
�©/ª��m �©/ª�	È 	�© Poincaré Ún

§9.7 �©/ª

� V ⊂ Rn ´��«�, f : V → R ´����¼ê, K f 3:

x = (x1, x2, · · · , xn)��©´

df(x) = ∂f
∂x1

(x)dx1 + ∂f
∂x2

(x)dx2 · · · + ∂f
∂xn

(x)dxn,

§´ dx1, dx2, · · · , dxn ��5|Ü,Xê´�Au�Cþ��� �ê. �

éu�½� V þ�¼ê A1(x), A2(x), · · · , An(x),�5|Ü

ω = A1(x)dx1 +A2(x)dx2 + · · · +An(x)dxn (9.1)

Ø�½´,¼ê��©. �
ïÄ¼ê��©,·��ïÄ/X (9.1)��©

/ª. ·�r¤k/X (9.1) ��©/ª�����N(�m)5ïÄ, �ww

3ù��m¥´Ä�±½Â$�.
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�©/ª��m �©/ª�	È 	�© Poincaré Ún

aqu�5�m, Äk�±½Âê¦Ú\{$�. � λ(x) ´ V þ�¼

ê,

ω1 = A1(x)dx1 +A2(x)dx2 + · · · +An(x)dxn

ω2 = B1(x)dx1 +B2(x)dx2 + · · · +Bn(x)dxn,

½Âê¦$�:

λ(x)ω1 = λ(x)A1(x)dx1 + λ(x)A2(x)dx2 + · · · + λ(x)An(x)dxn,

Ú\{$�:

ω1+ω2 = (A1(x)+B1(x))dx1+(A2(x)+B2(x))dx2+· · ·+(An(x)+Bn(x))dxn.

w,,Uìê¦Ú\{$�/X (9.1)��©/ª�N´���5�m.

UØU½Â�©/ª�¦{Q? ù�w dx1, dx2, · · · , dxn �mUÄ½
Â¦È.
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9.7.1 �©/ª��m

�
{üå�, �?Øn��m��¹, = V ⊂ R3. � f : V → R ´
��n���¼ê,K f ��©´

df = ∂f
∂x

dx + ∂f
∂y

dy + ∂f
∂z

dz.

�
½Â�©/ª�¦È,½Â

dx ∧ dx = dy ∧ dy = dz ∧ dz = 0,

dx ∧ dy = −dy ∧ dx, dy ∧ dz = −dz ∧ dy, dz ∧ dx = −dx ∧ dz

¡ dx ∧ dy � dx� dy �	È,¿5½	È÷v(ÜÇÚ©�Ç.lþ¡�

½Âw	È�÷v�é¡5.

dx ∧ dy ∧ dz ��½ÂÐ
. Kk

(dx ∧ dy ∧ dz) ∧ dx = 0.
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�Ä�©/ª�$���,�©/ª�±©�Aa:

"g�©/ª:

Vþ��¼ê�N.

�g�©/ª: /X

Adx +Bdy + Cdz,

�g�©/ª: /X

Ady ∧ dz +Bdz ∧ dx + Cdx ∧ dy,

ng�©/ª: /X

Ddx ∧ dy ∧ dz,

Ù¥ A,B,C,D ´ V þ���¼ê.

�a�©/ªÑ/¤�5�m. ØÓa��©/ªØ½Â\{.
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9.7.2 �©/ª�	È

1◦ ü��g�©/ª�	È.�

λ1 = A1dx +B1dy + C1dz, λ2 = A2dx +B2dy + C2dz,

Kk

λ1 ∧ λ2 = (A1dx +B1dy + C1dz) ∧ (A2dx +B2dy + C2dz)

= A1B2dx ∧ dy +A1C2dx ∧ dz +B1A2dy ∧ dx

+B1C2dy ∧ dz + C1A2dz ∧ dx + C1B2dz ∧ dy

= (B1C2 − C1B2)dy ∧ dz + (C1A2 −A1C2)dz ∧ dx

+ (A1B2 −B1A2)dx ∧ dy

=

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

A1 B1 C1

A2 B2 C2

∣∣∣∣∣∣∣∣ .
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2◦ n��g�©/ª�	È.�

λ1 = A1dx +B1dy + C1dz, λ2 = A2dx +B2dy + C2dz,

λ3 = A3dx +B3dy + C3dz.

λ1 ∧ λ2 = (B1C2 − C1B2)dy ∧ dz + (C1A2 −A1C2)dz ∧ dx

+ (A1B2 −B1A2)dx ∧ dy,

λ1 ∧ λ2 ∧ λ3 =
(
A3(B1C2 − C1B2) +B3(C1A2 −A1C2)

+ C3(A1B2 −B1A2)
)

dx ∧ dy ∧ dz

=
(

(A1, B1, C1)× (A2, B2, C2) · (A3, B3, C3)
)

dx ∧ dy ∧ dz

=

∣∣∣∣∣∣∣∣
A1 B1 C1

A2 B2 C2

A3 B3 C3

∣∣∣∣∣∣∣∣ dx ∧ dy ∧ dz.
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AO,� u, v, w ∈ C1(V )�,k

du = ∂u
∂x

dx + ∂u
∂y

dy + ∂u
∂z

dz

dv = ∂v
∂x

dx + ∂v
∂y

dy + ∂v
∂z

dz

dw = ∂w
∂x

dx + ∂w
∂y

dy + ∂w
∂z

dz,

Ïd

du ∧ dv ∧ dw = ∂(u,v,w)
∂(x,y,z)

dx ∧ dy ∧ dz.

3◦ �g�©/ª��g�©/ª�	È.�

λ = Adx +Bdy + Cdz, ω = Pdy ∧ dz +Qdz ∧ dx +Rdx ∧ dy,

Kk

λ ∧ ω = (AP +BQ + CR)dx ∧ dy ∧ dz

7/15

‖J I‖ J I �£ �¶ '4 òÑ



�©/ª��m �©/ª�	È 	�© Poincaré Ún

9.7.3 �©/ª�	�©

�©/ª ω �	�©´l ω �' ω p�g��©/ª�N�:

d : ω → dω.

äN½ÂXe:

1◦ � f ´"g�©/ª,=, f ∈ C1(V ),K

df = ∂f
∂x

dx + ∂f
∂y

dy + ∂f
∂z

dz.

2◦ � ω ´�g�©/ª,

ω = Pdx +Qdy +Rdz, P,Q,R ∈ C1(V ),
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K

dω = dP ∧ dx + dQ ∧ dy + dR ∧ dz

=
(
∂P
∂x

dx + ∂P
∂y

dy + ∂P
∂z

dz
)
∧ dx

+
(
∂Q
∂x

dx + ∂Q
∂y

dy + ∂Q
∂z

dz
)
∧ dy

+
(
∂R
∂x

dx + ∂R
∂y

dy + ∂R
∂z

dz
)
∧ dz

=
(
∂R
∂y
− ∂Q

∂z

)
dy ∧ dz +

(
∂P
∂z
− ∂R

∂x

)
dz ∧ dx +

(
∂Q
∂x
− ∂P

∂y

)
dx ∧ dy

=

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ .
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3◦ � ω ´�g�©/ª,

ω = Pdy ∧ dz +Qdz ∧ dx +Rdx ∧ dy, P,Q,R ∈ C1(V ),

K

dω = dP ∧ dy ∧ dz + dQ ∧ dz ∧ dx + dR ∧ dx ∧ dy

=
(
∂P
∂x

dx + ∂P
∂y

dy + ∂P
∂z

dz
)
∧ dy ∧ dz

+
(
∂Q
∂x

dx + ∂Q
∂y

dy + ∂Q
∂z

dz
)
∧ dz ∧ dx

+
(
∂R
∂x

dx + ∂R
∂y

dy + ∂R
∂z

dz
)
∧ dx ∧ dy

=
(
∂P
∂x

+ ∂Q
∂y

+ ∂R
∂z

)
dx ∧ dy ∧ dz.

4◦ � ω ´ng�©/ª,

ω = Pdx ∧ dy ∧ dz, P ∈ C1(V ),

K

dω = dP ∧ dx ∧ dy ∧ dz = 0.
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PoincaréÚn

Ún 1 (PoincaréÚn) � ω ´���©/ª,ÙXêäk��ëY �ê,

Kk

d2ω = d(dω) = 0.

y² � ω = f ´��"g�©/ª,K

dω = f ′xdx + f ′ydy + f ′zdz.

¤±

d(dω) =

∣∣∣∣∣∣∣∣
dy ∧ dz dz ∧ dx dx ∧ dy

∂
∂x

∂
∂y

∂
∂z

f ′x f ′y f ′z

∣∣∣∣∣∣∣∣ = 0.
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� ω = Pdx +Qdy +Rdz ´���g�©/ª,K

dω =
(
∂R
∂y
− ∂Q

∂z

)
dy ∧ dz +

(
∂P
∂z
− ∂R

∂x

)
dz ∧ dx +

(
∂Q
∂x
− ∂P

∂y

)
dx ∧ dy,

¤±

d(dω) =
[
∂
∂x

(
∂R
∂y
− ∂Q

∂z

)
+ ∂

∂y

(
∂P
∂z
− ∂R

∂x

)
+ ∂

∂z

(
∂Q
∂x
− ∂P

∂y

)]
dx ∧ dy ∧ dz

= 0

e ω ´���g�©/ª,K dω ´ng�©/ª. u´�k

d(dω) = 0.

o�,ÃØ ω ´"g,�g,�g,½öng�©/ª,Ñk d(dω) = 0.
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Ún 2 (PoincaréÚn�_) � ω ´���©/ª. ek dω = 0,K ω ´�

�T��©/ª,=,�3�©/ª θ ¦�

ω = dθ.

~ 1 � ω = yz dx + zx dy + xy dz,K

dω = (x− x)dy ∧ dz + (y − y)dz ∧ dx + (z − z)dx ∧ dy = 0.

�â PoincaréÚn�_, ω ´T��. ¯¢þ,éu θ = xyz k ω = dθ.

~ 2 � ω = (x2 − yz)dx + (y2 − zx)dy + (z2 − xy)dz,K

dω = (−x− (−x))dy∧dz+ (−y− (−y))dz∧dx+ (−z− (−z))dx∧dy = 0.

�â PoincaréÚn�_, ω ´T��. ¯¢þ,� θ = 1
3
(x3 + y3 + z3)− xyz,

Òk ω = dθ.
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9.7.4 �©/ª3p��m�í2

�©/ª3p��m Rn �í2Xe:

0g/ªÒ´ n���¼ê��N.

�g/ªÒ´ dxi, i = 1, · · · , n��5|Ü
n∑
i=1

ai(x)dxi

�g/ª´ dxi ∧ dxj, 1 6 i < j 6 n��5|Ü∑
16i<j6n

aij(x)dxi ∧ dxj.

í2�, pg/ªÒ´ dxi1 ∧ · · · ∧ dxip, 1 6 i1 < · · · < ip 6 n��

5|Ü ∑
16i1<···<ip6n

ai1i2···ip(x)dxi1 ∧ · · · ∧ dxip
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pg/ª��N V p �¤��
(
n
p

)
���m.

 ng/ªÒ´

a(x)dx1 ∧ dx2 ∧ · · · ∧ dxn.

ùp,	È�$��Åe��K

dxi ∧ dxj = −dxj ∧ dxi, 1 6 i, j 6 n.

¤kXêÑ´�m E ¥«� Ωþ�këY �û�¼ê. Ïd,��/§�

� pg/ª ωp Ú�� q g/ª ωq �	È´�� p + q g/ª

ωq ∧ ωq ∈ V p+q

¤½Â�	�©/d0,´���±�5Úê¦�N�

d : V p −→ V p+1, p = 0, 1, · · · , n− 1.
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