
96¯K ©lCþ{ ±Ï¼ê ��5 Fourier ?ê

1 12 Ù Fourier ©Û

��\GÔN�96¯K =3���Ý� l ��\þ,üà�±"Ý,

Ð©�§Ý©Ù� f(x),�X�m�üz, k ´'9Xê,¦ t���§Ý©

Ù T (x, t).

O xx `

T¯K�êÆ�.�


∂2T

∂x2
= k2

∂T

∂t
, T = T (x, t) (1)

T (0, t) = T (`, t) = 0, (t > 0) £>.^�¤ (2)

T (x, 0) = f(x), 0 < x < ` £Ð©^�¤ (3)
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©lCþ{ ��mCþ� �Cþ´©l�:

T (x, t) = ϕ(x)ψ(t).

òd�\ (1)ª��

ϕ′′(x)ψ(t) = k2ϕ(x)ψ′(t)

=

ϕ′′(x)

k2ϕ(x)
=
ψ′(t)

ψ(t)
. (4)

Ï� x� t´Õá�Cþ,¤± (4)ªL²

ϕ′′(x)

k2ϕ(x)
=
ψ′(t)

ψ(t)
= −λ,

Ù¥ λ´~ê,�â§ÝCz�A:,k λ > 0.Ïd

ϕ′′(x) + λk2ϕ(x) = 0, (5)

ψ′(t) + λψ(t) = 0. (6)

2/15

‖J I‖ J I �£ �¶ '4 òÑ



96¯K ©lCþ{ ±Ï¼ê ��5 Fourier ?ê

� k = 1�, (5)ª�Ï)�

ϕ(x) = b sin(
√
λx + c).

d>.^� (2)� c = 0,
√
λ` = nπ, (n = 1, 2, · · · )

λ = λn =
(nπ
`

)2
. (7)

ò (7)�\ (6)ª,��

ψn(t) = exp
(
−
(nπ
`

)2
t
)
.

Ïd,�§ (5), (6)k�|):

ϕn(x) = bn sin
nπ

`
x, ψn(t) = exp

(
−
(nπ
`

)2
t
)
.

¤±

Tn(x, t) = bn exp
(
−
(nπ
`

)2
t
)
sin
nπ

`
x, n = 1, 2 · · ·

´��÷v (1), (2)�).
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Ï��§ (1)´�5�,¤± (1)�Ï)�

T (x, t) =

∞∑
n=1

bn exp
(
−
(nπ
`

)2
t
)
sin
nπ

`
x, (8)

2�âÐ©^� (3),Ak

f(x) =

∞∑
n=1

bn sin
nπ

`
x. (9)

Ïd,���3��~ê {bn}¦� (9)¤á,K (8)Ò´¤¦¯K�).

¯K ¼ê f(x) ´Ä�½�±L«� (9) ªmà�?ê? XJ�±k

ù��L«,@oN�¦Xê bn ?

4/15

‖J I‖ J I �£ �¶ '4 òÑ



96¯K ©lCþ{ ±Ï¼ê ��5 Fourier ?ê

§12.1 ¼ê� Fourier ?ê

12.1.1 ±Ï¼ê�n�¼ê���5

±Ï¼ê e f(x)3 (−∞,+∞)þk½Â,��3 T > 0¦�

f(x + T ) = f(x), ∀ x ∈ (−∞,+∞),

K¡ f(x)´��±Ï¼ê, T ´ f(x)���±Ï.

1) e T ´ f(x)�±Ï,K nT (n ∈ Z)�´.

2) e f(x)3k�«mþ�È, T ´§�±Ï,K∫ a+T

a

f(x) dx =

∫ T

0

f(x) dx.
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3) e f(x)3 (−`, `)þk½Â,K

F (x) =

f(x− 2n`), (2n− 1)` < x < (2n + 1)`

f(`)+f(−`)
2

, x = (2n + 1)`,

n = 0,±1,±2, · · · ´ (−∞,+∞)þ± 2`�±Ï�¼ê.

4) e f(x)3 [0, `)þk½Â,K

F (x) =

f(x), x ∈ [0, `]

f(−x), x ∈ [−`, 0]

´ (−`, `)þó¼ê, U 3)¥��{�±ò§òÿ� (−∞,+∞)þ, ¤�±

2`�±Ï�ó¼ê.
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5) e f(x)3 (0, `)þk½Â,K

F (x) =


f(x), x ∈ (0, `)

0, x = 0

−f(−x), x ∈ (−`, 0)

´ (−`, `)þÛ¼ê, U 3)¥��{�±ò§òÿ� (−∞,+∞)þ, ¤�±

2`�±Ï�Û¼ê.
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6) n�¼ê���5: � C[−π, π] ´ [−π, π] þëY¼ê�N. éu

f, g ∈ C[−π, π],½Â

〈f, g〉 =
1

π

∫ π

−π
f(x)g(x) dx, (10)

K 〈f, g〉´ C[−π, π]þ��SÈ: =

1◦ 〈f, f〉 > 0,� 〈f, f〉 = 0⇐⇒ f = 0 �5

2◦ 〈f, g〉 = 〈g, f〉 é¡5

3◦ 〈c1f1 + c2f2, g〉 = c1〈f1, g〉 + c2〈f2, g〉 �5

5, 3 Riemann �È¼ê�m R[−π, π] ¥Ó��±Ud�ª½ÂSÈ,

� 〈f, f〉 = 0⇐⇒ f
a.e.
= 0.

e 〈f, g〉 = 0,K¡ f � g ´���.
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Uìþ¡½Â�SÈ,n�¼êX

1, cosx, sinx, cos 2x, sin 2x, · · · , cosnx, sinnx, · · ·

´��¼êX,=Ù¥?¿ü�ØÓ�¼ê´���. ¯¢þ,k

1

π

∫ π

−π
cosmx cosnxdx = δmn, (11)

1

π

∫ π

−π
sinmx sinnxdx = δmn, (12)

1

π

∫ π

−π
sinmx cosnxdx = 0, (13)

Ù¥

δmn =

1, m = n

0, m 6= n.
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12.1.2 ±Ï¼ê� Fourier ?ê

e¼ê f(x)3 [−π, π]þ�±Ðm¤n�?ê,=

f(x) =
a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
, (14)

K�â?ênØ9n�¼ê���5,k

〈f(x), cos kx〉 =
a0

2
〈1, cos kx〉 +

∞∑
n=1

(
an〈cosnx, cos kx〉 + bn〈sinnx, cos kx〉

)
= ak, k = 0, 1, · · ·

〈f(x), sin kx〉 =
a0

2
〈1, sin kx〉 +

∞∑
n=1

(
an〈cosnx, sin kx〉 + bn〈sinnx, sin kx〉

)
= bk, k = 1, 2, · · ·
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Ïdk

ak =
1

π

∫ π

−π
f(x) cos kx dx, k = 0, 1, · · · , (15)

bk =
1

π

∫ π

−π
f(x) sin kx dx, k = 1, 2, · · · , (16)

½Â 1 � f(x) ∈ R[−π, π].¡

a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
, (17)

� f(x) � Fourier ?ê, Ù¥ an, bn d (15), (16) L«, ¡� f(x) � Fourier

Xê. � f(x)� Fourier?êd (17)ªL«�,P�

f(x) ∼
a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
.
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~ 1 ¦±Ï� 2π �¼ê

f(x) =

{
0, −π 6 x < 0

x, 0 6 x < π

� Fourier?ê.

−π π x

f(x)
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) ÄkO� f(x)� FourierXê

a0 =
1

π

∫ π

−π
f(x)dx =

1

π

∫ π

0

x dx =
π

2
.

an =
1

π

∫ π

−π
f(x) cosnxdx =

1

π

∫ π

0

x cosnxdx =
(−1)n − 1

n2π
,

bn =
1

π

∫ π

−π
f(x) sinnxdx =

1

π

∫ π

0

x sinnxdx =
(−1)n+1

n
.

¤±k

f(x) ∼
π

4
+

∞∑
n=1

[
(−1)n − 1

n2π
cosnx +

(−1)n+1

n
sinnx

]
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~ 2 ¦±Ï� 2π �ç¸¼ê

f(x) =

{
1
2
(π − x), 0 < x 6 2π

f(x− 2nπ), 2nπ < x 6 2(n + 1)π, n´�ê

� Fourier?ê.

O

π
2

−π
2

2π−2π x

f(x)
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) ��O�,k

a0 =
1

π

∫ π

−π
f(x) dx =

1

π

∫ 2π

0

1

2
(π − x) dx = 0,

an =
1

π

∫ 2π

0

1

2
(π − x) cosnxdx = 0,

bn =
1

π

∫ 2π

0

1

2
(π − x) sinnxdx =

1

n
.

¤±k

f(x) ∼
∞∑
n=1

sinnx

n
.
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