, y) = ∂F
∂x

(x, y)h + ∂F
∂y

(x, y)k + r, (9.1)

Ù¥ r ÷v lim
h→0

r√
h2+k2

= 0. - α = h√
h2+k2

· r√
h2+k2

, β = k√
h2+k2

· r√
h2+k2

,

K lim
h→0

α = 0, lim
h→0

β = 0, αh + βk = r.òd�\ (9.1),��

f(x + h)− f(x)
h

=
k

h
= −

∂F
∂x

(x, y) + α
∂F
∂y

(x, y) + β
.

- h→ 0,=� f ′(x) = −∂F
∂x

(x, y)
/
∂F
∂y

(x, y).
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~ 1 �Ä�§ (éA��¡� Descartes ((k�)�/�.)

F (x, y) = x3 + y3 − 3axy = 0.

w,,����¦)�§,�Ñwª�¼êL�ª´��(J�. é¼ê

F (x, y) = x3 + y3 − 3axy �ü�Cþ©O¦��

F ′x(x, y) = 3x2 − 3ay, F ′y(x, y) = 3y2 − 3ax

5¿��: (0, 0)�,÷v�§ F (0, 0) = 0,�´ F ′x(0, 0) = 0, F ′y(0, 0) = 0.

¤±½n3 (0, 0)��.

lã/þw, �3 (0, 0) :g��, 3

ù�:�NC, ?Û�½� x (½ y), ÑÃ{

��ü��éA�� y (½ x). �,Ø�3

wª�¼êL�ª (��w, XJ����

� F (x, y) = 0 kg��, K3g���:?,

F (x, y)�ü� �ê¬XÛ?)

x

y

O
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~ 2 ��§ sin(x + y) + 2x + y = 0 (½
 y ´ x �¼ê. ¦

y′(x), y′′(x).

) � F (x, y) = sin(x + y) + 2x + y.K F ′y(x, y) = cos(x + y) + 1.�

cos(x + y) + 1 6= 0�,kÛ¼ê y = y(x).ò y = y(x)�\�§,��

sin(x + y(x)) + 2x + y(x) = 0.

ü>é x¦�,�

cos(x + y(x)) · (1 + y′(x)) + 2 + y′(x) = 0.

u´

y′(x) = −1−
1

1 + cos(x + y)
.

y′′(x) =
− sin(x + y) · (1 + y′(x))

(1 + cos(x + y))2

=
sin(x + y)

(1 + cos(x + y))3
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éun��m����§

F (x, y, z) = 0

��5`, §(½
n��m���¡. XJ3¡þ�: (x0, y0, z0) N

C,kÛ¼ê z = f(x, y),K

F (x, y, f(x, y)) ≡ 0.

Ó�,éù�ð�ªü>©Oé xÚ y ¦�,Kk

F ′x + F
′
zf
′
x = 0; F ′y + F

′
zf
′
y = 0.

l¥�±)�,Û¼ê z = f(x, y)�ü� �êXe

∂z
∂x

= −
F ′x(x, y, z)

F ′z(x, y, z)
, ∂z

∂y
= −

F ′y(x, y, z)

F ′z(x, y, z)
.

Ïd, ù«�¹eÛ¼ê z = f(x, y) �3�^�´: F (x, y, z) këY� 

�ê, F (x0, y0, z0) = 0,�

F ′z(x0, y0, z0) 6= 0.
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~ 3 � z = z(x, y)´d�§ 1
2
sin(x + 2y − z) = x + 2y − z ¤(½�

Û¼ê. ¦ ∂z
∂x
, ∂z
∂y
.

) P

F (x, y, z) =
1

2
sin(x + 2y − z)− x− 2y + z.

K

F ′z(x, y, z) = −
1

2
cos(x + 2y − z) + 1 > 0.

¤± F (x, y, z) = 03�m¥(½
Û¼ê z = z(x, y).Ï�

F ′x =
1

2
cos(x + 2y − z)− 1, F ′y = cos(x + 2y − z)− 2,

¤±

∂z

∂x
= −

F ′x
F ′z

= 1,
∂z

∂y
= −

F ′y

F ′z
= 2.

¢Sþ,d��§��k x + 2y − z = 0,Ïd z = x + 2y.ùÒ´�§�).
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