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1�Ù �þ

�þ´åÆ�Ôn�+�¥ÃõVg�êÆÄ�,~Xå!�Ý!\�Ý!

Äþ��. �þäkér�AÛ�*,Ó���±?1�ê$�.|^�þ�±

é{'/L«êÆ�Ôn¥�(�,3åÆ!ÔnÚó§Eâ+�kX2��

A^. d	,�þ´)ÛAÛ�­�óä,�´·�ÆSÄ��5�mnØ�Ä

:.

¥Æ�á¥0�
²¡�þÚ�m�þ�\{!ê¦!SÈ�$�,±9�

þ{3¦)²¡AÛÚ�mAÛ¯K¥�A^.��y��á�g��5,·�

�´l�þ�½ÂÑu,��/0��þ��«$�5K,¿X­rN§��Y

Ù!(AO´1ÊÙ)�'X.

�ÙcÊ!·�?Ø��þþ�n��m¥��þ.

§1.1 �þ��5$�

§1.1.1 �þ9ÙL«

�þ�Vg5
uÔnÆ.éõÔnþØ=k��,
�k��,~X�Ý!

 £!å��. �m§��Ôn¿Â,��3�����ü���,ÒÄ��ê

Æ¥��þVg:Qk��,qk���þ¡��þ.

��^k��ãL«���þ,�ã��ÝL«§���,�ã���L«

§���.±�m¥ A�å:, B�ª:�k��ã¤L«��þP�
−→
AB. ~^

ç�N��i1 a,b,c�L«�þ. XJü��þ����!���Ó,Ò¡ù

ü��þ´���.

XJü��þ�����
����,K¡ùü��þp���þ. �þ a

���þP� −a,�¡� a�K�þ.

�þ��Ý�¡��þ��,�þ a��^ |a|L«. �� 1��þ¡�ü

 �þ,��"��þ¡�"�þ,P� 0. "�þ�å:Úª:´­Ü�,Ïd

§vk(½���.

XJ�þ a��þ b����Ó½��,Ò¡§�²1,P� a//b. XJ�

þ a��þ b���p�R�,Ò¡§�R�½��,P� a⊥ b. 5½"�þ�

?Û�þÑ²1���.

�þ
−→
OA�

−→
OB¤Y��∠AOB¡�§��m�Y�.�þY�0u0�π�m.

�þ
−→
OA�

−→
OB²1��=�§��m�Y��0½π , 
�þ

−→
OA�

−→
OBR���

=�§��mY��π/2.

7



8 1�Ù �þ

§1.1.2 �þ��5$�

òÔn¥�Ý!å�Ü¤{\±Ä�,Ò���þ\{�½Â.�½äk�

Óå: O�ü��þ a =
−→
OA, b =

−→
OB,K±

−→
OA,
−→
OB��>�²1o>/�é�

��þ c =
−→
OC(ã 1.1)Ò¡�ùü��þ�Ú,P�

−→
OC =

−→
OA+

−→
OB ½ö c = a+b.

ù«¦Ú��{¡�²1o>/{K.

O A

B C

a

b c

ã 1.1 �þ�\{

lã 1.1��,
−→
OB =

−→
AC,¤±

−→
OC =

−→
OA+

−→
AC,ù¡�ü��þ�Ú�n�/{K.

d½ÂØJwÑ�þ�\{÷v±e�5�:

a+b = b+a (1.1)

a+(b+ c) = (a+b)+ c (1.2)

a+0 = a (1.3)

a+(−a) = 0 (1.4)

�þ�~{��þ\{�_$�.éu�þ a,b,½Â�þ~{ a−b = a+(−b).

½Â�þ a�¢ê λ �¦È����þ,P� λa,§��� |λ ||a|,§���
5½�:� λ > 0�,� aÓ�¶� λ < 0�,� a��.ù«$�¡��þ�ê¦.

dê¦�½Â�� 0a = 0,¿�é?¿¢ê λ ,µ ,Ñk

1a = a (1.5)

λ (µa) = (λ µ)a (1.6)

(λ +µ)a = λa+µa (1.7)

λ (a+b) = λa+λb (1.8)
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éu�"�þ a,^ a0L«� aÓ��ü �þ,Kd�þê¦�½Â�

a0 =
a
|a|

.

�þ�\{�ê¦$�Ú¡��þ��5$�.�5$�¿�n��þ¤

Ak. ¯¢þ,3éõ��8Ü¥Ñ�±½Â¤¢�\{�ê¦$�,¿�÷v

�Au (1.1)-(1.8)� 8^5�. ·�òù��8Ü(N�\{�ê¦$�)¡��

5�m½�þ�m,�5�m¥���¡�(Ä��)�þ.äNSN��1ÊÙ.

§1.1.3 �þ�����¡

�|�þ¡�´���,XJ§�Ñ²1u,^��.�|�þ¡�´�¡

�,XJ§�Ñ²1u,�²¡.

·K1.1.1. �þ a,b���¿©7�^�´�3Ø��"�¢ê λ ,µ ,¦�

λa+µb = 0.

y². 7�5:��þ a,b��,Ø�� aØ´"�þ. e�þ b��þ aÓ�,

K b = |b|
|a|a, Ïd |b|

|a|a+ (−1)b = 0. e�þ b ��þ a ��, K b = − |b||a|a, Ïd
|b|
|a|a+1 ·b = 0.

¿©5:� λ ,µ�Ø��"�¢ê� λa+µb = 0.Ø�� µ 6= 0,K b =−λ

µ
a,

Ïd a,b��.

·K1.1.2. �þ a,b,c�¡�¿©7�^�´�3Ø��"�¢ê λ ,µ,ν ,¦�

λa+µb+νc = 0.

y². 7�5:e a,b,c¥kü��þ,~X a,b��,K�3Ø��"�¢ê λ ,µ ,

¦� λa+µb = 0.l
 λa+µb+0 · c = 0,Ù¥ λ ,µ,0Ø��".

� a,b,c¥?¿ü��þÑØ��.�½�: O,�
−→
OA = a,

−→
OB = b,

−→
OC = c.

L C :� OB �²1���� OA u: D(ã 1.2), K�3¢ê λ ,µ , ¦�
−→
OC =

−→
OD+

−→
DC = λ

−→
OA+µ

−→
OB.£��� λa+µb+(−1)c = 0,Ù¥ λ ,µ,−1Ø��".

¿©5:��3Ø��"�¢ê λ ,µ,ν ,¦� λa+µb+νc = 0. Ø�� ν 6= 0,

u´ c=−λ

ν
a− µ

ν
b.Ïd c´±−λ

ν
a,− µ

ν
b�>�²1o>/�é��,l
 a,b,c

�¡.

½Â1.1.1. � a1,a2, · · · ,an��|�þ, λ1,λ2, · · · ,λn�¢ê.¡�þ

a = λ1a1 +λ2a2 + · · ·+λnan
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O A

B

C

D

ã 1.2 n�þ�¡^�

��þ a1,a2, · · · ,an��5|Ü.

|^ù�½Â,·K 1.1.1Ú·K 1.1.2�kXe�Lã�ª:ü��þ���

�=�,���þ�,���þ��5|Ü(�ê)¶n��þ�¡��=�,

���þ�,	ü��þ��5|Ü.

½Â1.1.2. �|�þ a1,a2, · · · ,an ¡��5�', XJ�3Ø��"�¢ê

λ1,λ2, · · · ,λn,¦�

λ1a1 +λ2a2 + · · ·+λnan = 0.

��, Ø´�5�'��|�þ¡��5Ã'. �Ò´, XJþª¤á, Kλ1 =

λ2 = . . .= λn = 0.

|^·K 1.1.1�·K 1.1.2�±��

• ���þ a�5�'��=� a = 0¶

• ü��þ�5�'��=�§���¶

• n��þ�5�'��=�§��¡.

aq�±���5Ã'��d^�.�5�'��5Ã'´�5�ê¥�Ä�

�Vg��,31ÊÙ¥·�¬�?�Ú�?Ø.

~1.1.1. é?¿�þa,b,c,y²�þ a+b+ c, a−b− c, a+2b+2c�5�'.

y². ·���y²,�3Ø��"�¢ê) λ ,µ,ν¦�

λ (a+b+ c)+µ(a−b− c)+ν(a+2b+2c) = 0.

z{þª�

(λ +µ +ν)a+(λ −µ +2ν)b+(λ −µ +2ν)c = 0.
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¤±��y²�§| λ +µ +ν = 0

λ −µ +2ν = 0

kØ��"�). ´� λ = −3,µ = 1,ν = 2��|�"),Ïdn��þ�5�

'.

~1.1.2. y²:�m¥?¿n: A,B,C���¿©7�^�´,�3Ø��"�¢

ê k1,k2,k3¦�é?¿: OÑk

k1
−→
OA+ k2

−→
OB+ k3

−→
OC = 0, � k1 + k2 + k3 = 0.

y². 7�5:� A,B,Cn:��,K�þ
−→
AB��þ

−→
AC��.Ïd�3Ø��"

�¢ê λ ,µ ,¦� λ
−→
AB+µ

−→
AC = 0,=

λ (
−→
OB−−→OA)+µ(

−→
OC−−→OA) = 0.

z{� (−λ −µ)
−→
OA+λ

−→
OB+µ

−→
OC = 0.� k1 =−λ −µ, k2 = λ , k3 = µ ,K

k1
−→
OA+ k2

−→
OB+ k3

−→
OC = 0, � k1 + k2 + k3 = 0.

¿©5:��3Ø��"� k1,k2,k3÷v^�,Ø�� k1 6= 0.K k3 =−k1−k2,

� k1
−→
OA+ k2

−→
OB+(−k1− k2)

−→
OC = 0.¤±

k1(
−→
OA−−→OC)+ k2(

−→
OB−−→OC) = 0,

= k1
−→
CA+ k2

−→
CB = 0. du k1,k2 Ø��", �þ

−→
CA �

−→
CB ��, = A,B,C n:�

�.

|^�þ$��±)ûNõAÛ¯K,Ùg�´òAÛ5�=z��þ�

�ê$�.

~1.1.3. 4ABC¥, D,E©O´> BC,AC�¥:, AD,BE��u: G(ã 1.3).y²:

AG =
2
3

AD.

y². �
−→
AG = x

−→
AD,du D� BC�¥:,

−→
AD =

1
2
(
−→
AB+

−→
AC).¤±

−→
AG =

x
2
(
−→
AB+

−→
AC).

du B,G,E ��,�â~ 1.1.2,��
−→
AG = y

−→
AB+(1− y)

−→
AE. du E � AC�¥:,

¤±
−→
AG = y

−→
AB+

(1− y)
2
−→
AC.
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B D C

A

E

G

ã 1.3

Ïd

(
x
2
− y)
−→
AB+(

x
2
− 1− y

2
)
−→
AC = 0.

du
−→
AB,
−→
ACØ��,d·K 1.1.1�

x
2
− y = 0

x
2
− 1− y

2
= 0

)� x =
2
3

,Ïd AG =
2
3

AD.

§1.2 �IX

§1.2.1 ���IX

3¥Æ·�ÆS
���IX.3���IX¥,n��I¶üüR�.�

!·�ò�IXí2��I¶Ø�pR���/.·�k�ã�þ�Ä�½n.

½n1.2.1. � e1,e2,e3 ��m¥n�Ø�¡��þ,Kéz��þ aÑ�3��

�n�kS¢ê| (x1,x2,x3),¦�

a = x1e1 + x2e2 + x3e3. (1.9)

y². 3�m¥?��: O,��þ
−→
OA = e1,

−→
OB = e2,

−→
OC = e3,

−→
OP = a(ã 1.4).

L P :��� OC �²1�, � AOB ²¡u Q :. 2L Q :��

� OB �²1�, � OA ��u R :. K a =
−→
OP =

−→
OR +

−→
RQ +

−→
QP. du

−→
OR//

−→
OA,
−→
RQ//

−→
OB,
−→
QP//

−→
OC,|^·K 1.1.1�,�3¢ê x1,x2,x3¦�

−→
OR = x1e1,

−→
RQ = x2e2,

−→
QP = x3e3.

Ïd a = x1e1 + x2e2 + x3e3.
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O

P

Q

R
A

B

C

e1

e2
e3 a

ã 1.4 �þÄ�½n

e¡y²��5.XJ�þ akü«L«�ª:

a = x1e1 + x2e2 + x3e3 = y1e1 + y2e2 + y3e3,

Kk

(x1− y1)e1 +(x2− y2)e2 +(x3− y3)e3 = 0.

du�þ e1,e2,e3Ø�¡,d·K 1.1.2� x1 = y1, x2 = y2, x3 = y3,ÏdL«�ª´

���.

½Â1.2.1. �m¥?¿n�kS�Ø�¡��þ e1,e2,e3 ¡��m��|Ä.é

u�þ a,e

a = x1e1 + x2e2 + x3e3,

K¡ (x1,x2,x3)��þ a3Ä e1,e2,e3e����I½{¡�I.

½Â1.2.2. �m¥?¿�: OÚ�|Ä e1,e2,e3Ü3�å¡��m������

IX,P� [O ;e1,e2,e3]. : O¡��I�:, e1,e2,e3¡��I�þ. e1,e2,e3¤3

��©O¡� x¶, y¶Úz¶,Ú¡��I¶. n��I¶�?¿ü�û½
�

�²¡,¡��I¡,©OP� Oxy, Oyz, Ozx.

�½���IX [O ;e1,e2,e3],é�m¥�: P,�þ
−→
OP3Ä e1,e2,e3e��

I¡�: P3���IX [O ;e1,e2,e3]e��I.Ïd: P3 [O ;e1,e2,e3]e��

I� (x1,x2,x3)��=�
−→
OP = x1e1 + x2e2 + x3e3.

lþ¡�?Ø�,3Ú\���IX�,3e�nöm�3��éA�'X:

�m¥�: P←→�þ −→OP←→�I (x1,x2,x3)

~1.2.1. � e1,e2,e3��|Ä,

(1) y²:a = e1 + e2 + e3, b = e1− e2 + e3, c = e1 + e2− e3�´�|Ä¶
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(2) ¦�þ d = a+2b−3c3Ä e1,e2,e3e��I.

). (1)�y² a,b,c��|Ä,�Iy² a,b,cØ�¡. �d�¢ê λ ,µ,ν ÷v

λa+µb+νc = 0,=

λ (e1 + e2 + e3)+µ(e1− e2 + e3)+ν(e1 + e2− e3) = 0.

z{�

(λ +µ +ν)e1 +(λ −µ +ν)e2 +(λ +µ−ν)e3 = 0.

du e1,e2,e3Ø�¡,·���e¡��§|
λ +µ +ν = 0

λ −µ +ν = 0

λ +µ−ν = 0

ØJ)� λ = µ = ν = 0,Ïd a,b,cØ�¡.

(2)du

d = a+2b−3c

= (e1 + e2 + e3)+2(e1− e2 + e3)−3(e1 + e2− e3)

=−4e2 +6e3

¤±�þ d3Ä e1,e2,e3e��I� (0,−4,6).

�����IX�n��I¡ò�m©¤l�Ü©,¡�l�%�.Ù¥z

�%�S:��I��KÒ5½�:

I(+,+,+), II(−,+,+), III(−,−,+), IV(+,−,+)

V(+,+,−), VI(−,+,−), VII(−,−,−), VIII(+,−,−)

�|Ä e1,e2,e3 3�m¥� �'Xkü«�/,Xã 1.5. ¡ã 1.5(a)¤«

��IX�mÃ���IX,ã 1.5(b)¤«���Ã���IX.

§1.2.2 �þ��I$�

�3�m¥�½
�����IX [O ;e1,e2,e3]. du�þ�Ù�I�m�

3��éA�'X,�þ�$��±=z�Ù�Im�$�.
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e1

e2

e3

(a) mÃX

e2

e1

e3

(b) �ÃX

ã 1.5

� a = (x1,x2,x3), b = (y1,y2,y3), λ ���¢ê,K

a+b = (x1e1 + x2e2 + x3e3)+(y1e1 + y2e2 + y3e3)

= (x1 + y1)e1 +(x2 + y2)e2 +(x3 + y3)e3,

λa = λ (x1e1 + x2e2 + x3e3) = λx1e1 +λx2e2 +λx3e3.

¤±·�ke¡��IO�úª:

(x1,x2,x3)+(y1,y2,y3) = (x1 + y1,x2 + y2,x3 + y3), (1.10)

λ (x1,x2,x3) = (λx1,λx2,λx3). (1.11)

~1.2.2. � A(x1,y1,z1), B(x2,y2,z2)��m¥ü:,e: Pò
−→
AB©�¤½' λ ,=

−→
AP = λ

−→
PB,¦©: P��I.

). d
−→
AP = λ

−→
PB,�

−→
OP−−→OA = λ (

−→
OB−−→OP).Ïd

−→
OP =

1
1+λ

−→
OA+

λ

1+λ

−→
OB =

(
x1 +λx2

1+λ
,
y1 +λy2

1+λ
,
z1 +λ z2

1+λ

)
.

AO/, AB¥:��I� ((x1 + x2)/2,(y1 + y2)/2,(z1 + z2)/2).

~1.2.3. � A(x1,y1,z1),B(x2,y2,z2),C(x3,y3,z3),¦4ABC­% G��I.

). � BC>�¥:� D,K D:��I�(
x2 + x3

2
,
y2 + y3

2
,
z2 + z3

2

)
.

d~ 1.1.3�,
−→
AG = 2

−→
GD,|^½'©:úª�

x =
x1 +2 x2+x3

2
1+2

=
x1 + x2 + x3

3
,
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Ón

y =
y1 + y2 + y3

3
, z =

z1 + z2 + z3

3
.

¤±,­% G��I�(
x1 + x2 + x3

3
,
y1 + y2 + y3

3
,
z1 + z2 + z3

3

)
.

§1.2.3 ���IX

�m���IX���AÏ����IX,§�¦n��I�þ�üüR

��ü �þ. ��^ i, j, kL«ùn��I�þ,�A��I¶� x¶, y¶Ú

z¶.

'u���IX�¤kVg�(ØÑ·^u���IX,
���IX�

AÏ5¦�|^�þ��I5O���!Y��C�N´.

� [O ; i, j, k]����m���IX,e�þ a = a1i+a2j+a3k,K

|a|=
√

a2
1 +a2

2 +a2
3. (1.12)

��þ a= (a1,a2,a3)��I�þi, jÚk�Y�©O� α , β , γ , cosα,cosβ ,cosγ

¡��þ a���{u.

x

y

z

O
Aa

a1
a2

a3

α

β

γ

ã 1.6 ��{u

lã 1.6ØJwÑ

(cosα,cosβ ,cosγ) =

 a1√
a2

1 +a2
2 +a2

3

,
a2√

a2
1 +a2

2 +a2
3

,
a3√

a2
1 +a2

2 +a2
3

 . (1.13)

l


cos2
α + cos2

β + cos2
γ = 1.
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~1.2.4. ®� P(1,2,3), Q(2,4,−1),¦�þ
−→
PQ���{u.

). du
−→
PQ = (1,2,−4)

|−→PQ|=
√

12 +22 +(−4)2 =
√

21,

¤±
−→
PQ���{u� (

1√
21

,
2√
21

,
−4√

21
).

§1.3 �þ�êþÈ

§1.3.1 êþÈ�½Â�5�

��ÔN u1wY²¡þ,å F�^uTÔNþ.� F�Y²¡�Y��

θ ,ÔN�)� £´ S,Kå F¤��õ�

W = |F||S|cosθ .

õ´då FÚ £ Sü��þ¤��û½���êþ.Ø�Ù¥�Ôn¹Â,·

�Ò��
ü��þ�êþÈ�Vg.

½Â1.3.1. ü��þ a� b�êþÈ���¢ê,§�uü��þ����ü�

þY��{u�¦È,P� a ·b.XJ�þ a,b�Y�� θ ,K

a ·b = |a||b|cosθ . (1.14)

êþÈ�~¡�SÈ.

|^ù�½Â,å¤��õ�W = F ·S.
dêþÈ�½Â�, a ·b = 0��=�ü��þ´���(�¹Ù¥���þ

�"�þ��/).

êþÈ�$�äkXe�5�.

·K1.3.1. é�þ a,b,c9¢ê λ ,·�k

a ·b = b ·a, (1.15)

(a+b) · c = a · c+b · c, (1.16)

(λa) ·b = λ (a ·b) = a · (λb), (1.17)

a2 := a ·a≥ 0,�Ò¤á��=� a = 0. (1.18)



18 1�Ù �þ

y². ·��y(1.16),Ù{�ª�|^êþÈ�½Â���y.

Ø�� c 6= 0. Xã 1.7,��þ
−→
OA = a,

−→
AB = b,

−→
OC = c,Kk

−→
OB =

−→
OA+

−→
AB =

a+b. L: A,B��� OC�R�,Rv©O� A′,B′. K�3¢ê x,y¦�
−→
OA′ =

xc,
−−→
A′B′ = yc,

−−→
OB′ = (x+ y)c.

O A′ B′ C

A

B
b

a

c

ã 1.7

dêþÈ�½Â��

a · c = x |c|2, b · c = y |c|2, (a+b) · c = (x+ y)|c|2.

¤± (a+b) · c = a · c+b · c.

|^êþÈ�5��±��e¡��ª

(a±b)2 = a2±2a ·b+b2. (1.19)

du

(a+b)2 = a2 +b2 +2a ·b = |a|2 + |b|2 +2|a||b|cosθ ≤ (|a|+ |b|)2,

Ïdk�þ��n�Ø�ª

|a|+ |b| ≥ |a+b|. (1.20)

l(1.19)ª��±��{u½n���{üy²,ÖöØ��Á.

e¡·�ÏL��~f5w�þ�êþÈ3¦)AÛ¯K¥�A^.

~1.3.1. o¡N OABC¥, OA⊥ BC,OB⊥ AC,y²: OC ⊥ AB.

y². P
−→
OA = a,

−→
OB = b,

−→
OC = c,K

−→
BC = c−b,

−→
CA = a− c,

−→
AB = b−a.

d OA⊥ BC�, a · (c−b) = 0,= a · c = a ·b. Ón, OB⊥ AC%¹
 b · c = b ·a. Ïd

a · c−b · c = 0,= (a−b) · c = 0,¤± OC ⊥ AB.
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§1.3.2 ���IXeêþÈ�O�

� [O ; i, j, k]������IX.du�þ i, j, k�üüR��ü �þ,¤

±
i · i = 1, j · j = 1, k ·k = 1

i · j = 0, j ·k = 0, k · i = 0.

�½ü��þ a = a1i+a2j+a3k, b = b1i+b2j+b3k,Kk

a ·b =(a1i+a2j+a3k) · (b1i+b2j+b3k)

= a1b1(i · i)+a1b2(i · j)+a1b3(i ·k)

+a2b1(j · i)+a2b2(j · j)+a2b3(j ·k)

+a3b1(k · i)+a3b2(k · j)+a3b3(k ·k)

= a1b1 +a2b2 +a3b3.

¤±k

(a1,a2,a3) · (b1,b2,b3) = a1b1 +a2b2 +a3b3. (1.21)

Ò´`,ü��þ�êþÈ�u§�éA�I¦È�Ú.

��þ a,b�m�Y�� θ ,KdêþÈ�½Â�

cosθ =
a ·b
|a||b|

=
a1b1 +a2b2 +a3b3√

a2
1 +a2

2 +a2
3

√
b2

1 +b2
2 +b2

3

. (1.22)

~1.3.2. ¦��ü �þ,¦§��þ a =−i+2j+k, b = i+3kÑR�.

). �¤¦�ü �þ� x = x1i+ x2j+ x3k,d^��

x ·a = 0, x ·b = 0, |x|= 1.

^�IL«,=� 
− x1 +2x2 + x3 = 0

x1 +3x3 = 0

x2
1 + x2

2 + x2
3 = 1

)�

(x1,x2,x3) =±(
3√
14

,
2√
14

,
−1√

14
).

¤±

x =± 1√
14

(3i+2j−k).
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~1.3.3. y² CauchyØ�ª

(a1b1 +a2b2 +a3b3)
2 ≤ (a2

1 +a2
2 +a2

3)(b
2
1 +b2

2 +b2
3).

y². � a = (a1,a2,a3), b = (b1,b2,b3),Kk

a ·b = a1b1 +a2b2 +a3b3,

|a|2 = a2
1 +a2

2 +a2
3, |b|2 = b2

1 +b2
1 +b2

3.

dêþÈ�½Â a ·b = |a||b|cosθ 9 |cosθ | ≤ 1í� (a ·b)2 ≤ |a|2|b|2.r§�¤�

I�/ª,=� CauchyØ�ª.

§1.4 �þ��þÈ

§1.4.1 �þÈ�½Â�5�

�fN±���Ý ω7½¶=Ä, O�=Ä¶þ���½:, M�fNþ�

��:,�=Ä¶�ål� R,P�þ r =
−−→
OM(ã 1.8). dÔnÆ��,: M ?�

�Ý�þ v����½¶9: M û½�²¡R�,���u ω ·R. �
�Ð/

£ãù�A�,3=Ä¶þÚ��þ ω ,¡���Ý�þ,§�� |ω|= ω ,§��

��=Ä����¤mÃÚ^XÚ,=�þ ω,r,v÷vmÃ{K.eP�þ ω�

r�Y�� θ ,K

|v|= ωR = |ω||r|sinθ ,

�ù�dü��þ ω,rû½1n��þ v�y�3ÔnÆ¥�©~�.òÙÄ

�z,Ò��
ü��þ��þÈ�Vg.

O

MR

v

r
ω

θ

ã 1.8 �þ�	È



§1.4 �þ��þÈ 21

½Â1.4.1. ü��þ a,b��þÈ a×b����þ,§���� a,bÑR�,�¦

a,b,a×b�¤mÃX¶§���u± a,b�>�²1o>/�¡È,= |a×b| =
|a||b|sinθ ,Ù¥ θ � a,b�Y�.

�þ��þÈ$�äk±e5�.

·K1.4.1. � a,b,c�n��þ, λ �¢ê,Kk

a×b =−b×a, (1.23)

(λa)×b = λ (a×b) = a× (λb), (1.24)

(a+b)× c = a× c+b× c. (1.25)

y². ·��y(1.25),�dÄk5w� c���ü �þ�,�þÈ a×c�AÛ

�ã{.

� a� ck�Ó�å: O, a� c�Y�� θ .r�þ aÝK�� cR��²

¡þ��þ a1,2ò a1 7c^��^=
π

2
��þ a2,¦� a,c,a2 |¤mÃX(ã

1.9(a)).

O

c

a

a1

a2

θ

(a)

O

c

a

b

a1

b1

a2

b2

(b)

ã 1.9

du

|a2|= |a1|= |a|sinθ = |a× c|,

Ïd

a2 = a× c.

y3� c�ü �þ,ò a²£¦§� ck�Óå: O,L a�ª:Ú�þ b,U

n�/{K��þ a+b(ã 1.9(b)).ò�þ a,b,a+b|¤�n�/ÝK�� cR

��²¡¥,����d�þ a1,b1,a1 +b1|¤�n�/. 2ò¤��n�/3
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ù�²¡þ7 O:^����^=
π

2
�Ý,����d�þ a2,b2,a2 +b2 |¤

�n�/.

�âþã�þÈ�AÛ�ã{,·���

a× c = a2, b× c = b2, (a+b)× c = a2 +b2,

¤± (a+b)× c = a× c+b× c.

?
�	���/. Ï� c = |c|c0, Ù¥c0��cÓ��ü �þ, |^þª

95� (2),�

(a+b)× (|c|c0) = |c|((a+b)× c0)

= |c|(a× c0 +b× c0)

= a× (|c|c0)+b× (|c|c0)),

=

(a+b)× c = a× c+b× c.

§1.4.2 ���IXe�þÈ�O�

� [O ; i, j, k]������IX.du i, j, k�üüR��ü �þ�÷vm

Ã{K,d�þÈ�½Â�

i× i = 0, j× j = 0, k×k = 0

i× j = k, j×k = i, k× i = j.

�½ü��þ

a = a1i+a2j+a3k, b = b1i+b2j+b3k,

Kk

a×b =(a1i+a2j+a3k)× (b1i+b2j+b3k)

= a1b1(i× i)+a1b2(i× j)+a1b3(i×k)

+a2b1(j× i)+a2b2(i× j)+a2b3(j×k)

+a3b1(k× i)+a3b2(k× j)+a3b3(k×k)

=(a2b3−a3b2)i+(a3b1−a1b3)j+(a1b2−a2b1)k

�
BuPÁþª,·�Ú\ 2�Ú 3�1�ª�Vg.
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r 4�êü¤ü1ü�,3ü>\þü^ç�,Ò���� 2�1�ª. §

�L��ê,Ù$�5K´ ∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣= a1b2−a2b1.

aq/, 9�êü¤ 31 3�,Ò���� 3�1�ª.§�$�5K´∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣= a1

∣∣∣∣∣b2 b3

c2 c3

∣∣∣∣∣−a2

∣∣∣∣∣b1 b3

c1 c3

∣∣∣∣∣+a3

∣∣∣∣∣b1 b3

c1 c3

∣∣∣∣∣
= a1b2c3 +a2b3c1 +a3b1c2−a1b3c2−a2b1c3−a3b2c1.

'u1�ª��[0�,�ëw1nÙ.

|^1�ª��ó,c¡'u�þÈ�$�úª�±U��

a×b =

∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣ i−

∣∣∣∣∣a1 a3

b1 b3

∣∣∣∣∣ j+

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ k

=

∣∣∣∣∣∣∣∣
i j k

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣ .
(1.26)

~1.4.1. ¦R�u�þ a = (−1,2,1)Ú b = (1,0,3)�ü �þ.

). a×bÒ´��R�u aÚ b��þ,


a×b =

∣∣∣∣∣∣∣∣
i j k
−1 2 1

1 0 3

∣∣∣∣∣∣∣∣=
∣∣∣∣∣2 1

0 3

∣∣∣∣∣ i−
∣∣∣∣∣−1 1

1 3

∣∣∣∣∣ j+
∣∣∣∣∣−1 2

1 0

∣∣∣∣∣k
=6i+4j−2k.

|a×b|=
√

62 +42 +(−2)2 = 2
√

14

Ïd¤¦�ü �þ�

± a×b
|a×b|

=± 1√
14

(3,2,−1).

�~ 1.3.2�',ùp�){��{ü.

~1.4.2. �n�/�n�½:� A(1,1,2),B(−2,0,3),C (2,4,5),¦4ABC�¡È±

9 BC>þ�p h.
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). � 4ABC �¡È� S, d�þÈ�AÛ¿Â� S =
1
2
|−→AB×−→AC|. 
 −→

AB =

(−3,−1,1),
−→
AC = (1,3,3),¤±

−→
AB×−→AC =

∣∣∣∣∣∣∣∣
i j k
−3 −1 1

1 3 3

∣∣∣∣∣∣∣∣=−6i+10j−8k.

Ïd

S =
1
2

√
(−6)2 +102 +(−8)2 = 5

√
2.

,��¡,d S =
1
2
|−→BC| ·h9 −→BC = (4,4,2)�)� h =

5
√

2
3

.

§1.5 �þ�·ÜÈ

§1.5.1 ·ÜÈ�½Â

�½n��þ a,b,c,¡ (a×b) · c� a,b,c�·ÜÈ.

± a,b,c�c�²18¡N�NÈ V �u± a,b�>�²1o>/�¡È

S¦±p h(ã 1.10),=V = Sh.d�þÈ�½Â� S = |a×b|,,��¡,� a×b�

c�Y�� ϕ ,Kk |h|= |c||cosϕ|.u´

V = |a×b||c||cosϕ|= |(a×b) · c|.

5¿� ϕ�b��, a,b,c�¤mÃX, V = (a×b) ·c¶� ϕ�ð��, a,b,c�¤�

ÃX, V = −(a×b) · c. Ïd·ÜÈ(a×b) · cL«�´± a,b,c�c�²18¡N

�/k�NÈ0.=:� a,b,c�mÃX�,Ò´8¡N�NÈ¶� a,b,c��ÃX

�,§´8¡NNÈ���ê.

a
b

ch

a×b

ϕ

ã 1.10 �þ�·ÜÈ

duÓ� a,b,c�gS�,Ø¬UC�mÃX,Ïd·ÜÈ��ØC.=

(a×b) · c = (b× c) ·a = (c×a) ·b. (1.27)
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,��¡,�� a,b,c¥?¿ü��gS¬UC�mÃX,Ïd·ÜÈ��UC

ÎÒ,~X

(a×b) · c =−(b×a) · c. (1.28)

d	,� a,b,c¥?¿ü�²1�,·ÜÈ�",~X

(a×b) ·a = (a×b) ·b = 0.

§1.5.2 ���IXe·ÜÈ�O�

� a = (a1,a2,a3),b = (b1,b2,b3),c = (c1,c2,c3),Ï�

a×b =

∣∣∣∣∣∣∣∣
i j k

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣=
∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣ i−
∣∣∣∣∣a1 a3

b1 b3

∣∣∣∣∣ j+
∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣k,
¤±

(a×b) · c =

∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣c1−

∣∣∣∣∣a1 a3

b1 b3

∣∣∣∣∣c2 +

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣c3,

=

(a×b) · c =

∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣ . (1.29)

·K1.5.1. n��þ a = (a1,a2,a3),b = (b1,b2,b3),c = (c1,c2,c3)�¡��=�∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣= 0.

y². du·ÜÈ (a×b) · cL«�´ a,b,c�¤�²18¡N�k�NÈ, a,b,c

�¡��=� (a×b) · c = 0.dþ¡�úª=�·K.

~1.5.1. �o¡N�o�º:� A(1,2,3),B(2,1,4),C(1,3,5),D(3,2,1),¦To¡N

�NÈ.

). ¤¦o¡N�NÈ V ´±
−→
AB,
−→
AC,
−→
AD�c�²18¡N�NÈ�8©��,

�

V =
1
6
|(−→AB×−→AC) ·−→AD|.
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du
−→
AB = (1,−1,1),

−→
AC = (0,1,2),

−→
AD = (2,0,−2),¤±

(
−→
AB×−→AC) ·−→AD =

∣∣∣∣∣∣∣∣
1 −1 1

0 1 2

2 0 −2

∣∣∣∣∣∣∣∣=−8.

u´�� V =
4
3

.

§1.5.3 �­	È

�½n��þ a,b,c,¡ (a×b)× c�ùn��þ��­	È.

·K1.5.2. é?¿�þ a,b,c,k

(a×b)× c = (a · c)b− (b · c)a.

y². ���mÃ���IX,�

a = (a1,a2,a3), b = (b1,b2,b3), c = (c1,c2,c3).

���y�ªü>��þäk�Ó��I=�.du

a×b = (a2b3−a3b2, a3b1−a1b3, a1b2−a2b1),

¤±(a×b)× c�1���I�

(a3b1−a1b3)c3− (a1b2−a2b1)c2.

,��¡, (a · c)b− (b · c)a�1���I�

(a1c1 +a2c2 +a3c3)b1− (b1c1 +b2c2 +b3c3)a1

= (a3b1−a1b3)c3− (a1b2−a2b1)c2.

Ïd�ªü>�þ�1���I�Ó,Ón,ü��I�Ó,l
�ª¤á.

þãúªÏ~¡��­	ÈÐmª,lù�úª�±wÑ,	ÈØ÷v(Ü

Æ,Ò´`,���¹e,

(a×b)× c 6= a× (b× c),

Ï�þª�>´ aÚ b��5|Ü,
m>´ bÚ c��5|Ü.

~1.5.2. y²: (a×b) · (c×d) = (a · c)(b ·d)− (a ·d)(b · c).
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y².

(a×b) · (c×d) = ((a×b)× c) ·d

= ((a · c)b− (b · c)a) ·d

= (a · c)(b ·d)− (a ·d)(b · c).

§1.6 p�ê|�þ

3y¢)¹¥,éõþÃ{3n��m¥L«,XÔN3,:�§Ý!�Ý!

Øå�. Ï�ÔN�z�:� ��^��n��IL«,§Ý,�Ý�þ��

���IL«. Ïd, L«ÔN3,�:�§Ý(½�Ý)�o��I.
L«Ô

N�:��ÝK�8��I.Ïd,k7�òn��þí2�p��þ.

�½���IX,���m�þ�±^��n�ê|(�I)5L«. �þ�

�5$�(\{�ê¦)Ñ�±=z��I$�.Ïd,òn��þí2�p��

�����{´ÏLõ�ê|5½Â.

½Â1.6.1. ��n�ê|�þ a´��kS�n�ê|

a = (a1,a2, . . . ,an), (1.30)

Ù¥ai ∈ F(i = 1,2, . . . ,n)¡��þa�1i�©þ. ùpFL«¢ê8!Eê8½Ù

§ê�(½Â�1.8!).

n�ê|�þk�I��¤1�/ª,Xa = (a1,a2, . . . ,an),¡�1�þ,k�

I��¤��/ª,X

a =


a1

a2
...

an

 (1.31)

¡���þ.�,/ªþwþ�ØÓ,�·�ò§�@�´���.

�½ü�n�ê|�þa = (a1,a2, . . . ,an)�b = (b1,b2, . . . ,bn), 5½a�b ��,

��=�§�éA�©þ©O��,=ai = bi, i = 1,2, . . . ,n.

½Ân�ê|�þ�\{�ê¦$�Xe

a+b = (a1 +b1,a2 +b2, . . . ,an +bn),

λa = (λa1,λa2, . . . ,λan).
(1.32)
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=U©þ©O�1\{�ê¦$�.5½"�þ0 = (0, . . . ,0), K�þ −a =

(−a1, . . . ,−an).N´�y,ê|�þ�\{�ê¦$�÷vAÛ�þ�5�(1.1)–

(1.8).

½Â
�þ�\{�ê¦,Ò�±Ú?�þ��«­��$�-�5|Ü.

½Â1.6.2. �½�|n�ê|�þa1,a2, . . . ,am9�|êλ1,λ2, . . . ,λm,¡Úª

λ1a1 +λ2a2 + . . .+λmam

�a1,a2, . . . ,am��5|Ü. λ1,λ2, . . . ,λm¡�|ÜXê. XJa�±�¤a1,a2, . . . ,

am��5|Ü,K¡a�±^a1,a2, . . . ,am�5L«.

^ei = (0, . . . ,1, . . . ,0)L«1i�©þ�1, Ù{©þ�0�n�ê|�þ,

e1, . . . ,en¡�ü �I�þ. ?Û��n�ê|�þÑ�±L«�ü �I�þ

��5|Ü.¢Sþ,�a = (a1,a2, . . . ,an),K

a = a1e1 +a2e2 + . . .+anen.

'uê|�þ���nØ·�ò31ÊÙ�[ïÄ.

§1.7 8Ü�N�*

8ÜØ´dêÆ[Cantoru�Ê­Vïá,y®¤�y�êÆ�Ä:. ¥Æ

�ã·�®²ÆS
8Ü�N��Ä�Vg9$�,�!éÙ���{ü�£

�.

§1.7.1 8Ü�½Â*

ò�
ØÓ�é��3�å,=�8Ü,Ù¥�é�¡�8Ü���.3�

Ö¥,·�ò¦^��i1 A,B,C, . . .5L«8Ü,^��i1 a,b,c, . . .5L«8

Ü¥���.P A���8Ü.XJ a´ A¥���,K¡ aáu A,P� a ∈ A,

ÄKP� a /∈ A.�Ö¥·�o´b�8Ü¥��´Ø­E�.

8Ü�£ãÏ~küö�ª.�«´�Ñ8Ü¥�¤k��,¿^s)Òò

ù
��)å5,~XA = {1,3,5,7,9}L«d1,3,5,7,9Ê��ê�¤�8Ü.,

�«�ª´ÏL�ó£ã5½Â8Ü,Xóê8Ü={a��ê | a�2�Ø}.·�
Ï~©O^N, Z, Q, R, CL«g,ê!�ê!knê!¢ê9Eê8Ü.²¡þ

±�:��%!�»�1���±L«�÷v±e^��:�8ÜC = {(x,y) ∈
R2 |x2 + y2 = 1}.
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XJ8Ü A¥�z����þ´8Ü B¥���,K¡ A´ B�f8,P�

A ⊆ B½ B ⊇ A. ã 1.11L«
8ÜA�¹u8ÜB,=A ⊆ B. XJ A ⊆ B� A 6= B,

K¡ A� B�ýf8,P� A ⊂ B½öA ( B. XJ8ÜA�BÑ�¹�Ó���,

K¡ A� B��,P� A = B.´�,8ÜA�B����=� A⊆ B� B⊆ A.

ã 1.11 8Ü��¹ ã 1.12 8Ü�� ã 1.13 8Ü�¿

·��±^��{ü~f5n)8Ü.

• �?←→8Ü,

• �þ�Æ)←→��,

• �þ���ÆS�|←→f8Ü,

• Æ��¤k�?←→8Ü�¤�8x.

Ø¹?Û���8Ü¡��8,P� ∅. d½Â��,�8 ∅´?Û8Ü�
f8,�´?Û��8Ü�ýf8.

XJ8ÜA����êk�,¡A�k�8, Ù���ê¡�8Ü��½Ä

ê,P�|A|.���êÃ��8Ü¡�Ã�8,§��½Â� ∞.

§1.7.2 8Ü�Ä�$�*

��5`,éu,�½8ÜU �f8Ü,kXeo«Ä�$�.

(1)8Ü��� A,B�U �ü�f8Ü,KA� B��8½Â�

A∩B := {x | x ∈ A�x ∈ B}.

Xã 1.12¤«.3þª¥,PÒ:=L«�´òÙm>�8ÜP�A∩B.

���/,� I�8Ü, I¥z��� iéAU �f8Ü Ai,K8Üx Ai(i ∈ I)

��½Â� ⋂
i∈I

Ai := {x | x ∈ Ai,éz�i ∈ I¤á}.

(2)8Ü�¿� A,B´8ÜU�f8Ü.KA� B�¿8½Â�

A∪B := {x | x ∈ A½x ∈ B}.
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Xã 1.13¤«.���/,8Üx Ai(i ∈ I)�¿½Â�

⋃
i∈I

Ai := {x | x ∈ Ai, é,�i ∈ I¤á}.

XJ AiüüØ�(=�8��8),·�¡
⋃
i∈I

Ai�Ø�¿,¿P�
⊔
i∈I

Ai.

·K1.7.1. �A,B,C�8ÜU�f8,K

A∩ (B∪C) = (A∩B)∪ (A∩C), A∪ (B∩C) = (A∪B)∩ (A∪C). (1.33)

y². ·��yc�ª, ��ªaq�y. �x ∈ A∩ (B∪C), Kx ∈ A �x ∈ B∪C.

ex ∈ B,Kx ∈ A∩B,u´x ∈ (A∩B)∪ (A∩C). ex ∈C,Kx ∈ A∩C,Ó�kx ∈ (A∩
B)∪ (A∩C).�A∩ (B∪C)⊂ (A∩B)∪ (A∩C).

��,�x ∈ (A∩B)∪ (A∩C),Kx ∈ A∩B½x ∈ A∩C. ÃØ=«�/Ñkx ∈ A,

x ∈ B∪C.�x ∈ A∩ (B∪C).l
(A∩B)∪ (A∩C)⊂ A∩ (B∪C).y..

(3)8Ü��8�Ö8� A,B�U �f8,KAé B�Ö8½�8½Â�

A−B = A\B := {x | x ∈ A�x /∈ B}.

Xã 1.14¤«.dÖ8½Â,·�k

A = (A∩B)t (A−B).

A3U ¥�Ö8½Â�

Ac := {x ∈U | x /∈ A}.

Xã 1.15¤«.

ã 1.14 8Ü��8A−B ã 1.15 8Ü�Ö8Ac

'uÖ8$�,k±e(Ø:
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·K1.7.2. � Ai (i ∈ I)�,�½8ÜU �f8,K

⋂
i∈I

Ac
i =

(⋃
i∈I

Ai

)c
. (1.34)

Ï�/`,Ö8���u¿8�Ö.

y². ·�k

x ∈
⋂
i∈I

Ac
i ⇐⇒ x ∈ Ac

i é?¿i ∈ I¤á

⇐⇒ x /∈ Aié?¿i ∈ I¤á

⇐⇒ x /∈
⋃
i∈I

Ai, = x ∈
(⋃

i∈I

Ai

)c
.

'uü�8Ü¿8��êk±e(Ø.

·K1.7.3. (N½�n)XJ A,B�k�8Ü,K A∪BÚA∩Bþ�k�8,�

|A∪B|= |A|+ |B|− |A∩B|. (1.35)

y². ´y

A∪B = (A−B)tB, A = (A−B)t (A∩B).

�

|A∪B|= |A−B|+ |B|, |A|= |A−B|+ |A∩B|.

dd=��(1.35).

(4)8Ü�(k�È8Ü A� B�(k�È´d¤k��é (a,b) (Ù¥ a∈ A,b∈
B)�¤�8Ü,=

A×B := {(a,b) | a ∈ A,b ∈ B}.

A×B¥�ü���(a,b)�(c,d)����=�a = c, b = d.

�?�Ú/,8Üx Ai (i ∈ I)�(k�È½Â�

∏
i∈I

Ai := {(ai)i∈I | ai ∈ Ai}.

X¤k�Ai þ�A,·�Ï~^AI L«Ù(k�È.AO/,·�^An L«n�A

�(k�È. ~X, Rn = {(x1,x2, . . . ,xn) |xi ∈ R, i = 1,2, . . . ,n}. 2X, �A = {1,2},
KA2 = {(1,1),(1,2),(2,1),(2,2)}.N´y², |A×B|= |A|× |B|.
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§1.7.3 N�*

� A,B�ü���8Ü.XJé A¥z��� a,þk���� b ∈ B��é

A,K¡déA� A� B�N� ,P��

f : A→ B, a 7→ b = f (a).

k�ÿ�P�

A
f−→ B.

8ÜA¡� f �½Â�, Im( f ) := f (A) = { f (a) | a ∈ A} ⊆ B¡� f ���½�8.

b¡�a��, a¡�b���.

� f �g�8ÜA�B�ü�N�. XJéuA¥?¿��a,þk f (a) = g(a),

K¡N� f �g��,P� f = g.

�8ÜB´ê(Xknê½ö¢ê)�8Ü�,N� f S.þ¡�¼ê. Ïd,

·�3¥Æ�ãÆS���«Ð�¼ê,Xõ�ª¼ê,n�¼ê,�ê¼ê�

Ñ�±w¤lR�R�N�.

XJN� fòØÓ���N��ØÓ���,=�a 6= b ∈ A�, f (a) 6= f (b),K

¡N� f �ü� .N´�y, f�ü���=� f�z��Ñk�����,=é

�� a,b ∈ A, � f (a) = f (b) �, 7k a = b. XJé?¿ b ∈ B, �3 a ∈ A, ¦�

f (a) = b,K¡ f �÷�. XJ f Q´ü�q´÷�,K¡ f ���N�½V�.

~X,ðÓN� IA : A 7→ A, a 7→ a (=òz���N��g��N�)´V�.

� f : A 7→ BÚg : B 7→C�N�,KN�

g◦ f : A 7→C, a 7→ g( f (a))

¡� f � g�EÜN�.

~X,� f´8ÜA�8ÜB�N�,K f ◦ IA = f , IB ◦ f = f .N�EÜ���­

�5�´(ÜÆ.

·K1.7.4. ((ÜÆ)� f : A 7→ B, g : B 7→C�h : C 7→ D�8Üm�N�,K

(h◦g)◦ f = h◦ (g◦ f ).

y². ���y=�.

� f´8ÜA�B�N�, A0 ⊂ A. N� f |A0 : A0 7→ B, a 7→ f (a) ¡�N� f38

ÜA0þ���.N�iA0 : A0 7→ A, a 7→ a¡�i\N�.w,, f |A0 = f ◦ iA0 .

e¡·�0�_N�.� f´8ÜA�B�N�.XJ�3l8ÜB�8ÜA�

N�g,÷vg◦ f = IA, f ◦g = IB,K¡g´ f�_N�,¿¡ f ´�_�. f�_N�P
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� f−1.N´y²,_N�XJ�3K´���,¿�( f−1)−1 = f .¢Sþ,�g,hþ

� f�_,Kg = g◦ IB = g◦ ( f ◦h) = (g◦ f )◦h = IA ◦h = h.

~X, f :R 7→R+, x 7→ ex´�_�, f�_� f−1 :R+ 7→R, x 7→ log(x).ùpR+L

«�N�¢ê�8Ü.

½n1.7.5. N� f : A 7→ B�_��=� f´V�.

y². � f´V�. Ké?¿b ∈ B,�3��a ∈ A¦� f (a) = b. u´�3N�g :

B 7→A÷vg(b) = a,� f (g(b)) = b,½�d/, f ◦g= IB.,��¡, g( f (a)) = g(b) = a,

½=g◦ f = IA.l
g´ f �_.

�L5,� f �_. K�3N�g : B 7→ A÷v f ◦g = IB, g◦ f = IA. é?Ûa1 6=
a2 ∈ A, a1 = (g ◦ f )(a1) = g( f (a1)) 6= g( f (a2)) = (g ◦ f )(a2) = a2, � f (a1) 6= f (a2), l


 f´ü�. ,��¡,é?¿b ∈ B, f (g(b)) = ( f ◦ g)(b) = b,� f´÷�,l
 f´

V�.

éuk�8Ü,·�k±e(Ø.

·K1.7.6. �A�k�8, f : A 7→ A�N�.K f´ü���=� f´÷�.

y². � f�ü�, K|Im( f )| ≥ |A|. �Im( f ) ⊂ A, �|Im( f )| = |A|, ?
Im( f ) = A,

= f´÷�.

��,� f´÷�, =Im( f ) = A, u´|Im( f )| = |A|. e fØ´ü�, K|Im( f )| <
|A|.gñ!� f�ü�.

½Â1.7.1. � S�8Ü.·�¡N� f : S×S 7→ S, (a,b) 7→ p� Sþ�����$

�.

51. 3êÆA^¥,PÒ p = f (a,b)¿Ø´��é·¨�PÒ.¢Sþ,·�²~

¦^ +,×,∗, ·�ÎÒ5L«��$�,=�� ��p = ab, a×b, a+b, a∗b, a ·b,ÃXda.

~1.7.1. \{, ~{Ú¦{´¢ê8Rþ���$�, Ø{´�"¢ê8R× :=

R\{0}þ���$�.

~1.7.2. P ΣA�8Ü A�g��¤kN��8Ü,KN��EÜ�¤ ΣAþ��

�$�.P SA�8Ü A�g��¤kV��¤�8Ü,KN��EÜ�¤ SAþ

���$�.
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½Â1.7.2. 8Ü Sþ���$�XJ÷v^�:é¤k a,b,c ∈ S,

(ab)c = a(bc), (1.36)

K¡T��$�÷v(ÜÆ.XJé?¿ a,b ∈ S,

ab = ba, (1.37)

K¡Ù÷v��Æ.

N´wÑ,~1.7.1Ú1.7.2¥���$�þ÷v(ÜÆ,�N��EÜ¿Ø÷

v��Æ.Ïd,(ÜÆ´���5�5Æ.

§1.7.4 ���ü�*

��!,·�{ü0���AÏ�N�–��.��3Ãõ�ê¯K,Xõ�

ª�§¦�±91�ª¥Ñ¬^�.

�A = {1,2, . . . ,n}. KA�g����N�¡�����,�¡�ü�. ¤k

����N�¤�8ÜP�Sn.�σ ´����,·���ò��L«¤/ª:

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)

½ö�¤��ü��/ªσ = (σ(1),σ(2), . . . ,σ(n)).AO/, σ = (1,2, . . . ,n)¡�ð

Ó��,P�e.w,, eσ = σe = σ .

~X,��σ =

(
1 2 3

2 3 1

)
L«A = {1,2,3}�g��N�: σ(1) = 2, σ(2) = 3,

σ(3) = 1.T����±L«¤��ü�(2,3,1).

Sn¥��kn!���.~X, S3d±e6����¤:(
1 2 3

1 2 3

)
,

(
1 2 3

1 3 2

)
,

(
1 2 3

2 1 3

)
,

(
1 2 3

2 3 1

)
,

(
1 2 3

3 1 2

)
,

(
1 2 3

3 2 1

)
.

½ö�¤S3 = {(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1)}.
?¿ü����EÜE,�����, ·�¡��ü����¦È. �

�σ ,τ�¦ÈP�στ . ~X, σ =

(
1 2 3

2 1 3

)
, τ =

(
1 2 3

3 2 1

)
. Kστ =

(
1 2 3

3 1 2

)
,

τσ =

(
1 2 3

2 3 1

)
.

¡�UCü� �����é�.eUC����i, j,KT��P�(i j).~

X,

(
1 2 3 4 5

1 2 5 4 3

)
=´é�(35).
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·K1.7.7. ?¿��Ñ´k��é��¦È.

y². ·�én�8B. �n = 2�, S2 = {(12),(21)}. (21)��´é�, 
(12)´ð

Ó��,§�±L«�(12)(12). yb�(Øén− 1¤á. én,·�ky: ?¿�

�σ�±�¤�õ��é������τ�¦È,ùpτ(n) = n.

�σ(i) = n,XJi = n,�τ = σ=�.e�i < n,-

τ = (σ(1), . . . ,σ(i−1),σ(n),σ(i+1), . . . ,σ(n−1),σ(i)),

Kσ = τ · (i,n),�τ(n) = σ(i) = n.

éτ ′ = (τ(1),τ(2), . . . ,τ(n−1))^8Bb��, τ ′�±�¤k��é��¦È,

u´τ ��±�¤k��é��¦È,l
σ�´k��é��¦È.

����~f,·��Ñσ = (31542)�é�©): σ = (35)(13)(12). �,,þ

ã©)¿Ø��.~X, σ ��±©)�σ = (12)(34)(45)(34)(23). ØLÃØXÛ

©), σ©)Ñ�é��êäk�Ó�Ûó5.

½n1.7.8. �����¤ké�©)¥,é���êäk�Ó�Ûó5.

y². é��σ ,Ú?σ é¼ê f (x1,x2, . . . ,xn)��^

σ( f )(x1,x2, . . . ,xn) := f (xσ(1),xσ(2), . . . ,xσ(n)).

-∆(x1,x2, . . . ,xn) := Π1≤i< j≤n(x j− xi).N´�y,XJσ´i�é��¦È,K

σ(∆)(x1,x2, . . . ,xn) = (−1)i
∆(x1,x2, . . . ,xn).

XJσq�±©)� j�é��¦È,K

σ(∆)(x1,x2, . . . ,xn) = (−1) j
∆(x1,x2, . . . ,xn).

u´i� j7Läk�Ó�Ûó5.

dþ¡�½n,·��±½Â����½ü��Ûó5.XJ�����é

�©)¥é���ê�óê(Ûê), K¡T����ó��(Û��). é?¿�

�σ ,½Â§�ÎÒ�εσ = (−1)k,ùpk´σ�é�©)¥é���ê. Ïd,ó

���ÎÒ�1,Û���ÎÒ�−1.N´�y,é?¿ü���σ�τ , εστ = εσ ετ .
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§1.7.5 �d'X,�da�©
*

½Â1.7.3. 8Ü A¥���m�'X ∼¡��d'X,´�eãn^5�¤á:

(1) (g�5)é¤k a ∈ A, a∼ a.

(2) (é¡5)XJ a∼ b,K b∼ a.

(3) (D45)XJ a∼ b� b∼ c,K a∼ c.

½Â1.7.4. 8Ü A��§��
f8Ü�Ø�¿,¡� A���©
.

� ∼´ Aþ����d'X.é a ∈ A,P [a] = {b ∈ A | b ∼ a},= [a]� A¥

¤k� a�d����¤�f8Ü.f8Ü[a]¡�a¤3��da.5¿�

[a]∩ [b] =

[a] = [b], XJa∼ b,

∅, XJa� b.

PA/∼�A¥¤k�da�¤�8Ü,=

A/∼ := {[a] | a ∈ A} (�K­E�).

KA�±��Ø�¿

A =
⊔

[a]∈A/∼
[a]. (1.38)

dd·��� A���©
. �L5,XJ A =
⊔
i∈I

Ai �A�©
,KéN´3 A

þ½Â�d'X:

a∼ b ��=� a,báuÓ�� Ai.

�·�kXe½n

½n1.7.9. 8Ü A�©
�½Â3Aþ��d'X��éA.

~1.7.3. �ê8Ü Z�±©
�óê8ÜÚÛê8Ü�Ø�¿. ,��¡,3 Z
þ�±½Â�d'X: a∼ bXJ a−b´óê. Kóê8Ü´d�d'X¥ 0¤

3��da,Ûê8Ü� 1¤3��da.

� f : A 7→B�8Üm�N�.éu�� b∈B,-b���8Ü f−1(b)= {a∈A |
f (a) = b},K f−1(b)� A�f8. éuB¥ØÓ���bÚb′,k f−1(b)∩ f−1(b′) =

∅.¿�, f−1(b) =∅��=� b /∈ f (A).�·���©


A =
⊔

b∈ f (A)

f−1(b). (1.39)
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·�¡8ÜA�ù�©
�N� f û½�©
.§û½��d'X=

a∼ a′ ⇐⇒ f (a) = f (a′).

~1.7.4. XJ∼´8ÜAþ��d'X,éug,N�

p : A→ A/∼, a 7→ [a],

�±wÑ, p¤û½�©
=�d'X∼¤û½�©
.

~1.7.5. ½ÂN� f : Z 7→ {0,1},Ù¥ f (2n) = 0, f (2n+1) = 1.KN� f û½��

d'XÚ©
=�~1.7.3�Ñ��d'X´Ó��d'X.

~1.7.6. � f : R2 = R×R 7→ R �¢ê~{N� (x,y) 7→ x− y, K f−1(a) ���

y = x− a. ¢²¡ R2 dN� f û½�©
=´²1��å y = x− a (a ∈ R)�Ø
�¿.

§1.8 Eê*

ù�!¥,·�{ü£��ek'Eê��
�£,AO´Eê�AÛL«

�$�.

§1.8.1 Eê�oK$�*

EêÒ´/X z = x+ i y�ê,Ù¥ i�Jêü 
√
−1,
 x, y�¢ê,©O¡

�Eê z�¢ÜÚJÜ,P� RezÚ Imz.

� z1 = x1 + iy1, z2 = x2 + iy2�ü�Eê,Eê�\{�~{½Â�:

z1 + z2 = (x1 + x2)+ i(y1 + y2),

z1− z2 = (x1− x2)+ i(y1− y2).
(1.40)

Eê�¦{�¢ê�¦{��,��5¿ i2 =−1=�.Ò´`

z1z2 = (x1 + iy1)(x2 + iy2) = (x1x2− y1y2)+ i(x1y2 + x2y1). (1.41)

Ø{½Â�

x2 + iy2

x1 + iy1
=

(x2 + iy2)(x1− iy1)

(x1 + iy1)(x1− iy1)
=

(x1x2 + y1y2)+ i(x1y2− x2y1)

x2
1 + y2

1
. (1.42)
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§1.8.2 Eê�AÛL«*

3²¡¥������IX Oxy, ·�^�I� (x,y)�: PL«Eê z =

x+ i y.ù�,EêÒ�²¡¥�:��éA. x¶�¢êéA,�¡�¢¶; y¶�

XJêéA,�¡�J¶.�Eêïá
ù«éA'X�²¡¡�E²¡.

·��~^�þ
−→
OPL«Eê z = x+ i y.ù�Eê z,E²¡þ�: P±9�

þ
−→
OP�mïá
��éA'X.XJ z1,z2éA��þ©O�

−−→
OP1,

−−→
OP2,K z1+ z2

éA��þT�
−−→
OP1 +

−−→
OP2. ÏdEê�\{$�Ú�þ�\{$�´���.

duEê z1,z2,z1 + z2 éA��þTÐ�¤
��n�/,dn�/ü>�Ú�

u1n>�5����Eê�n�Ø�ª

|z1 + z2| ≤ |z1|+ |z2|. (1.43)

Eê zéA��þ
−→
OP��Ý¡�Eê z��,P� |z|= r =

√
x2 + y2.òx¶

��_��^=��þ
−→
OP¤��� θ ¡�Eê z �Ì�, P� arg z(ã 1.16).

Eê z �Ì�¿Ø��, §�*d��2π��ê�. 3¢S¥, ·���5½

0≤ arg z < 2π ,¡��Ì��Ì�.~X, arg(−i) = 3
2 π . �,��±5½Ì�Ì�

3Ù§���,X−π ≤ arg z < π .5½Eê z = 0�Ì�´Ø½�.

O x

y P

r

θ

ã 1.16 Eê�AÛ½Â

Eê x− iy¡�Eê z = x+ iy��ÝEê,P� z̄.lAÛþw, zÚ z̄'u¢

¶é¡,Ïdk |z̄| = |z|, argz̄ = 2π− argz. 'uEê��ÝkXe{ü�5�,y

²3�SK.

|z|2 = zz̄, z1 + z2 = z1 + z2, z1z2 = z1 z2. (1.44)

��
Eê z��� r�Ì� θ ,K z�±L«�

z = x+ iy = r cosθ + i r sinθ = r (cosθ + i sinθ) (1.45)
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¡þª�Eê�n�L«. |^Eê�n�L«,éN´¢yEê�¦{$�,

¿��±��{ü�AÛ)º.

b� z1 = r1(cosθ1 + isinθ1), z2 = r2(cosθ2 + isinθ2),Kd¦{½Â�

z1z2 = r1r2[(cosθ1 cosθ2− sinθ1 sinθ2)+ i(sinθ1 cosθ2 + sinθ2 cosθ1)]

= r1r2 (cos(θ1 +θ2)+ isin(θ1 +θ2)) . (1.46)

dd��

|z1z2|= |z1||z2|, (1.47)

arg(z1z2) = argz1 + argz2. (1.48)

=Eê¦È���uEê��¦È,Eê¦È�Ì��u�Ì��Ú(X�ÑÌ

���, K��~�2π��ê�). dd�±��¦{���AÛ)º. �Eê

w = r(cosθ + isinθ),K w · zL«òEê zéA��þ���  r�,2_��^

= θ �.Ïd,|^Eê¦{�±�B/L«^=C�.

Eê�n�/ª�k�«��~^�L«�ª.�â Eulerúª

eiθ = cosθ + isinθ

(���ÑE�ê¼ê�·�½Â,þãúª´�±y²�, ùp·��±ò§

w¤´��PÒ),��� rÌ�� θ �Eê z�P� z = reiθ .d (1.46)�

r1eiθ1 · r2eiθ2 = r1r2ei(θ1+θ2).

Ïd eiθ �±�ÊÏ��ê¼ê��?1$�.~X:

(reiθ )n = rneinθ , n = 0,±1,±2, . . . (de Moivreúª) (1.49)

~1.8.1. ¦Eê z = 1+ cosθ + isinθ (−π ≤ θ < π)�n�/ª.

).

|z|=
√

(1+ cosθ)2 + sin2
θ = 2

∣∣∣∣cos
θ

2

∣∣∣∣= 2cos
θ

2
,

argz = arccos
1+ cosθ

2cos θ

2

= arccos cos
θ

2
=

θ

2
.

l
 z = 2cos
θ

2

(
cos

θ

2
+ isin

θ

2

)
.

~1.8.2. 3Eê���S¦�§ zn = a��,Ù¥ a�Eê, n���ê.
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). � a = r eiθ ,Ù¥ r ≥ 0, 0≤ θ < 2π .� z = seiφ ,K

sneinφ = r eiθ .

Ïd

s = r
1
n , φ =

θ +2kπ

n
(k = 0,1, · · · ,n−1)

¤¦�§k n�ØÓ��,§�´

r
1
n ei θ+2kπ

n (k = 0,1, · · · ,n−1).

�!��,·��Ñü�~f`²Eê3AÛ¥�A^.

~1.8.3. y²:²1o>/�ü^é���²�Ú�uo>�²�Ú.

y². b�²1o>/,��ü>�þéA�Eê©O�z1,z2,Küé���þ

©OéAEêz1 + z2�z1− z2.u´·��Iy²

|z1 + z2|2 + |z1− z2|2 = 2(|z1|2 + |z2|2).

¢Sþ,

|z1 + z2|2 = (z1 + z2)(z1 + z2) = (z1 + z2)(z̄1 + z̄2)

= z1z̄1 + z1z̄2 + z2z̄1 + z2z̄2

= |z1|2 + z1z̄2 + z2z̄1 + |z2|2.

Ón��

|z1− z2|2 = |z1|2− z1z̄2− z2z̄1 + |z2|2.

üª�\,=��y��ª.

~1.8.4. 3²¡���IXOxy¥,¦ò:P = (x,y)7�:_��^=θ��¤�

:P′��I.

). �P′��I�(x′,y′).:P�P′éA�Eê©O�z = x+yi9z′ = x′+y′i.�âE

ê¦{�¿Â, z′ = eiθ z,=

x′+ y′i = (x+ iy)(cosθ + isinθ) = (xcosθ − ysinθ)+(xsinθ + ycosθ)i.

Ïd, x′ = xcosθ − ysinθ ,

y′ = xsinθ + ycosθ .
(1.50)



§1.9 ê�* 41

þãúª=²¡���IX¥,7�:_��^=θ��:C�úª.

§1.9 ê�*

Eê8�?Û��f8¡���ê8. g,ê8 N,�ê8 Z,knê8 Q,

¢ê8 RÑ´�[Ù��ê8.

� F ���ê8,3 F ¥?�üê�,«$�,XJÙ(JE3 F ¥,K¡

ê8 F éù«$�´µ4�. ~X C,R,Qéê�\~¦Ø$�´µ4�, Zé
ê�\~¦$�´µ4�,�éØ{$�Øµ4,
 N�é\{¦{$�µ4.

½Â1.9.1. �ê8 F ���¹ü�ØÓ���,¡ F �ê�,XJ F éê�\~

¦Ø$�´µ4�,=� a,b ∈ F �, a±b, ab,
a
b
(b 6= 0) ∈ F.

d½Â�, C,R,Q�ê�,©O¡�Eê�,¢ê�Úknê�. Z,NKØ´
ê�.

d½ÂØJwÑ,��ê�7¹k 0,1ü���.¢Sþ�±y²,3Ï~�

oK$�e?Ûê�Ñ�¹knê�(ÖöØ�y²).e¡�~fL², Ø
þ

ãn«ê�,�kÙ§�ê�.

~1.9.1. y²ê8 Q(
√

2) = {a+b
√

2 : a,b ∈Q}���ê�.

y². Äk Q(
√

2) é\~$�µ4´w,�. ?� Q(
√

2) ¥�ü��� a +

b
√

2, c+d
√

2,

(a+b
√

2)(c+d
√

2) = (ac+2bd)+(ad +bc)
√

2,


� c+d
√

2 6= 0�,

a+b
√

2
c+d

√
2
=

(a+b
√

2)(c−d
√

2)
(c+d

√
2)(c−d

√
2)

=
ac−2bd
c2−2d2 +

bc−ad
c2−2d2

√
2.

du a,b,c,d ∈Q, Q�ê�,¤± ac+2bd ∈Q, ad +bc ∈Q,= Q(
√

2)é¦{$�

´µ4�.qdu c2−2d2 6= 0,¤±

ac−2bd
c2−2d2 ∈Q,

bc−ad
c2−2d2 ∈Q,

= Q(
√

2)éØ{$�´µ4�.� Q(
√

2)���ê�.

3�Ö��YÙ!¥,·��Ä�ê� Fþ��¹knê�,$��Ï~o

K$��ê�,X¢ê�!Eê��.
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§1.10 ¦ÚÎÒ*

�
�¡�I�,·�3ùp{ü0��e¦ÚÎÒ�$^.

� a1,a2 · · · ,an� n�ê,Ï~·�^
n
∑

i=1
aiL«Úª a1 +a2 + · · ·+an. Ù¥ ∑

�¦ÚÎÒ, i�¦Ú�I, ∑�þeIL«¦Ú�I i�����.5¿¦Ú�

I�±^Ù§�i1�O,~X
n
∑
j=1

a j,
n
∑

k=1
ak L«�Ñ´Ó��Úª. N´wÑ,

¦ÚÎÒ÷v±e5�:
n

∑
i=1

(ai +bi) =
n

∑
i=1

ai +
n

∑
i=1

bi,

n

∑
i=1

λai = λ

n

∑
i=1

ai. (Ù¥ λ �~ê)

3�5�ê�§¥,·�²~¬��V­,$�õ­¦Ú.õ­¦Ú��K

´lS�	éz�¦ÚÎÒÅg¦Ú.~X
m
∑
j=1

n
∑

i=1
ai j ¥,ÒATké¦Ú�I i

¦Ú,2é¦Ú�I j¦Ú.3é�I i¦Ú�,�I j´�½ØC�,Ïdk
n

∑
i=1

ai j = a1 j +a2 j + · · ·+an j,

¤±
m

∑
j=1

n

∑
i=1

ai j =
m

∑
j=1

(a1 j +a2 j + · · ·+an j)

=
m

∑
j=1

a1 j +
m

∑
j=1

a2 j + · · ·+
m

∑
j=1

an j.

lþª�±wÑ
m
∑
j=1

n
∑

i=1
ai j �u¤kai j (1 ≤ i ≤ n,1 ≤ j ≤ m) �Ú. Ó���n,

n
∑

i=1

m
∑
j=1

ai j L«��´¤k ai j �Ú. ¯¢þ, XJ·�òù
ê ai j ü¤Xe�

���¬:
a11 a12 · · · a1m

a21 a22 · · · a2m

· · · · · · · · · · · ·
an1 an2 · · · anm

@o
m
∑
j=1

n
∑

i=1
ai j Ò´k�½�� j,éþã�¬�1 j�¦Ú,2ò���Ú�\¶



n
∑

i=1

m
∑
j=1

ai jK´k�½�� i,é1 i1¦Ú,2ò���Ú�\.Ïd·�k

m

∑
j=1

n

∑
i=1

ai j =
n

∑
i=1

m

∑
j=1

ai j.
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þªL²3õ­¦Ú�,�±��¦ÚÎÒ�gS.ù�:�~­�,8�¬²

~^�.

¦+´õ­¦Ú, k���±�^��¦ÚÒL«. ~X ∑
1≤i, j≤n

ai j Ò´

n
∑
j=1

n
∑

i=1
ai j. k
�ÿ, ·�¿Ø´é¤k��¦Ú, 
�´é÷v�½^���

¦Ú.ù�·�Ï~òù
^��3¦ÚÎÒ�e�.~X

∑
1≤i≤ j≤n

ai j =a11 +(a12 +a22)+(a13 +a23 +a33)

+ · · ·+(a1n +a2n + · · ·+ann)

L«�´÷v i≤ j�¤k��Ú.XJ^�­ÚªL«,��

∑
1≤i≤ j≤n

ai j =
n

∑
j=1

j

∑
i=1

ai j =
n

∑
i=1

n

∑
j=i

ai j.

5¿þª¥�����ª,/ªþq��c¡¤`�¦Ú���gSØÎ,ù´

duÚª
n
∑
j=1

j
∑

i=1
ai j¥,S��¦Ú

j
∑

i=1
ai j¥,�I i������9�
	��I

j,ù�ÒØU�´�����¦ÚgS
.

~1.10.1. y²:
m
∑
j=1

n
∑

i=1
aib j = (

n
∑

i=1
ai)(

m
∑
j=1

b j).

y². 3�à��­¦Ú¥,k�½�� j,é�I i¦Ú.ù� b j �¦Ú�I i

Ã',�w¤~ê,�±J�¦ÚÒ�	¡,¤±

m

∑
j=1

n

∑
i=1

aib j =
m

∑
j=1

(
b j

n

∑
i=1

ai

)
.

2é j¦Ú�,
n
∑

i=1
ai�¦Ú�I jÃ',�w¤~ê,Ïdk

m

∑
j=1

(
b j

n

∑
i=1

ai

)
=

(
n

∑
i=1

ai

)(
m

∑
j=1

b j

)
.

¦ÚÎÒ�k����/ª.� Λ���k�8, Λ¥z��� λ éA
�

�ê aλ ,·�ò¤k aλ (λ ∈ Λ)�ÚP� ∑
λ∈Λ

aλ . þ¡0��
n
∑

i=1
ai�±w¤��

A~,=� Λ = {1,2, · · · ,n}.8�3½Â n�1�ª�,·��^�ù��¦ÚÎ

Ò.3@p, Λ� n����¤kü��¤�8Ü.

��,0��e¦ÈÎÒ∏.� a1,a2, · · · ,an���ê,·�^
n
∏
i=1

aiL«¦È

a1,a2, · · ·an.¦ÈÎÒ�þeI�¹Â�¦ÚÎÒ����,Ø2Kã.
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SK�

5:±e�K¥�9��IXþ����IX.

1. �
−→
AM =

−→
MB,y²:é?¿�: O,

−−→
OM =

1
2
(
−→
OA+

−→
OB).

2. � O��½:, A,B,C�Ø���n:.y²:M u²¡ ABCþ�¿©7

�^�´�3¢ê k1,k2,k3,¦�

−−→
OM = k1

−→
OA+ k2

−→
OB+ k3

−→
OC, � k1 + k2 + k3 = 1.

3. y²�þ a−b+ c,−2a+3b−2c, 2a−b+2c�5�'.

4. y²:n��m¥o�½o�±þ��þ�½�5�'.

5. � e1,e2,e3��|Ä.

(1) y²:a = e1 +2e2− e3, b = 2e1 + e2 + e3, c = 3e1 +2e3��|Ä¶

(2) � c̃ = 3e1 + xe2 +2e3,� x�Û��, a,b, c̃�¡.

6. ®�n: A(2,1,−1),B(3,5,1),C(1,−3,−3),¯ A,B,C´Ä��?

7. ®��ã AB�:C(1,2,3)Ú D(2,−1,5)n�©,¦à: A,B��I.

8. � a = (1,−2,4),b = (2,2,1),ÁO� a ·b, (a+b) · (a−b), (a−b)2.

9. �n��þ a,b,cüüm�Y�� 45◦, � |a| = 1, |b| = 2, |c| = 3. ¦�þ a+

2b− c��.

10. � a,b,c´÷v a+b+ c = 0�ü �þ,Á¦ a ·b+b · c+ c ·a��.

11. ��þ a,b�Y�� 60◦,� |a|= 1, |b|= 2,Á¦ (a×b)2, |(a+b)× (a−b)|.

12. ��þ a = (1,−1,2),b = (2,3,−4),¦ a×b, (a+b)× (a−b).

13. ��o¡N�º:� A(1,2,3), B(−1,0,2),C(2,4,5), D(0,−3,4),¦§�NÈ.

14. �äe�(Ø´Ä¤á,Ø¤á��Þ~`².

(1) e a ·b = 0,K a = 0½ b = 0;

(2) ea×b = a× c,K7k b = c;

(3) (a ·b)c = a(b · c);
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(4) (a ·b)2 = a2 ·b2;

(5) (a+b)× (a+b) = a×a+2a×b+b×b;

(6) (a×b) · c = a× (b · c).

15. y²e��ª:

(1) (a×b)2 = a2b2− (a ·b)2.

(2) (a×b)× c+(b× c)×a+(c×a)×b = 0.

16. y²�ÝEê�e�5�:

|z|2 = zz̄, z1 + z2 = z1 + z2, z1z2 = z1 z2.

17. � z = cosθ + isinθ 6= 1,¦
1+ z
1− z

.

18. ¦e�Úª:

(1) 1+ cosθ + cos2θ + · · ·+ cosnθ ;

(2) sinθ + sin2θ + · · ·+ sinnθ .

19. y²: |1+ z1z̄2|2 + |z1− z2|2 = (1+ |z2|2)(1+ |z1|2).
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1�Ù �5�§|

·�3¥ÆÆL
õ��g�§|�¦)�{. 3@pCþ(½C�)��

êÏ~�ü�½n�,¿��§��ê�Cþ��ê�Ó.3�Ù¥,·�ò�

�/?Ød?¿�Cþ9?¿��§�¤��g�§|�¦)�{±9)�á

5. ·�¡'uCþÑ��g��§|¤��§|��5�§|. ¦)�5�

§|�¯K3�Æ�ó§O�¥k2��A^,XUíý�!�t�xù��

O!���u��.

��/,äkn�Cþx1, · · · ,xn, m��§|¤��5�§|äk/ª:

a11x1 +a12x2 + · · ·+a1nxn = b1

a21x1 +a22x2 + · · ·+a2nxn = b2

. . . . . . . . . . . . . . . . . .

am1x1 +am2x2 + · · ·+amnxn = bm

(2.1)

Ù¥, ai j´1i��§¥1 j�Cþx j�Xê, bi´1i��§�~ê�.�Ù¥,

·�b�Xêai j, ~ê�bi9�§|�)x jþáu,�ê�F (Xknê�Q, ¢

ê�R½Eê�C). XJ~ê�Ñ�",K¡�A��5�§|�àg�5�§

|.ÄK,¡��àg�5�§|.eòx1 = c1, · · · ,xn = cn�\þã�§�ªÑ¤

á, K¡(c1 · · ·cn)�T�§|��|). �5�§|(2.1)�)��N¡�T�§

|�)8. XJ)8��,K¡�5�§|(2.1)´�N�;ÄK,¡�5�§|Ø

�N.

'u�5�§|�),k±eA�Ä�¯K:

(1) �5�§|´Ä�3)?XJk),kõ��)?

(2) XÛ¦�5�§|�)?

(3) )�úªL«.

(4) )8�AÛ(�.

(5) �5�§|�)´ÄÎÜ¢S�I�(�1)¯K)?

�Ù9�¡�1nÙ!1oÙ91ÊÙò�7ù
¯KÐm?Ø,¿dd

Ú\�5�ê�Ä�óä–Ý
�1�ª,±9�5�ê�Ä�ïÄé�–�5

�m.

47
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§2.1 Gauss ��{

'u�5�§|�¦),k�©aÈ�{¤. ·I��¶Í5ÊÙ�â6Ò

k¦)�5�§|����{,y3��¡ù«�{�Gauss��{. Gauss��

{�Ä�g�´:ò�5�§|z¤¤¢�n�/(½�F/)�5�§|, ,�

2ÏL£�Eâ¦)Ñ¤kCþ.e¡·�ÏLA�¢~5`²ù«�{.

~2.1.1. ¦)e��5�§|
3x1 +2x2− x3 = 6 (1)

x1 +3x2 +2x3 = 9 (2)

2x1− x2 +3x3 = 3 (3)

). ·�3¥ÆÆL
¦)ùa�§��{. ÙÄ�g�´,ln��§¥�,

���§(X1���§)Ñu,ò,ü��§�,�Cþ(Xx1)��.KC���

ùü��§Ñ´���g�§. =ò��n��g�§|z������g�

§|¦). aq/,���g�§|q�±z����g�§. 2^£���{

¦Ñ¤kC��).é�~,�
;�©ê$�,·�kòn��§p�
x1 +3x2 +2x3 = 9 (4)

2x1− x2 +3x3 = 3 (5)

3x1 +2x2− x3 = 6 (6)

ò1(4)��§©O¦−2�−3,2©O\�1(5)�1(6)��§=��
ùü

��§¥�Cþx1: 
x1 +3x2 +2x3 = 9 (7)

−7x2− x3 =−15 (8)

−7x2−7x3 =−21 (9)

2ò1(8)��§¦−1\�1(9)��§�
x1 +3x2 +2x3 = 9 (10)

−7x2− x3 =−15 (11)

6x3 = 6 (12)

u´,·�ò�5��§|z���n�.��§|.l�§(12)�x3 = 1,òx3 =

1�\�§(11)�x2 = 2. 2òx2 = 2, x3 = 1�\�§(10)�x1 = 1. ù�L§¡�£

�.dd,��§|�)�

x1 = 1, x2 = 2, x3 = 1.
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lþã¦)�5�§|�L§�±wÑ,·�Ì�é�§�
Xen«Ä

�C�:

1. ��ü��§;

2. ,��§¦���"~ê;

3. ,�§¦��"~ê\�,���§.

·�¡ùn«C���§�Ð�C�,¿©O^PÒ(i) ↔ ( j)(1i��§�1 j�

�§��), λ (i)(1i��§¦�"~êλ ), λ (i)→ ( j)(1i��§¦λ\�1 j��

§)L«.²Lþãn«C�,·��±ò��5�§|z�n�/(½�F/)�

�5�§|,��|^£�{¦Ñ¤kCþ.�e5,·�2Þü�~f.

~2.1.2. )�5�§| 

x1 +2x2 +3x3 +4x4 =−3

x1 +2x2 −5x4 = 1

2x1 +4x2−3x3 −19x4 = 6

3x1 +6x2−3x3 −24x4 = 7

). ·�±{P/ªL«¦)L§.

x1 +2x2 +3x3 +4x4 =−3 (1)

x1 +2x2 −5x4 = 1 (2)

2x1 +4x2−3x3 −19x4 = 6 (3)

3x1 +6x2−3x3 −24x4 = 7 (4)

−1(1)→(2),−2(1)→(3)−−−−−−−−−−−−−→
−3(1)→(4)



x1 +2x2 +3x3 +4x4 =−3 (5)

−3x3−9x4 = 4 (6)

−9x3−27x4 = 12 (7)

−12x3−36x4 = 16 (8)

−3(6)→(7)−−−−−−→
−4(6)→(8)

x1 + x2 +3x3 +4x4 =−3 (9)

−3x3−9x4 = 4 (10)
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3�����§|¥,du�ü��§�0 = 0,����.Ïd,C����§|

�dü��§|¤. d����§��, x3�x4���±3ê�F¥?¿��.Ø

��x4 = t2,Kx3 =−
4
3
−3t2.
dc���§�x1�x2���±3ê�F¥?¿�

�,Ø��x2 = t1.òx2,x3,x4�\c���§�x1 = 1−2t1 +5t2.Ïd,��§|k

õ|),Ù)���L«/ª�

x1 = 1−2t1 +5t2

x2 = t1

x3 =−
4
3
−3t2

x4 = t2

t1, t2 ∈ F ?¿��

~2.1.3. )�5�§| 
x1− x2 + x3 = 1

x1− x2− x3 = 3

2x1−2x2− x3 = 3.

). 
x1− x2 + x3 = 1 (1)

x1− x2− x3 = 3 (2)

2x1−2x2− x3 = 3. (3)

−1(1)→(2)−−−−−−→
−2(1)→(3)


x1− x2 + x3 = 1 (4)

−2x3 = 2 (5)

−3x3 = 1. (6)

− 3
2 (5)→(6)
−−−−−−→


x1− x2 + x3 = 1 (7)

−2x3 = 2 (8)

0 =−2. (9)

�����§|������§0 = −2´��gñ�§, Ïd��§|Ã

).

'uGauss��¦)�5�§|�k��Ä�¯K�)û,=

��5�§|�²LÐ�C����5�§|´Äk�Ó�)?
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XJü��5�§|k�Ó�),K·�¡§��Ó)�§|. éw,,�

�5�§|�)�½´C����5�§|�). ��L5(Ø´Ä¤á? ²

LC����5�§|´Ä¬�)/O�0? �£�ù�¯K,·��I�	n

�Ð�C�´Äò��§|z�Ó)�§|.w,,p��§��§|�)ØC.

ò,��§¦���"~êλ�Ø¬UC�§|�),Ï�òù��§¦λ−1�

����§.é1n�Ð�C�λ (i)→ ( j),���§|�



l1 = b1

. . . . . .

li = bi

. . . . . .

lm = bm

Ù¥li(x1, . . . ,xn) := ai1x1 +ai2x2 + . . .+ainxn.C����§|�



l1 = b1

. . . . . .

λ li + l j = λbi +b j

. . . . . .

lm = bm

�x1 = c1,x2 = c2, . . . ,xn = cn´C���§|�). Kli(c1,c2, . . . ,cn) = bi,

1 ≤ i ≤ m, i 6= j, �λ li(c1,c2, . . . ,cn) + l j(c1,c2, . . . ,cn) = λbi + b j. u´�

kl j(c1,c2, . . . ,cn) = b j. l
x1 = c1,x2 = c2, . . . ,xn = cn�´��§|�). dd,·

�k±e(Ø.

·K2.1.1. n«Ð�C�ò�5�§|C�Ó)�5�§|,ÏdØ¬�)O�.

§2.2 Gauss ���Ý
L«

*	Gauss��{)�5�§|�L§, Ù¥�C�¿Øë�$�, �´C

��Xê�~ê�ë�$�,Ïd�±��C���Ò.ù����5�§|�

±L«¤��Ý/L��/ª,·�¡��Ý
.��Ý
´deZ19eZ�
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�ê�¤�Ý/
�.~X,�5�§|(2.1)�±L«�Ý
/ª:
a11 a12 . . . a1n b1

a21 a22 . . . a2n b2

. . . . . . . . . . . . . . .

am1 am2 . . . amn bm

 (2.2)

Ù¥�)Ò´�
L«Ý
´���N.¡Ý
(2.2)��5�§|(2.1)�O2Ý


,
Ý
(2.2)�m19cn��¤�Ý
¡��5�§|(2.1)�XêÝ
. N´

*	�,�5�§|(2.1)�1i��§�ÐéAÝ
(2.2)�1i1.ù�é�5�§

|�Ð�C��dué�AÝ
�1��Ó�Ð�C�.éAÝ
�n�Ð�

1C��:

1 p�Ý
�ü1;

2 ò,1¦���"~ê;

3 ò,1¦���"~ê\�,�1.

·�©O^±ePÒL«Ý
�n�Ð�1C�: ri ↔ r j(p�1i�1 jü1),

λ ri(1i1¦�"~êλ ), λ ri → r j(1i1¦λ\�1 j1). |^Ý
�Ð�1C�,

òÝ
z�n�½�F/ª�Ý
,Ò�±¦Ñ�§|�)
.e¡·�ÞA�

~f\±`².

~2.2.1. ­#�	~3.1.1.ÙGauss���Ý
/ªXe:

). 
3 2 −1 6

1 3 2 9

2 −1 3 3

 r1↔r2−−−→
r2↔r3


1 3 2 9

2 −1 3 3

3 2 −1 6

 −2r1→r2−−−−−→
−3r1→r3


1 3 2 9

0 −7 −1 −15

0 −7 −7 −21

 −r2→r3−−−−→


1 3 2 9

0 −7 −1 −15

0 0 6 6

 1
6 r3−−→


1 3 2 9

0 −7 −1 −15

0 0 1 1

 r3→r2−−−−−→
−2r3→r1


1 3 0 7

0 −7 0 −14

0 0 1 1

 − 1
7 r2−−−→


1 3 0 7

0 1 0 2

0 0 1 1

 −3r2→r1−−−−−→


1 0 0 1

0 1 0 2

0 0 1 1


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u´��5�§|�)�x1 = 2,x2 = 2,x3 = 1.

~2.2.2. )�5�§| 

x1 +x2 + x3 + x4 + x5 = 0

3x1 +2x2 + x3 + x4−3x5 = 0

x2 +2x3 +2x4 +6x5 = 0

5x1 +4x2 +3x3 +3x4− x5 = 0

). 
1 1 1 1 1

3 2 1 1 −3

0 1 2 2 6

5 4 3 3 −1


−3r1→r2−−−−−→
−5r1→r4


1 1 1 1 1

0 −1 −2 −2 −6

0 1 2 2 6

0 −1 −2 −2 −6



r2→r3−−−−→
−r2→r4


1 1 1 1 1

0 −1 −2 −2 −6

0 0 0 0 0

0 0 0 0 0


Ïd��§|�du  x1 + x2 + x3 + x4 + x5 = 0

x2 +2x3 +2x4 +6x5 = 0

-x3 = t1, x4 = t2, x5 = t3,�x1 = t1 + t2 +5t3, x2 =−2t1−2t2−6t3.=��§|�)�:

x1 = t1 + t2 +5t3

x2 =−2t1−2t2−6t3

x3 = t1

x4 = t2

x5 = t3

t1, t2, t3 ∈ F

~2.2.3. )�5�§| 
3x1−2x2 +5x3 +4x4 = 2

6x1−7x2 +4x3 +3x4 = 3

9x1−9x2 +9x3 +7x4 =−1
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). 
3 −2 5 4 2

6 −7 4 3 3

9 −9 9 7 −1

 −2r1→r2−−−−−→
−3r1→r3


3 −2 5 4 2

0 −3 −6 −5 −1

0 −3 −6 −5 −7


−r2→r3−−−−→


3 −2 5 4 2

0 −3 −6 −5 −1

0 0 0 0 −6


l����Ý
����1wÑ,��§|Ã).

lþ¡�~f�±w�,Ý
/ª�Gauss����þ´éÝ
�1�ü�

Ä�$�: (1)ü1�\; (2),1¦���"~ê. 
Ý
�z�1Ñ�±À�

��n+1�ê|�þ,ÏdGauss��Ò´éÝ
�1�þ��5$�,C���

Ý
�1�þÑ´�Ý
1�þ��5|Ü.�§|�)��±�¤�
�þ

��5|Ü,�Ù¥·�ò�§|�)�¤��þ/ª. ~X,~ (2.2.2)¥�§

|�)�±�¤: 

x1

x2

x3

x4

x5


=



1

−2

1

0

0


t1 +



1

−2

0

1

0


t2 +



5

−6

0

0

1


t3,

Ù¥t1, t2, t3�ëê.

§2.3 ���5�§|�Gauss ��{

lcü!�~fwÑ, �5�§|�)kn«�¹: ��), õ)(Xê

�FÃ�,KkÃ¡õ))9Ã).�!·�é����5�§|�ÑGauss��

�L§,¿dd�ä�5�§|)�á5,=k��)!õ)�´Ã).

§2.3.1 �{£ã

�½�5�§|(2.1)½ÙÝ
/ª(2.2),·�kò§z�n�/(½�F/).

Äk, ai1, i = 1,2, . . . ,m¥��k���"��,ÄK��§|Ø¹Cþx1.Ï

L1���, Ø��a11 6= 0. éÝ
(2.2)�XeÐ�1C�: −a−1
11 ai1 r1 → ri, i =

2,3, . . . ,m,KÝ
(2.2)C�
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
a11 a12 . . . a1n b1

0 a(1)22 . . . a(1)2n b(1)2

. . . . . . . . . . . . . . .

0 a(1)m2 . . . a(1)mn b(1)m


XJa(1)i2 , i = 2,3, . . . ,m��",K?�Ú�	a(1)i3 , i = 2,3, . . . ,m´Ä��".b

� j2´÷vXe^��eI:¦�a(1)i j , i = 2,3, . . . ,m, j = 2, . . . , j2−1��",�a(1)i j2 ,

i = 2,3, . . . ,m¥��k���". ÏL1�p�,Ø��a(1)2 j2 6= 0. éþãÝ
�1

C�−(a(1)2 j2)
−1a(1)i j2 r2→ ri, i = 3, . . . ,m,KÝ
?�Úz�

a11 . . . . . . . . . . . . . . . . . . . . . a1n b1

0 . . . 0 a(1)2 j2 . . . . . . . . . . . . a(1)2n b(1)2

0 . . . . . . 0 . . . 0 a(2)3 j3 . . . a(2)3n b(2)3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 . . . . . . 0 . . . 0 a(2)m j3 . . . a(2)mn b(2)m


þãL§�±��?1e�,��Ý
C�Xe�F/Ý




c11 . . . . . . . . . . . . . . . . . . . . . c1n d1

0 . . . 0 c2 j2 . . . . . . . . . . . . c2n d2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . 0 cr jr . . . crn dr

0 . . . . . . . . . . . . . . . . . . . . . 0 dr+1

0 . . . . . . . . . . . . . . . . . . . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . . . . . . . . . . 0 0


(2.3)

Ù¥c11,c2 j2 , . . . ,cr jrþ�". ·�¡þã/ª�Ý
��{/ª½IO/ª. �

Ý
z��{/ª�,·�Ò�±dd�ä��5�§|)�á5,¿�ÑÙÏ

).

§2.3.2 �5�§|)�á5

|^Ý
��{/ª(2.3),·�é�B���5�§|�)�3!��9k

õ�)�^�.

½n2.3.1. �5�§|(2.1)�)�á5Xe:

1. �dr+1 6= 0�,�5�§|(2.1)Ã).
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2. �dr+1 = 0�r = n�,�5�§|(2.1)k��).

3. �dr+1 = 0�r < n�,�5�§|(2.1)kõ).

y². (1)�dr+1 6= 0�,Ý
(2.3)�1r+ 11L«�§0 = dr+1. d�,��5�§

|Ã).

(2)�dr+1 = 0�r = n�,Ý
(2.3)äk/ª

c11 . . . . . . . . . c1n d1

0 c22 . . . . . . c2n d2

. . . . . . . . . . . . . . . . . .

0 . . . . . . 0 cnn dn

0 . . . . . . . . . 0 0

. . . . . . . . . . . . . . . . . .

0 . . . . . . . . . 0 0


éþãÝ
�1C�: −c−1

j j ci j r j → ri, i = 1,2, . . . , j− 1, j = n,n− 1, . . . ,2. KÝ
C

� 

c11 0 . . . . . . 0 d̃1

0 c22 0 . . . 0 d̃2

. . . . . . . . . . . . . . . . . .

0 . . . . . . 0 cnn d̃n

0 . . . . . . . . . 0 0

. . . . . . . . . . . . . . . . . .

0 . . . . . . . . . 0 0


l
,��5�§|(2.1)k��): x1 = d̃1/c11, . . . ,xn = d̃n/cnn.

(3)�dr+1 = 0�r < n�,Ý
(2.3)éA��5�§|�



c11x1+c12x2 + . . . . . . . . . +c1nxn = d1

c2 j2x j2+ . . . . . . +c2nxn = d2

. . . . . . . . . . . .

cr jr x jr+ . . . +crnxn = dr

3þã�§|¥,òx j1 , . . . ,x jr( j1 = 1)À�Cþ,
Ù{x j(�n−r�)À�ëê.
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u´þã�§|�±U��

c11x1+c1 j2x j2+ . . . . . .+c1 jr x jr = d1− c12x2− . . .− c1nxn

c2 j2x j2+ . . . . . .+c2 jr x jr = d2− c23x3− . . .− c2nxn

. . . . . . . . . . . . . . .

cr jr x jr = dr− cr jr+1x jr+1− . . .− crnxn

^t1, · · · , tn−rL«n− r�Õáëê. Kd(2)�, éu�½��|ëê�,þã�§

|�)��.¦)þã�§|,���5�§|(2.1)�)äkXe/ª

x1 = α11t1 + . . .+α1,n−rtn−r +β1

x2 = α21t1 + . . .+α2,n−rtn−r +β2

. . . . . . . . .

xn = αn1t1 + . . .+αn,n−rtn−r +βn

(2.4)

½ö�¤�þ/ª

x = α1t1 + . . .+αn−rtn−r +β , (2.5)

Ù¥

x =


x1

x2
...

xn

 , αi =


α1i

α2i
...

αni

 , i = 1,2, . . . ,n− r, β =


β1

β2
...

βn

 .

·�¡(2.4)��5�§|(2.1)�Ï). òëCþt1, · · · , tn−r �½�|��

\(2.4)���)¡���A). duëCþ�±?¿��, d��5�§

|(2.1)kõ).

éuàg�5�§|,duokdr+1 = 0,��5�§|ok),AO/, x1 =

0, . . . ,xn = 0Ò´àg�5�§|��|),·�¡��")½²�).àg�5

�§|��")¡��²�).

íØ2.3.1. àg�5�§|k�")�¿�^��r < n.

y². �r = n�,�àg�5�§|k��)–"). �r < n�,�àg�5�§

|kõ),Ï
k�").

íØ2.3.2. em < n,Kàg�5�§|�½k�").
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y². dur ≤ m < n,díØ 2.3.1,(Ø¤á.

lþãØy�±wÑ, �{/ª(2.3)¥��êr´���~­��þ. §L

«
�5�§|(2.1)Õá�§��ê,¿�û½
)8�/��0.

~2.3.1. �λ�Û��,e��5�§|k),¿¦ÙÏ).
2x1− x2 + x3 + x4 = 1

x1 +2x2− x3 +4x4 = 2

x1 +7x2−4x3 +11x4 = λ

). 
2 −1 1 1 1

1 2 −1 4 2

1 7 −4 11 λ

 r1↔r2−−−→


1 2 −1 4 2

2 −1 1 1 1

1 7 −4 11 λ

 −2r1→r2−−−−−→
−r1→r3


1 2 −1 4 2

0 −5 3 −7 −3

0 5 −3 7 λ −2

 r2→r3−−−→


1 2 −1 4 2

0 −5 3 −7 −3

0 0 0 0 λ −5


Ïd,�λ = 5���5�§|k).d�,��§|�du x1 +2x2− x3 +4x4 = 2

−5x2 +3x3−7x4 =−3

-x3 = t1, x4 = t2,)� 

x1 =−
1
5

t1−
6
5

t2 +
4
5

x2 =
3
5

t1−
7
5

t2 +
3
5

x3 = t1

x4 = t2

t1, t2 ∈ F

½�¤�þ/ª 
x1

x2

x3

x4

=


−1

5
3
5

1

0

+


−6

5

−7
5

0

1

+


4
5
3
5

0

0

 .

·�y3£Þww�ÙmÞJÑ�A�Ä�¯K:
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1. )��35���5¯K®)û;

2. ¦)�{±9Ï)�L�/ª®)û.

·��IUYïÄ�5�§|�úª)!Gauss���Ý
L«±9)�AÛ(

�.ù
¯Kò3�1nÙ!1oÙ�1ÊÙ)û.

'u�5�§|�)8�AÛ(�¯K,·�kén = 3��/��:ÐÚ

�©Û.éun = 3,duz��§L«n��m¥���²¡,Ïd�§|�)

8ò´�
²¡��8.Ïd)8�±´��²¡,�^��,��:½�8.ù

p, r(Õá�§��ê)´û½)8/��0(=´²¡,�´���´:)����

~­��þ!

�,·�)û
�5�§|�)�á5(�35,��5�)¯K±9¦)�

{,�´·�´é��5�§|�
�X�Ð�C�ò§z¤�F/�§|�

2�ä,¦).UÄØ�Ð�C�,��l��5�§|Ñu�ä)�á5,¿�

Ñ�5�§|�)?�d,·�­#JÑ±eA�#�¯K:

1. XÛl��§|���O)��35!��59õ)5?

2. XÛl��§|��(½r?

3. r´Ä��?

4. )8����rkÛ'X?

5. ��l��§¼�úª).

�ïÄ�5�§|�úª),·�òÚ\1�ª�Vg.�ïÄ�5�§|

)�á5(�35,��5�)9)8�(�,·�òÚ\�5�m�Vg�k'

nØ.�ïÄ�5�§|¦),·�òÚ\Ý
�$�(AO´¦{$�).±þ¯

KòÚÑ·�±e�Ù�SN,·�^e�ã/L«:

1�ª Ý
 �5�m

�5�§|

? ? ?
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��£:5ÊÙ�â6

5ÊÙ�â6́ ·I���ÜêÆ;Í,¤Öuú��­V,�öØ�.ÜÇ

Üñ!ñÆ��LOÖ��n,�A�Ï4 (ú�225c-295c)�5ÊÙ6�5,

¡�5ÊÙ�â56.

5ÊÙ�â6�Â8
246�A^¯KÚ�«¯K�){,©Oäáu�X!

��!P©!�2!ûõ!þÑ!JØv!�§!��ÊÙ.5ÊÙ�â6XÚ/

o(
·Ilk��ÀÇ�êÆ¤Ò.Ù¥Kê!©êO�,éá�g�§(�5

�§|)){�Ñ´äk­.¿Â�êÆ¤Ò.

3Ü�, �5�§|�ïÄ´317­V�Ïd4ÙZ]mM�, 18­

VGaussJÑ
¦)�5�§|�Gauss��{, Ù���5ÊÙ�â6´�Ó

�.¥I3�5�§|�ïÄ'Ü�@1500{c.

SK�

1. )e��5�§|

(1)



x1 + x2−3x3 =−1

2x1 + x2−2x3 = 1

x1 + x2 + x3 = 3

x1 +2x2−3x3 = 1

(2)



x1−2x2 +3x3−4x4 = 4

x2− x3 + x4 =−3

x1 +3x2−3x4 = 1

−7x2 +3x3 + x4 =−3

(3)



2x1 +3x2− x3 + x4 = 1

8x1 +12x2−9x3 +8x4 = 3

4x1 +6x2 +3x3−2x4 = 3

2x1 +3x2 +9x3−7x4 = 3

(4)


2x1 +4x2−6x3 + x4 = 2

x1− x2 +4x3 + x4 = 1

− x1 + x2− x3 + x4 = 0

(5)



2x1−3x2 +7x3 +5x4 = 7

x1− x2 + x3− x4 = 1

x1 + x2−8x3 + x4 = 0

4x1−3x2 +5x4 = 0

(6)



3x1−5x2 + x3−2x4 = 0

2x1 +3x2−5x3 + x4 = 0

− x1 +7x2−4x3 +3x4 = 0

4x1 +15x2−7x3 +9x4 = 0
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(7)



x1 + x2−3x4− x5 = 0

x1− x2−2x3− x4 = 0

4x1−2x2 +6x3 +3x4−4x5 = 0

2x1 +4x2−2x3 +4x4−7x5 = 0

2. �a�Û��,e��5�§|k)?k)�¦Ñ§�Ï).

(1)


3x1 +2x2 + x3 = 2

x1− x2−2x3 =−3

ax1−2x2 +2x3 = 6

(2)


x1−4x2 +2x3 =−1

− x1 +11x2− x3 = 3

3x1−5x2 +7x3 = a

3. a�Û��,eã�5�§|k��)? a�Û��,d�§|Ã)?
x1 + x2 + x3 = 3

x1 +2x2−ax3 = 9

2x1− x2 +3x3 = 6

4. ¦ngõ�ª f (x) = ax3 +bx2 + cx+d,¦y = f (x)�ã�²L±e4�::

A(1,2), B(−1,3),C(3,0), D(0,2).

5. ¦ngõ�ª f (x) = ax3 +bx2 + cx+d÷v

f (0) = 1, f (1) = 2, f ′(0) = 1, f ′(1) =−1.

6. �½�5�§| 
x1 +2x2−3x3 +4x4 = 2

2x1 +5x2−2x3 + x4 = 1

3x1 +8x2− x3−2x4 = 0

ò~ê�U�"��,���§|,¦)ùü��§|,¿ïÄùü��§

|)�m�'X.éÙ§�§|�aq�?Ø.

7. Ë�ïÆ,ÃÔ� ÌzU��¹100ü ��x�, 200ü �0, 50ü 

���. ,ÃÔûAÑÈo« ¬A,B,C,D. ùo« ÔzZ�¹�x�!
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0!���¹þ(ü )Xe

 Ô �x� 0 ��

A 5 20 2

B 4 25 2

C 7 10 10

D 10 5 6

¯´Ä�±·þ��þão« ¬,÷vË��ïÆ.



1nÙ 1�ª

1�ª�Vg�@Ñyu�5�§|�¦),§´dF�êÆ['�Ú9

�IêÆ[4ÙZ]u�Ô­V"ÏJÑ,y®¤��5�ê�Ä�óä��.

1�ª3�IC�!õ­È©¥�CþO�!�g.9õ�õ�ª���k­

��A^.�Ùò0�1�ª�½Â!Ä�5�±91�ª�O�.��1�ª

�A^,·�ò�Ñ¦)�5�§|úª)�Cramer{K.

§3.0 1�ª�Ú\

·�l¦�5�§|�úª)\Ã.�	n�C��n��§��5�§|

a11x1 +a12x2 + · · ·+a1nxn = b1

a21x1 +a22x2 + · · ·+a2nxn = b2

. . . . . . . . . . . . . . . . . .

an1x1 +an2x2 + · · ·+annxn = bn

(3.1)

�úª).

�n = 2�,þã�5�§|z�a11x1 +a12x2 = b1

a21x1 +a22x2 = b2.

ò1���§¦a22~�1���§¦a12�

(a11a22−a12a21)x1 = b1a22−b2a12.

aq/,ò1���§¦a11~�1���§¦a21�

(a11a22−a12a21)x2 = b2a11−b1a21.

Ïd,�a11a22−a12a21 6= 0�,�§|k��)
x1 =

b1a22−b2a12

a11a22−a12a21

x2 =
b2a11−b1a21

a11a22−a12a21

Ú\PÒ∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣= a11a22−a12a21,

∣∣∣∣∣b1 a12

b2 a22

∣∣∣∣∣= b1a22−b2a12,

∣∣∣∣∣a11 b1

a21 b2

∣∣∣∣∣= b2a11−b1a21.

63
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K���5�§|�úª)�±{'/L«�

x1 =

∣∣∣∣∣b1 a12

b2 a22

∣∣∣∣∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣
, x2 =

∣∣∣∣∣a11 b1

a21 b2

∣∣∣∣∣∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣
.

·�¡þª¥�©f�©1���1�ª. ��1�ª��±À�2× 2�Ý


�1�ª.��/,�Ý


A =

(
a1 a2

b1 b2

)
KA�1�ª(P�det(A)½|A|)�

det(A) =

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣= a1b2−a2b1.

e¡·�ïÄn��5�§|�úª).�Än��5�§|
a11x1 +a12x2 +a13x3 = b1

a21x1 +a22x2 +a23x3 = b2

a31x1 +a32x2 +a33x3 = b3

ò1���§¦A1,1���§¦A2,1n��§¦A3,,��\�

(a11A1 +a21A2 +a31A3)x1 +(a12A1 +a22A2 +a32A3)x2+

(a13A1 +a23A2 +a33A3)x3 = b1A1 +b2A2 +b3A3.

�
��C�x2�x3,-

a12A1 +a22A2 +a32A3 = 0, a13A1 +a23A2 +a33A3 = 0.

òþªU�¤'uA1,A2��5�§|a12A1 +a22A2 =−a32A3

a13A1 +a23A2 =−a33A3

)�

A1 =

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣
A3, A2 =−

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣
A3.
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Ïd,-

A1 =

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣ , A2 =−

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣ , A3 =

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣ .
=� (

a11

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−a21

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣+a31

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣
)

x1

= b1

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−b2

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣+b3

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣ .
Ú?PÒ ∣∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ := a11

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−a21

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣+a31

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣
∣∣∣∣∣∣∣∣
b1 a12 a13

b2 a22 a23

b3 a32 a33

∣∣∣∣∣∣∣∣ := b1

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−b2

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣+b3

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣ .

K�

x1 =

∣∣∣∣∣∣∣∣
b1 a12 a13

b2 a22 a23

b3 a32 a33

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
aq��

x2 =

∣∣∣∣∣∣∣∣
a11 b1 a13

a21 b2 a23

a31 b3 a33

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
, x3 =

∣∣∣∣∣∣∣∣
a11 a12 b1

a21 a22 b2

a31 a32 b3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
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Ù¥ ∣∣∣∣∣∣∣∣
a11 b1 a13

a21 b2 a23

a31 b3 a33

∣∣∣∣∣∣∣∣ :=−b1

∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣+b2

∣∣∣∣∣a11 a13

a31 a33

∣∣∣∣∣−b3

∣∣∣∣∣a11 a13

a21 a23

∣∣∣∣∣ .
∣∣∣∣∣∣∣∣
a11 a12 b1

a21 a22 b2

a31 a32 b3

∣∣∣∣∣∣∣∣ := b1

∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣−b2

∣∣∣∣∣a11 a12

a31 a32

∣∣∣∣∣+b3

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ .
x1,x2,x3�©f�©1þ¡�n�1�ª.�±w�,n�1�ªÑ�±L���

�1�ª�¦Ú/ª,¿�´U,��?1Ðm���.

|^8B{, ��/n��5�§|(3.1)�úª)�±L«�ü�n�1�

ª�',
n�1�ª�±L«�n−1�1�ª¦Ú�/ª.âd,·�^48�

�ªÚ\n�1�ª�½Â.

§3.1 1�ª�½Â

��1ê��ê���Ý
¡���
,dn1�n�|¤��§A = (ai j)¡

�n��
,Ù¥ai jL« �(i, j)���.dc�!�?Ø,·��±^48��

ª½Â�
A�1�ª.

½Â3.1.1. n��
A = (ai j)�1�ªÏ~P�

det(A) ½

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
.

�n = 1�, det(A)½Â�a11.�n≥ 2�, det(A)48/½Â�

det(A) :=
n

∑
i=1

(−1)i+1ai1Mi1 =
n

∑
i=1

ai1Ai1, (3.2)

Ù¥

Mi j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1, j−1 a1, j+1 · · · a1n
... · · ·

...
... . . .

...

ai−1,1 · · · ai−1, j−1 ai−1, j+1 · · · ai−1,n

ai+1,1 · · · ai+1, j−1 ai+1, j+1 · · · ai+1,n
... · · ·

...
... . . .

...

an1 · · · an, j−1 an, j+1 · · · ann,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (3.3)
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=Mi j´íØA�1i1�1 j�¤�n− 1��
�1�ª, ¡�1�ªdet(A)��

�ai j�{fª, Ai j = (−1)i+ jMi j¡�ai j��ê{fª. ½Â (3.2)L²,��n�1

�ª�L«�1������éA�ê{fª(n− 1�1�ª)¦È�Ú. w,,

2�Ú3�1�ª�½Â�þ�!¥Ú\�½Â´���.

~3.1.1. O�1�ª

∣∣∣∣∣∣∣∣
2 1 0

1 2 1

0 1 2

∣∣∣∣∣∣∣∣.
): ∣∣∣∣∣∣∣∣

2 1 0

1 2 1

0 1 2

∣∣∣∣∣∣∣∣= 2×

∣∣∣∣∣2 1

1 2

∣∣∣∣∣−1×

∣∣∣∣∣1 0

1 2

∣∣∣∣∣+0×

∣∣∣∣∣1 0

2 1

∣∣∣∣∣
= 2× (2×2−1×1)−1× (1×2−0×1) = 2×3−2 = 4.

~3.1.2. y²:∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣= a11a22a33 +a12a23a31 +a13a21a32−a11a23a32−a12a21a33−a13a22a31.

y². ∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣= a11

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−a21

∣∣∣∣∣a12 a13

a32 a33

∣∣∣∣∣+a31

∣∣∣∣∣a12 a13

a22 a23

∣∣∣∣∣
= a11(a22a33−a23a32)−a21(a12a33−a13a32)+a31(a12a23−a13a32)

= a11a22a33−a11a23a32−a21a12a33 +a21a13a32 +a31a12a23−a31a13a32

= a11a22a33 +a12a23a31 +a13a21a32−a11a23a32−a12a21a33−a13a22a31.

lþ�±w�, n�1��Ðmª¥o�k6�, z���äk/ªa1 j1a2 j2a3 j3 ,

Ù¥ j1, j2, j3´1,2,3���ü�. �( j1 j2 j3) = (123),(231),(312)�, éA��ÎÒ

��. �( j1 j2 j3) = (132),(213),(321)�, éA��ÎÒ�K. ¢Sþ, ùØ´ó,

�.�¡·�òw�,��n�1�ªkaq�Ðm/ª.

~3.1.3. y²: ∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

0 a22 · · · a2n
...

...
. . .

...

0 · · · 0 ann

∣∣∣∣∣∣∣∣∣∣∣
= a11a22 · · ·ann.
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AO/, ∣∣∣∣∣∣∣∣∣∣∣

a11 0 · · · 0

0 a22 · · · 0
...

...
. . .

...

0 0 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
= a11a22 · · ·ann,

∣∣∣∣∣∣∣∣∣∣∣

1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣
= 1.

y². �â1�ª�½Â,∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

0 a22 · · · a2n
...

...
. . .

...

0 · · · 0 ann

∣∣∣∣∣∣∣∣∣∣∣
= a11

∣∣∣∣∣∣∣∣∣∣∣

a22 a23 · · · a2n

0 a33 · · · a3n
...

...
. . .

...

0 · · · 0 ann

∣∣∣∣∣∣∣∣∣∣∣
= . . . . . .= a11a22 · · ·ann.

31�ª�½Â¥, n�1�ª´Uì1����Ðm¤n�n− 1�1�ª

�Ú.¢Sþ,1�ª��±Uì?¿��Ðm,·�k

½n3.1.1. �A = (ai j)n×n�n��
.Ké�½�k(1≤ k ≤ n)k

det(A) =
n

∑
i=1

aikAik =
n

∑
i=1

(−1)i+kaikMik, (3.4)

=1�ª�±U?¿�1k�Ðm.

y². é1�ª��ên^êÆ8B{. N´�y, 2�1�ªU1��Ðm�U

1��Ðm(J�Ó.yb�(Øén−1¤á,=n−1�1�ªU?¿��Ðm

(J�Ó.·��y(Øén�1�ª�¤á.

�½2≤ k≤ n,^Di jL«íØA�11,k��1i, j1¤�n−2�Ý
�1�ª,

Kw,kDi j = D ji. �y²(3.4),·�ò�ªü>ÑÐm¤n− 2�1�ªDi j�Ú

�/ª.

Äk,d1�ª�½Â,

det(A) =
n

∑
i=1

(−1)i+1ai1Mi1.

d8Bb�,òn−1�1�ªMi1U1k−1�Ðm

Mi1 =
i−1

∑
j=1

(−1) j+(k−1)a jkDi j +
n

∑
j=i+1

(−1)( j−1)+(k−1)a jkDi j.
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Ïd

det(A) =
n

∑
i=1

(−1)i+1ai1Mi1

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+kai1a jkDi j +
n

∑
i=1

n

∑
j=i+1

(−1)i+ j+k−1ai1a jkDi j

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+kai1a jkDi j +
n

∑
j=1

j−1

∑
i=1

(−1)i+ j+k−1ai1a jkDi j (3.5)

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+k(ai1a jk−a j1aik)Di j.

Ù¥é1�11��ªf¥¦ÚÒ∑
n
i=1 ∑

n
j=i+1?1��C¤
∑

n
j=1 ∑

j−1
i=1 ,
é1

n11��ªf��Ii, j�é�¿�1��ªfÜ¿�¤
1o1�ªf.

,��¡,òn−1�1�ªMikU1��Ðm�

Mik =
i−1

∑
j=1

(−1) j+1a j1Di j +
n

∑
j=i+1

(−1) ja j1Di j.

Ïd,

n

∑
i=1

(−1)i+kaikMik

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+k+1aika j1Di j +
n

∑
i=1

n

∑
j=i+1

(−1)i+ j+kaika j1Di j

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+k+1aika j1Di j +
n

∑
j=1

j−1

∑
i=1

(−1)i+ j+kaika j1Di j (3.6)

=
n

∑
i=1

i−1

∑
j=1

(−1)i+ j+k(ai1a jk−a j1aik)Di j.

'�(3.5)�(3.6)üª=�(Ø¤á.½ny..

~3.1.4. y² ∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
...

... . . .

an−1,1 an−1,2

an1

∣∣∣∣∣∣∣∣∣∣∣
= (−1)

n(n−1)
2 an1an−1,2 · · ·a1n.
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y². ò1�ªÅgU1n,n−1, . . . ,2�Ðm�∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
...

... . . .

an−1,1 an−1,2

an1

∣∣∣∣∣∣∣∣∣∣∣
= (−1)n+1a1n

∣∣∣∣∣∣∣∣∣∣∣

a21 a22 · · · a2,n−1
...

... . . .

an−1,1 an−1,2

an1

∣∣∣∣∣∣∣∣∣∣∣
= . . . . . .= (−1)(1+n)+n+...+3a1na2,n−1 · · ·an1 = (−1)

n(n−1)
2 an1an−1,2 · · ·a1n.

1�ªØ=�±U�Ðm,��±U1Ðm.¯¢þ,·�k

½n3.1.2. �A = (ai j)�n��
.K

det(A) =
n

∑
j=1

ak jAk j =
n

∑
j=1

(−1)k+ jak jMk j, 1≤ k ≤ n. (3.7)

y². Ø��k = 1.·�I�y²:
n

∑
j=1

(−1) j+1a1 jM1 j =
n

∑
i=1

(−1)i+1ai1Mi1. (3.8)

én^êÆ8B{. �n = 1,2�,´�y(Ø¤á. yb�(Øén−1�1�

ª¤á,·��y(Øén�1�ª¤á.

^Di jL«íØ111,1i1,11�,1 j�¤���n−2�f1�ª.��¡,

òM1 jU1��Ðm�

M1 j =
n

∑
i=2

(−1)iai1Di j, j = 2, . . . ,n.

Ïd,
n

∑
j=1

(−1) j+1a1 jM1 j = a11M11 +
n

∑
j=2

(−1) j+1a1 j

n

∑
i=2

(−1)iai1Di j

= a11M11 +
n

∑
i=2

n

∑
j=2

(−1)i+ j+1ai1a1 jDi j.

(3.9)

,��¡,d8Bb�,éMi1U1�1Ðm

Mi1 =
n

∑
j=2

(−1) ja1 jDi j.

Ïd,
n

∑
i=1

(−1)i+1ai1Mi1 = a11M11 +
n

∑
i=2

(−1)i+1ai1

n

∑
j=2

(−1) ja1 jDi j

= a11M11 +
n

∑
i=2

n

∑
j=2

(−1)i+ j+1ai1a1 jDi j.

(3.10)
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d (3.9)Ú (3.10)�, (3.8)ª�ü>��.y..

d½n 3.1.1�½n 3.1.2,1�ª=�±U?¿�1Ðm��±U?¿��

Ðm.¢Sþ, (3.4)ª�(3.7)ªÑ�±��1�ª�½Â.

½Â3.1.2. �A = (ai j)n×n�n��
,�½k(1 ≤ k ≤ n). A�1�ª det(A)�48½

ÂXe:�n = 1�, det(A) = a11;�n≥ 2�,

det(A) =
n

∑
i=1

(−1)i+kaikMik (3.11)

Ù¥Mik´aik�{fª.

½Â3.1.3. �A = (ai j)n×n�n��
,�½k(1 ≤ k ≤ n). A�1�ª det(A)�48½

ÂXe:�n = 1�, det(A) = a11;�n≥ 2�,

det(A) =
n

∑
j=1

(−1)k+ jak jMk j, (3.12)

Ù¥Mk j´ak j�{fª.

´�,þã½Â�½Â 3.1.1´�d�.

��,·�5ïÄ�e1�ª�AÛ¹Â.

3²¡���IXoxy¥,-�þ
−→
OA = (a11,a12),

−→
OB = (a21,a22).±OA,OB�ü

�>�²1o>/�OABC(Xã 3.1¤«). ò
−→
OB7�:O^��^=90◦���

þ
−−→
OB′ = (a22,−a21).K∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣= a11a22−a12a21 =
−→
OA ·
−−→
OB′

= |OA| |OB| cos∠B′OA = |OA| |OB| sin∠AOB = SOABC.

ùpSOABC´²1o>/�k(�ÎÒ)�¡È,§�ÎÒdsin∠AOB(½.Ïd,�

�1�ªÒ´±1�ª�ü�1�þ�>�²1o>/�k�¡È.

�e5,·�ïÄn�1�ª�AÛ¿Â.3�m���IXoxyz¥,�
−→
OA =

(a11,a12,a13),
−→
OB = (a21,a22,a23),

−→
OC = (a31,a32,a33)(Xã 3.2¤«).K∣∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣= a11

∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣−a12

∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣+a13

∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣=
(a11,a12,a13) ·

(∣∣∣∣∣a22 a23

a32 a33

∣∣∣∣∣ ,−
∣∣∣∣∣a21 a23

a31 a33

∣∣∣∣∣ ,
∣∣∣∣∣a21 a22

a31 a32

∣∣∣∣∣
)

=
−→
OA ·−→OB×−→OC =VOABC.
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O

A

C

B

x

y

B′

ã 3.1 ��1�ª�AÛ¿Â

Ù¥VOABC´±OA,OB,OC�c>�²18¡N�k�NÈ.ùÒ´n�1�ª�

AÛ¿Â.aq/�±��, n�1�ª´n��m¥±1�ª�1�þ�c>�

²1õCNNÈ.

O x

z

y
C

A
B

D

ã 3.2 n�1�ª�AÛ¿Â

§3.2 1�ª�5�

1�ªkéõ­��5�,ù
5�éun)1�ª�Vg!O�1�ª,

±91�ª�A^åX�'­���^.

½n3.2.1. 1�ªäke�5�:
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(1) ?¿�
�§�=��
(1�p�¤����
)�1�ª��,=∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

a11 a21 · · · an1

a12 a22 · · · an2
...

... · · ·
...

a1n a2n · · · ann

∣∣∣∣∣∣∣∣∣∣∣
.

(2) ���
A�,ü1,����
B÷vdet(B) =−det(A),=∣∣∣∣∣∣∣∣∣∣∣∣∣

· · · · · · · · · · · ·
aq1 aq2 · · · aqn

· · · · · · · · · · · ·
ap1 ap2 · · · apn

· · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣
=−

∣∣∣∣∣∣∣∣∣∣∣∣∣

· · · · · · · · · · · ·
ap1 ap2 · · · apn

· · · · · · · · · · · ·
aq1 aq2 · · · aqn

· · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(3) ò�
A�,�1¦±~êλ ,����
B÷vdet(B) = λ det(A),=∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

· · · · · · · · · · · ·
λak1 λak2 · · · λakn

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
= λ

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

· · · · · · · · · · · ·
ak1 ak2 · · · akn

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(4) e�
A�,�1´ü��þ�Ú,Kdet(A)�
¤ü�1�ª�Ú,=∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

· · · · · · · · · · · ·
b1 + c1 b2 + c2 · · · bn + cn

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

· · · · · · · · · · · ·
b1 b2 · · · bn

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

· · · · · · · · · · · ·
c1 c2 · · · cn

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(5) e�
Ak,ü1¤'~,Kdet(A) = 0.AO/,eAkü1�Ó,KÙ1�ª

�".

(6) ò�
A�,�1�~ê�\�,�1,����
B÷vdet(B) = det(A),=∣∣∣∣∣∣∣∣∣∣∣∣∣

· · · · · · · · · · · ·
ap1 +λaq1 ap2 +λaq2 · · · apn +λaqn

· · · · · · · · · · · ·
aq1 aq2 · · · aqn

· · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

· · · · · · · · · · · ·
ap1 ap2 · · · apn

· · · · · · · · · · · ·
aq1 aq2 · · · aqn

· · · · · · · · · · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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y². (1) ^êÆ8B{.�n = 1�,(Øw,¤á.�(Øén−1�1�ª¤á,

ey(Øén�1�ª¤á.

�A = (ai j)´n��
, A′ = (a′i j)´A�=��
,=a′i j = a ji.©O^Mi j�

M′i j L«A�A′�(i, j)���{fª. Kd8Bb�, M′i j = M ji. òdet(A′)U1

��Ðm�

det(A′) =
n

∑
i=1

(−1)i+1a′i1M′i1 =
n

∑
i=1

(−1)i+1a1iM1i = det(A).

�(Ø¤á.

(2) ^Di jL«íØ A �1 p,q 1�i, j�¤�n − 2�Ý
�1�ª. ò1�

ªAUp,qü1k�Ðm,aq½n 3.1.1�y²��

det(A) =
n

∑
i=1

i−1

∑
j=1

(−1)p+q+i+ j−1(apiaq j−ap jaqi)Di j.

lþªwÑ,XJA�p,qü1p�,K1�ªCÒ.

(3) �ò�
A�1k1¦~êλ��Ý
B.òdet(B)U1k1Ðm�

det(B) =
n

∑
i=1

(λakiAki) = λ

n

∑
i=1

akiAki = λ det(A).

=�(Ø¤á.

(4) ��
A�1k1�
¤ü�þ�Ú,òdet(A)U1k1Ðm�

det(A) =
n

∑
i=1

(bi + ci)Aki =
n

∑
i=1

biAki +
n

∑
i=1

ciAki.

l
�(Ø¤á.

(5) b�Ý
A�p,qü1��. òA�p,qüp��,�
ØC,�d5�(1),1�

ªCÒ,=det(A) =−det(A).Ïd, det(A) = 0.XJA�p,qü1¤'~,Kd5

�(2),ò'~ÏfJÑ�,1�ª�p,qü1��,l
1�ªE�".

(6) �â5�(3), det(B)�
¤ü�1�ª�Ú,Ù¥��1�ª´det(A);,��

1�ª�p,qü1¤'~,�â5�(4),Ù�".Ïd, det(B) = det(A).

dþã½n�1�^5���,1�ª�1���/ ´é��. Ïd,½

n¥�k'1C��5�é�C��¤á. ~X,��1�ª,ü�,1�ªC
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Ò;1�ª,�¦~êλ , �uλ¦�1�ª; 1�ª,�¦~ê\�,��, 1

�ªØC;��.

þã5��±^1�ª�AÛ¿Â5)º. ·�±2�1�ª5`². X

c¤ã, 2�1�ª

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣L«±�þ−→OA = (a11,a12),
−→
OB = (a21,a22)�>�¤�

²1o>/¡È. 5�(2) L², �þ
−→
OA,
−→
OB p�, K�∠AOB CÒ, l
²1o

>/¡ÈSOABC�CÒ.5�(3)L²,XJ1�ª,>�� λ �,K²1o>/

¡È�A/� λ �. 5�(4)�±^ã 3.35)º, Ù¥²¡o>/ACA
′′
C
′′
�

¡È�u²1o>/ABA′B′ �²1o>/BCB′C′ ¡È�Ú(¢SþSABC = SA′B′C′ ,

SACA′C′ = SACA′′C′′ ). XJ²1o>/ü��>²1,K²1o>/òz,Ù¡È�

",ùÒ´5�(5).�ÖögC)º5�(1).

A′′ C′′

A C

A′ C′
B

B′

ã 3.3 1�ª5�4�AÛ)º.

~3.2.1. y²: ∣∣∣∣∣∣∣∣∣∣∣

a11 0 · · · 0

a21 a22 · · · 0
...

...
. . .

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
= a11a22 · · ·ann.

y²: d½n 3.2.1�1�^5��, 1�ª�§�=�1�ª��, 2d~

3.1.3�(Øá=��.

�â1�ª�þã5�, ·���±l,���Ýn)1�ª. �ai´n�

�
A�1i1�¤�1�þ, Kdet(A)�±w¤´�þ|a1,a2, · · · ,an�¼ê, P

�det(a1,a2, · · · ,an).T¼êäk±e5�
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(1) �é¡5:p�ü�Cþ� �,1�ªCÒ,=

det(a1, · · · ,ai, · · · ,a j, · · · ,an) =−det(a1, · · · ,a j, · · · ,ai, · · · ,an).

(2) õ­�5:1�ª'uz1´�5�,=

det(a1, . . . ,λai +µbi, . . . ,an) = λ det(a1, . . . ,ai, . . .)+µ det(. . . ,bi, . . . ,an),

Ù¥ai,bi´?¿n�1�þ, λ ,µ´?¿~ê.

(3) 5�5: �e1,e2, . . . ,en´ü �I�þ, =ei�1i�©þ�1, Ù{©þ

�0�n�1�þ.Kk

det(e1,e2, . . . ,en) = 1.

¢Sþ,¼êdet(a1,a2, · · · ,an)dþãn^5���(½,�
��Ö�ò÷

vþãn^5��¼êdet(a1,a2, · · · ,an)��1�ª�½Â.le�!·�ò¬w

�,T½Â�·��48½Â´�d�.

~3.2.2. �a,b,cÑ´3��þ,y²: det(a+b,b+ c,c+a) = 2det(a,b,c).

y². |^1�ª�5�,´�

det(a+b,b+ c,c+a) = det(a,b+ c,c+a)+det(b,b+ c,c+a)

= det(a,b+ c,c)+det(b,c,c+a) = det(a,b,c)+det(b,c,a) = 2det(a,b,c).

§3.3 1�ª���Ðmª

3��¥,·�ò�Ñ1�ª���Ðmª,=òdet(A)Ðm�A����õ

�ª.

�ai´�
A = (ai j)n×n�1i1�¤�1�þ, ei´1i�n�ü �I�þ,

Kai�±L«�e1,e2, . . . ,en��5|Ü, =ai =
n
∑

k=1
aikek. �â1�ª'u1��



§3.3 1�ª���Ðmª 77

55��

det(A) = det

(
n

∑
j1=1

a1 j1e j1 ,
n

∑
j2=1

a2 j2e j2 , . . . ,
n

∑
jn=1

an jne jn

)

=
n

∑
j1=1

a1 j1 det

(
e j1 ,

n

∑
j2=1

a2 j2e j2 , . . . ,
n

∑
jn=1

an jne jn

)

=
n

∑
j1=1

n

∑
j2=1

a1 j1a2 j2 det

(
e j1 ,e j2 ,

n

∑
j3=1

a3 j3e j3 , . . . ,
n

∑
jn=1

an jne jn

)

= . . .=
n

∑
j1=1

n

∑
j2=1
· · ·

n

∑
jn=1

a1 j1a2 j2 · · ·an jn det(e j1 ,e j2 , . . . ,e jn).

2d1�ª�5�(5)��, � j1, j2, . . . , jn¥kü����, det(e j1 ,e j2 , . . . ,e jn) = 0;


� j1, j2, . . . , jnüüØ��, ( j1, j2, . . . , jn)´(1,2, . . . ,n)���ü�.Ïd,

det(A) = ∑
( j1, j2,..., jn)∈Sn

a1 j1a2 j2 · · ·an jn det(e j1 ,e j2 , . . . ,e jn). (3.13)

Ù¥Sn´(1,2, . . . ,n)�¤kü��¤�8Ü.�?�ÚÐmþª,·�Ú\_Sê

�Vg.

½Â3.3.1. òn�üüØÓ���ês1,s2, . . . ,snU^Sü¤���kSê|¡�

��ü�,P�s = (s1,s2, . . . ,sn). ÷vs1 < s2 < .. . < sn�ü�¡�^Sü�. AO

/, ü�(1,2, . . . ,n)¡�g,ü�. p�s¥i, j ��ü�êsi�s j¡��gé�.

÷vi < j�si > s j��éê(si,s j)¡�s���_S. s�_S��ê¡�s�_S

ê, P�τ(s). _Sê�Ûê�ü�¡�Ûü�; _Sê�óê�ü�¡�óü

�.

~X, (3,1,4,2),(1,2,3,4)Ñ´1,2,3,4�ü�, Ù¥(1,2,3,4)´g,ü�, Ù

_Sê�", Ïd´óü�. ü�(3,1,4,2) k_S(3,1),(3,2),(4,2), Ù_S

êτ(3,1,4,2) = 3,Ïd´Ûü�.

?Û��ü�Ñ�±ÏLé�òÙC¤��^Sü�. ~X, (3,1,4,2)→
(1,3,4,2)→ (1,3,2,4)→ (1,2,3,4),=ü�(3,1,4,2)²L3gé�C¤
^Sü�.

¢Sþ,·�k

Ún3.3.1. z�ü�s�²Lτ(s)g�� ��é�C¤l����^Sü�.

y². �s´��ê�a1 < a2 < .. . < an���ü�, s¥/X(∗,ai)�_S�kmi�,

i = 1,2, . . . ,n.K�²Lm1g�� �m�é�,òa1��� �1;2²Lm2g�

� �m�é�,òa2��� �2;±daí,�²Lo�m1 +m2 + . . .+mn−1 =

τ(s)g�� ��é�,rsC¤^Sü�(a1,a2, · · · ,an).



78 1nÙ 1�ª

k
ü��_Sê�Vg,e¡·�Ò�±�Ñ1�ª���Ðmª.

½n3.3.1. �A = (ai j)n×n�n��
,K

det(A) = ∑
( j1, j2,··· , jn)∈Sn

(−1)τ( j1, j2,..., jn)a1 j1a2 j2 · · ·an jn . (3.14)

y². �âÚn3.3.1, �²Lτ( j1, j2, . . . , jn)gé�, ò( j1, j2, . . . , jn)C¤IOü

�(1,2, · · · ,n).q�â1�ª�5�(1),zgé�Ñ¬¦1�ªCÒ.Ïd,

det(e j1 ,e j2 , . . . ,e jn) = (−1)τ( j1, j2,..., jn).

�\(3.13)�

det(A) = ∑
( j1, j2,..., jn)∈Sn

(−1)τ( j1, j2,..., jn)a1 j1a2 j2 · · ·an jn .

þªÒ´1�ª���Ðmª,Nõ��Ö���ò (3.14)ª��1�ª�

½Â.

AO/,·�2g�����n�1�ª���Ðmª∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣= a11a22−a21a12,

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣=
a11a22a33 +a12a23a31 +a13a21a32−a11a23a32−a12a21a33−a13a22a31.

~3.3.1. y²:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1r a1,r+1 · · · a1n
... · · ·

...
... · · ·

...

ar1 · · · arr ar,r+1 · · · arn

0 · · · 0 ar+1,r+1 · · · ar+1,n
... · · ·

...
... · · ·

...

0 · · · 0 an,r+1 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
a11 · · · a1r

... · · ·
...

ar1 · · · arr

∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣
ar+1,r+1 · · · ar+1,n

... · · ·
...

an,r+1 · · · ann

∣∣∣∣∣∣∣∣ .
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y². ^∆P�>�1�ª. �	∆���Ðmª(3.14)¥��"�.du�r+1≤
i≤ n�1≤ j≤ r�, ai j = 0,�ea1 j1a2 j2 · · ·an jn 6= 0,K7,kr+1≤ jr+1, . . . , jn ≤ n.l


( jr+1, . . . , jn)´(r+1, . . . ,n)���ü�,?
( j1, . . . , jr)�´(1, . . . ,r)���ü�.


�N´�y,_Sêτ( j1, . . . , jn) = τ( j1, . . . , jr)+ τ( jr+1, · · · , jn). PS1´1,2, . . . ,r�

ü��8Ü, S2´r+1,r+2, . . . ,n�ü��8Ü.K

∆ = ∑
( j1, j2,..., jn)∈Sn

(−1)τ( j1, j2,..., jn)a1 j1a2 j2 · · ·an jn

= ∑
( j1,··· , jr)∈S1
( jr+1,··· , jn)∈S2

(−1)τ( j1··· jr)+τ( jr+1··· jn)a1 j1 · · ·ar jr ar+1, jr+1 · · ·an jn

= ∑
( j1,··· , jr)∈S1

(−1)τ( j1··· jr)a1 j1 · · ·ar jr · ∑
( jr+1,··· , jn)∈S2

(−1)τ( jr+1··· jn)ar+1, jr+1 · · ·an jn

=

∣∣∣∣∣∣∣∣
a11 · · · a1r

... · · ·
...

ar1 · · · arr

∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣
ar+1,r+1 · · · ar+1,n

... · · ·
...

an,r+1 · · · ann

∣∣∣∣∣∣∣∣ .

§3.4 Cramer{K

31�Ù¥,·�JÑ
¦�5�§|�úª)�¯K.3�Ù�10!,·

���Ñ
���g�§|9n��g�§|�úª).�!¥,·�ò�Ñ¦

)äkn��§Ún���ê��5�§|�úª)�{K–Cramer{K.�d,

·�k�Ñ��k^�(Ø.

½n3.4.1. �A = (ai j)�n��
,K

n

∑
k=1

aikA jk = det(A)δi j,
n

∑
k=1

akiAk j = det(A)δi j, i, j = 1,2, . . . ,n, (3.15)

Ù¥δi j�KroneckerPÒ

δi j =

1, i = j

0, i 6= j

y². ·��y ∑
n
k=1 aikA jk = det(A)δi j,�Ò´

n

∑
k=1

aikAik = det(A),
n

∑
k=1

aikA jk = 0, i 6= j.

,�ªÓn��.
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det(A)U1i1Ðmw,k∑
n
k=1 aikAik = det(A). e�i 6= j, PÝ
B�òA�

1 j1^1i1O�¤�Ý
. duB�1i, jü1���Ó, d1�ª�5�(4),

det(B) = 0.,��¡,ò1�ªdet(B)U1 j1Ðm�

det(B) =
n

∑
k=1

aikA jk = 0.

½ny..

·�±n = 3�~)º�e½n 3.4.1�(Ø.d (3.15)ª�

a11A11+a12A12+a13A13 = det(A), a21A11+a22A12+a23A13 = 0, a31A11+a32A12+a33A13 = 0.

©O^a1,a2,a3L«n�1�ªdet(A)�n�1�þ. K(A11,A12,A13) = a2×a3,u

´þ¡A�ªf�du

det(A) = a1 ·a2×a3, a2 ·a2×a3 = 0, a3 ·a2×a3 = 0.

|^þã½n�(Ø,·��±�B/y²Cramer{K.

½n3.4.2 (Cramer{K). �XêÝ
A = (ai j)n×n�1�ªØ�u"�,�5�§

| 

a11x1 +a12x2 + · · ·+a1nxn = b1

a21x1 +a22x2 + · · ·+a2nxn = b2

· · · · · · · · ·

an1x1 +an2x2 + · · ·+annxn = bn

k��)

(x1,x2, . . . ,xn) =

(
∆1

∆
,
∆2

∆
, . . . ,

∆n

∆

)
,

Ù¥∆ = det(A), ∆i´òA�1i��¤~ê��¤��
�1�ª, i = 1,2, . . . ,n.

y. ò�5�§|�z��§©O¦A1i,A2i, . . . ,Ani,,�¦Ú�
n

∑
j=1

A ji

n

∑
k=1

a jkxk =
n

∑
j=1

A jib j.

þª�>�

n

∑
j=1

A ji

n

∑
k=1

a jkxk =
n

∑
k=1

(
n

∑
j=1

a jkA ji

)
xk =

n

∑
k=1

δki det(A)xk = ∆ · xi.


1�ª∆iU1i�Ðm��∆i = ∑
n
j=1 A jib j.Ïd�∆ 6= 0�, xi = ∆i/∆, i = 1,2, . . . ,n.

½ny..



§3.4 Cramer{K 81

·�±n = 35n)�eþ¡y²�g´.�n = 3�,��§|�±�¤�þ

/ª

x1a1 + x2a2 + x3a3 = b,

Ù¥

a1 =


a11

a21

a31

 , a2 =


a12

a22

a32

 , a3 =


a13

a23

a33

 , b =


b1

b2

b3

 .

é�§ü>:¦a2×a3��

a1 ·a2×a3x1 = b ·a2×a3.

l


x1 =
b ·a2×a3

a1 ·a2×a3
=

∆1

∆
.

Ón,�±��x2,x3�L«ª.

~3.4.1. ^Cramer{K)�5�§|

x2 + x3 + x4 = 1

x1 + x3 + x4 = 2

x1 + x2 + x4 = 3

x1 + x2 + x3 = 4

).

∆ =

∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

∣∣∣∣∣∣∣∣∣∣∣
=−3, ∆1 =

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1

2 0 1 1

3 1 0 1

4 1 1 0

∣∣∣∣∣∣∣∣∣∣∣
=−7, ∆2 =

∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 2 1 1

1 3 0 1

1 4 1 0

∣∣∣∣∣∣∣∣∣∣∣
=−4,

∆3 =

∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 0 2 1

1 1 3 1

1 1 4 0

∣∣∣∣∣∣∣∣∣∣∣
=−1, ∆4 =

∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1

1 0 1 2

1 1 0 3

1 1 1 4

∣∣∣∣∣∣∣∣∣∣∣
= 2.

��§|�)�

x1 =
7
3
, x2 =

4
3
, x3 =

1
3
, x4 =−

2
3
.

��5`, Cramer{KÌ�^unØ©Û, Ø��'�1�ªN´O�, Ä

K^Cramer{K¦)�§�$�þ�~ã�.
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§3.5 1�ª�O�

O�1�ª��Ä���{´:ÏL1���Ð�C�,z���
�1�

ª�n��
�1�ª.�â1�ª�5�,

• ���
�ü1(�)��,1�ªC��5���ê.

• ò,1(�)¦±�"~êλ��,1�ªC��5�λ�.

• ò,1(�)�~ê�\�,�1(�)��,1�ª�±ØC.

��Bå�, ·�æ^±ePÒ5L«1�ª�Ð�C�. ©O^ri ↔
r j!λ ri!λ ri → r j L«1i, jü1p�!1i1¦~êλ!1i1¦λ\�1 j1. a

q/,©O^PÒci ↔ c j!λci!λci → c jL«na�C�.~X,r121�3�\

�131,P�3r2→ r3;ò13�¦−2P�−2c3.

~3.5.1. O�±e1�ª ∣∣∣∣∣∣∣∣∣∣∣

0 5 −4 5

−3 −1 −5 3

3 1 −2 −3

−1 4 −5 −1

∣∣∣∣∣∣∣∣∣∣∣
.

).∣∣∣∣∣∣∣∣∣∣∣

0 5 −4 5

−3 −1 −5 3

3 1 −2 −3

−1 4 −5 −1

∣∣∣∣∣∣∣∣∣∣∣
r3→r2−−−→

∣∣∣∣∣∣∣∣∣∣∣

0 5 −4 5

0 0 −7 0

3 1 −2 −3

−1 4 −5 −1

∣∣∣∣∣∣∣∣∣∣∣
3r4→r3−−−−→

∣∣∣∣∣∣∣∣∣∣∣

0 5 −4 5

0 0 −7 0

0 13 −17 −6

−1 4 −5 −1

∣∣∣∣∣∣∣∣∣∣∣
−c4→c2−−−−→

∣∣∣∣∣∣∣∣∣∣∣

0 0 −4 5

0 0 −7 0

0 19 −17 −6

−1 5 −5 −1

∣∣∣∣∣∣∣∣∣∣∣
r1↔r4,r2↔r3−−−−−−−→

∣∣∣∣∣∣∣∣∣∣∣

−1 5 −5 −1

0 19 −17 −6

0 0 −7 0

0 0 −4 5

∣∣∣∣∣∣∣∣∣∣∣
=−19 ·

∣∣∣∣∣−7 0

−4 5

∣∣∣∣∣= 665.

~3.5.2. O�n�1�ª ∣∣∣∣∣∣∣∣∣∣∣

x 1 · · · 1

1 x
. . .

...
...

. . . . . . 1

1 · · · 1 x

∣∣∣∣∣∣∣∣∣∣∣
.
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). ∣∣∣∣∣∣∣∣∣∣∣

x 1 · · · 1

1 x
. . .

...
...

. . . . . . 1

1 · · · 1 x

∣∣∣∣∣∣∣∣∣∣∣
111\þ−−−−−−−→
Ù§�1

∣∣∣∣∣∣∣∣∣∣∣

x+n−1 x+n−1 · · · x+n−1

1 x
. . .

...
...

. . . . . . 1

1 · · · 1 x

∣∣∣∣∣∣∣∣∣∣∣
111−−−−−−−→
J�Ïf

(x+n−1)

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

1 x
. . .

...
...

. . . . . . 1

1 · · · 1 x

∣∣∣∣∣∣∣∣∣∣∣
Ù§�1−−−−−−−→
~�111

(x+n−1)

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

x−1
. . .

x−1

∣∣∣∣∣∣∣∣∣∣∣
= (x+n−1)(x−1)n−1.

éu�
(�5ép�1�ª,�±ò1�ªU,�1(�)Ðm,ïá1�

ª�4íúª¦).

~3.5.3. O�Vandermonde1�ª

∆n(a1,a2, . . . ,an) =

∣∣∣∣∣∣∣∣∣∣∣

1 a1 · · · an−1
1

1 a2 · · · an−1
2

...
... · · ·

...

1 an · · · an−1
n

∣∣∣∣∣∣∣∣∣∣∣
.

). l1�ª�1n�m©�12�,�gr��~�c���an�,�

∆n(a1,a2, . . . ,an) =

∣∣∣∣∣∣∣∣∣∣∣

1 a1−an · · · an−2
1 (a1−an)

...
... · · ·

...

1 an−1−an · · · an−2
n−1(an−1−an)

1 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1

∣∣∣∣∣∣∣∣∣∣∣

a1−an a1(a1−an) · · · an−2
1 (a1−an)

a2−an a2(a2−an) · · · an−2
2 (a2−an)

...
... · · ·

...

an−1−an an−1(an−1−an) · · · an−2
n−1(an−1−an)

∣∣∣∣∣∣∣∣∣∣∣
=

n−1

∏
i=1

(an−ai) ·∆n−1(a1,a2, . . . ,an−1).

´�∆1 = 1, ∆2(a1,a2) = a2−a1.|^êÆ8B{��

∆n(a1,a2, . . . ,an) = ∏
1≤i< j≤n

(a j−ai).
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~3.5.4. O�n�1�ª

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 1 0 · · · 0

1 2 1
. . .

...

0 1
. . . . . . 0

...
. . . . . . 2 1

0 · · · 0 1 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

). N´��∆1 = 2, ∆2 = 3.�n≥ 3�,U1�1Ðm1�ª�

∆n = 2∆n−1−∆n−2.

dd

∆n−∆n−1 = ∆n−1−∆n−2 = · · ·= ∆2−∆1 = 1.

l


∆n = n+1.

��£:1�ª

1�ª�Vg�����Póä�@Ñyu�5�§|�¦),§´dF

�êÆ['�Ú9�IêÆ[Leibnitzu�Ô­V"ÏJÑ,y®¡��5�ê

�Ä�óä��.

1683c'�Ú�
�Ü;Í5)ÏK�{6,¿gÒ 5́)1�ª¯K��

{6. 1693cLeibnitz3��â7���µ&¥¦^
1�ªPÒ,�vkJÑ1

�ª�Vg. 1729c=IêÆ[Maclaurin±1�ª�óä)¹k2, 3, 4�"�þ

��5�§|. 1750c,a¬êÆ[Cramer���/Qã
1�ª�Ðm{K¿

ò§^u)�5�§|. 1772c{IêÆ[Vandermonde;�é1�ª�
nØ

þ�ïÄ,ïá
1�ªÐm{K,^fªÚ�ê{fªL«��1�ª. 1772c

{IêÆ[Laplaceí2
VandermondeÐm1�ª��{, ��·�Ù��.Ê

.dÐm½n. 1813�1815c{IêÆ[Cauchyé1�ª�
XÚ��ê?n.

1841c,�IêÆ[JacobiuL�5Ø1�ª�/¤�5�6�©,o(
1�ª

�nØ.

1�ª3�IC�!õ­È©¥�CþO�!�g.9õ�õ�ª���

k­��A^.
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SK�

1. O�e�1�ª:

(1)

∣∣∣∣∣∣∣∣∣∣∣

1 0 1 −4

−1 −3 0 −2

2 −1 4 0

0 3 −3 2

∣∣∣∣∣∣∣∣∣∣∣
(2)

∣∣∣∣∣∣∣∣∣∣∣

1 4 −1 −1

1 0 0 1

−3 3 −4 0

0 1 −1 −1

∣∣∣∣∣∣∣∣∣∣∣

(3)

∣∣∣∣∣∣∣∣
x+a x+b x+ c

y+a y+b y+ c

z+a z+b z+ c

∣∣∣∣∣∣∣∣ (4)

∣∣∣∣∣∣∣∣∣∣∣

a1n

a2,n−1 a2n

. . . . . .
...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣

(5)

∣∣∣∣∣∣∣∣
a2 (a+1)2 (a+2)2

b2 (b+1)2 (b+2)2

c2 (c+1)2 (c+2)2

∣∣∣∣∣∣∣∣ (6)

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 0 0 0

b1 b2 0 0 0

c1 c2 c3 0 0

d1 d2 d3 d4 0

e1 e2 e3 e4 e5

∣∣∣∣∣∣∣∣∣∣∣∣∣
2. 3n��m���IX¥, ®�:A,B,C,D��I©O´ (1,1,0), (3,1,2),

(0,1,3), (2,2,4).¦o¡NABCD�NÈ9��¡�¡È.

3. ò1�ª ∣∣∣∣∣∣∣∣∣∣∣

x−2 1 0 0

1 x−2 1 0

0 1 x−2 1

0 0 1 x−2

∣∣∣∣∣∣∣∣∣∣∣
Ðm�'ux�õ�ª.

4. A�n��
, λ�~ê.y²: det(λA) = λ n det(A).

5. �
A¡��é¡�
, XJ§�=��
�u−A. y²: Ûê��é¡�


�1�ª�".

6. y²: ∣∣∣∣∣a11b11 +a12b21 a11b12 +a12b22

a21b11 +a22b21 a21b12 +a22b22

∣∣∣∣∣=
∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ ·
∣∣∣∣∣b11 b12

b21 b22

∣∣∣∣∣
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7. y²: ∣∣∣∣∣∣∣∣∣∣∣

a11 a12 1 0

a21 a22 0 1

1 0 b11 b12

0 1 b21 b22

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣a11b11 +a12b21−1 a11b12 +a12b22

a21b11 +a22b21 a21b12 +a22b22−1

∣∣∣∣∣
8. �a,b,c,d�4�ê|�þ. y²: det(2a−b,−a+ 2b− c,−b+ 2c−d,−c+ 2d) =

5det(a,b,c,d).

9. ¦±eü��_Sê,¿�ÑÙÛó5.

(1) (6,8,1,4,7,5,3,2,9) (2) (6,4,2,1,9,7,3,5,8) (3) (7,5,2,3,9,8,1,6,4)

10. y²:?¿��ü�²L�gé��,7UCÙÛó5.

11. y²:�ª (3.14)��1�ª�½Â�1�ªÙ§½Â�d.

12. �Ño�1�ª���Ðmª.

13. ^Cramer{K¦)e��5�§|:

(1)


x1− x2 + x3 = 3

x1 +2x2 +4x3 = 5

x1 +3x2 +9x3 = 7

(2)



2x1 + x2−5x3 + x4 = 8

x1−3x2−6x4 = 9

2x2− x3 +2x4 =−5

x1 +4x2−7x3 +6x4 = 0

14. �x0,x1, . . . ,xn9y0,y1, . . . ,yn´?�¢ê,Ù¥xi(0 ≤ i ≤ n)üüpØ��. y²:

�3���gêØ�Ln�õ�ªp(x)÷vp(xi) = yi, i = 0,1, . . . ,n.

15. y²: n�C�!n��§��5�§|k�")��=�XêÝ
�1�ª

�".

16. O�e�n�1�ª

(1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1
. . . . . .

an bn

cn dn

. . . . . .

c1 d1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2)

∣∣∣∣∣∣∣∣∣∣∣

1+a1 1 · · · 1

1 1+a2
. . .

...
...

. . . . . . 1

1 · · · 1 1+an

∣∣∣∣∣∣∣∣∣∣∣
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(3)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2cos(θ) 1 0 · · · 0

1 2cos(θ) 1 · · · 0

0 1 2cos(θ) · · · 0
...

...
...

...

0 0 0 · · · 2cos(θ)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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31�Ù0�¦)�5�§|�Gauss��{�, ·�Ú?
Ý
�Vg.

�3@p, Ý
==´�§|���{ÑPÒ, ¿vk½ÂÝ
�m�$�.

¢Sþ, ÏLÚ\Ý
�m�$�(AO´¦{), ·��±ò¦)�5�§|

�Gauss��{^Ý
$�5Lã,l
n)Gauss��{���. ²LA�­V

�uÐ,Ý
y®¡��5�ê�Ì�ïÄóäÚÄ�ïÄé���.�Æ�ó

§O�¥�Nõ¯KÑ�±=z¤Ý
�O�¯K.�Ùò0�Ý
�Ä�$

�,�)�5$�!¦{!¦_!©¬$�!Ð�Ý
9ÙA^.

§4.1 Ý
�½Â

Ý
�Vg3y¢)¹¥kX2��A^.~X,·�²~����«ÚO

L�Ò´Ý
�äNNy. 1�Ù¥·�^Ý
5L«�5�§|. �¡·�

òw�,Ý
��±L«�õ�êÆé�.�,1�ÙÚ\
Ý
�PÒ,�´

ùp·��´�ÑÝ
��ª½Â.

½Â4.1.1. é?¿��êmÚn,dm×n�êü¤�m1n��Ý/�L
a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

am1 am2 · · · amn

 (4.1)

¡���m× n�Ý
, P�A = (ai j)m×n. ¡L¥�z�ê�Ý
A���; ü3

1i11 j����ai j�¡�A�1(i, j)��;�i = j�, aii�¡�A�é��. ü�

Ý
A�B¡�´���,XJ§��1êÚ�êÑ��¿�z� �þ���

���,P�A = B.

Ý
�Vg�±w¤ê|�þ���g,í2.üö�mQÑk«O,Ó�

�k;��éX.��n�ê|1�þ�±w¤��11n��Ý
;Ón,��n

�ê|��þ�À���n11��Ý
.3�þ�¿Âe,1�þ

(a1,a2, · · · ,an)

Ú��þ 
a1
...

an


89
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L«Ó���þ;�´3Ý
�¿Âe,§�L«ØÓ�Ý
.

��m× n�Ý
A Q�±�w�´m�1�þU�ü3�å, q�±�w

�n���þU1ü3�å,��±�w�´ò��mn��ê|�þ.Ød�	,

Ý
��±L«NõêÆé�.e¡,·��ÑA�~f.

~4.1.1. ^=C�Ý
3²¡���IXOxy¥, ò:P = (x,y)7�:_��^

=θ���:P′ = (x′,y′),Kkx′ = cos(θ)x− sin(θ)y

y′ = sin(θ)x+ cos(θ)y

T�IC�úª�Xêü¤�2×2�Ý


P =

(
cosθ −sinθ

sinθ cosθ

)

L«²¡þ7�:_��^=θ��^=C�.aq/, 3×3�Ý


Q =


cosθ −sinθ 0

sinθ cosθ 0

0 0 1


L«�m¥:7z¶��_��^=θ���IC�úª.

~4.1.2. �5N��x = (x1,x2, · · · ,xm)´��m�ê|�þ,Ù¥z�xiÑ�±L

«�n�ê|�þy = (y1,y2, · · · ,yn)�©þ�àg�5¼ê:

x1 = a11y1 +a12y2 + · · ·+a1nyn,

x2 = a21y1 +a22y2 + · · ·+a2nyn,

· · · · · · · · ·

xm = am1y1 +am2y2 + · · ·+amnyn.

dþª(½�N�A : y 7→ x¡��5N�. T�5N��^Ý
A = (ai j)m×n5

L«. �5N�A�Ý
Aïá
��éA'X,=z�Ý
AéA
���5

N�A ;�L5,z��5N�AÑéA��Ý
A. w,,~ 4.1.1¥�^=C�

´�5N����A~.
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v1

v2

v4

v3

v5

ã 4.1 ã���Ý


~4.1.3. ã���Ý
��²¡ãG´dº:�>�¤. z^>ë�ü�º:.

�ãGkn�º:v1,v2, . . . ,vn. y�E��Ý
A = (ai j)n×n,XJº:vi�v jk�^

>�ë,K½Âai j = 1;ÄK,½Âai j = 0. ¡Ý
A�ãG���Ý
. ~X,ã 4.1

���Ý


A =



0 1 1 1 0

1 0 0 1 0

1 0 0 1 1

1 1 1 0 1

0 0 1 1 0


.

ã���Ý
���N
ã�ÿÀ'X.

~4.1.4. �ì'X,�kn¶Æ)\\
m��ì.Ú?��m×n�Ý
A = (ai j),

Ù¥

ai j =

1 XJ1 jÒÆ)áu1i��ì

0 Ù§

KÝ
A£ã
Æ)��ì�m�'X.~X,

A =


1 1 1 1 0

1 0 1 0 1

0 1 1 0 1


L«kn��ì, 5¶Æ).1���ìk?Ò 1,2,3,4�Æ),1���ìk?

Ò 1,3,5�Æ),1n��ìk?Ò 2,3,5�Æ).

~4.1.5. êiã��Ì�Ýêiã�ÏL©�¤m× n�þ!���,�±w¤

��m× n�Ý
A = (ai j). z�����¡�����.Ïd,�Ì�Ýã�o
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�kmn���.z���éA��Ý�dÝ
A���ai j(0≤ ai j ≤ 1)�Ñ.~X,

ai j = 0L«��(i, j)�çÚ; ai j = 1L«��(i, j)�xÚ;��/, ai j��L«é

A���ôÚ�V;��, ai j��L«éA���ôÚ�²�.

�Ìêiã��±w¤�Ìý¢ã��lÑL«. m,n��(=���õ),K

%C�J�Ð.ã 4.2w«
�Ì256×256��Ýã�.

ã 4.2 êiã�

e¡0�A«~��Ý
¶¡9ÙPÒ.

• ��Ñ´0�Ý
¡�"Ý
,P�O½0.

• n×nÝ
¡�n��
.

• é��´1Ù§��Ñ´0�n��
¡�ü 
,P�I, In½I(n).

• é��´aÙ§��Ñ´0��
¡�êþ
,P�aI.

• e�
A = (ai j)n×n���Øé��	Ñ�",K¡A�é�
,P�

A =


a11

. . .

ann

 ½ A = diag(a11,a22, · · · ,ann).

• eÝ
A = (ai j)m×n÷vai j = 0é¤ki > j¤á,KA¡�þn�
.

• eÝ
A = (ai j)m×n÷vai j = 0é¤ki < j¤á,KA¡�en�
.

• þn�
Úen�
Ú¡�n�
.

• e�
A = (ai j)n×n÷vai j = a jié¤ki, j¤á,KA¡�é¡
.
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• e�
A = (ai j)n×n÷vai j =−a jié¤ki, j¤á,KA¡��é¡
.

• eÝ
A���Ñ´�ê!knê!¢ê!Eê!õ�ª�,KA©O¡��

êÝ
!knêÝ
!¢Ý
!EÝ
!õ�ªÝ
. ��/, eA���

Ñ�g,�ê�F ,KA¡�ê�Fþ�Ý
.ê�Fþ�m× nÝ
��N,P

�Fm×n.

~4.1.6. 3e�2��


A =

(
0 1

1 0

)
, B =

(
1 0
1
2 1

)
,C =

(
0 π

−π 0

)
, D =

(
x 0

0 x2

)
, E =

(
eiπ/3 0

0 eiπ/3

)

¥, A��ê�
!é¡
, B�kn�
!en�
, C�¢�
!�é¡
, D�

õ�ª�
!é�
, E�E�
!êþ
.

§4.2 Ý
�$�

3�!¥,·�0�Ý
��Ä�$�,�)\{!ê¦!¦È!¦_!=

�!©¬�.Ù¥�­��Ý
¦{�_.ÐÆö�kÏL\�éÄ�Vg�n

)!JpÝ
$��Ùö§Ý,âUÅì/ÝºÝ
$�E|!¿(¹/\±$

^.

§4.2.1 \{�ê¦

Ý
�\{�ê¦q¡��5$�.Ý
��5$��±À�ê|�þ�

�5$��{üí2.

½Â4.2.1. �Ý
A = (ai j)m×n ∈ Fm×n, Bm×n = (bi j) ∈ Fm×n, λ ∈ F .½Â

A+B :=


a11 +b11 a12 +b12 · · · a1n +b1n

a21 +b21 a22 +b22 · · · a2n +b2n
...

... · · ·
...

am1 +bm1 am2 +bm2 · · · amn +bmn

 (4.2)

Ú

λA :=


λa11 λa12 · · · λa1n

λa21 λa22 · · · λa2n
...

... · · ·
...

λam1 λam2 · · · λamn

 (4.3)
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©O¡�Ý
�\{$�Úê¦$�,P�

A+B = (ai j +bi j)m×n, λA = (λai j)m×n.

aq/,�±½ÂÝ
�~{$�ÚKÝ


A−B = (ai j−bi j)m×n, −A = (−ai j)m×n. (4.4)

~4.2.1. �A,B,C,D,E�~4.1.6¥�Ý
,Kk

A+B =

(
1 1
3
2 1

)
, C−D =

(
−x π

−π −x2

)
, 2E =

(
1+
√

3i 0

0 1+
√

3i

)

½n4.2.1. Ý
�\{Úê¦$�äke�5�:

(1) \{��Æ A+B = B+A

(2) \{(ÜÆ (A+B)+C = A+(B+C)

(3) k"Ý
 A+O = O+A = A

(4) kKÝ
 A+(−A) = (−A)+A = O

(5) �©�Æ (λ +µ)A = λA+µA

(6) m©�Æ λ (A+B) = λA+λB

(7) ê¦(ÜÆ (λ µ)A = λ (µA)

(8) ê¦ü � 1A = A

Ù¥A,B,C´¦$�k¿Â�Ý
, λ ,µ´ê.

y². ±þ5��ÏLÝ
$��½Â���y,3�SK.

Óê|�þaq,·���±½Â�|Ý
��5|ÜVg.

½Â4.2.2. �A1,A2, . . . ,Ak ∈ Fm×n´�|Ý
, λ1,λ2, . . . ,λk ∈ F´�|ê.¡Úª

λ1A1 +λ2A2 + . . .+λkAk (4.5)

�A1,A2, . . . ,Ak��5|Ü.
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1(i, j)��´1,Ù§���´0�m×nÝ



0 · · · 0
... 1

...

0 · · · 0

←1i1

↑
1 j�

¡�Ä�Ý
,P�Ei j.z�m×nÝ
A = (ai j)m×nÑ�±L«�Ä�Ý
��5

|Ü:

A =
m

∑
i=1

n

∑
j=1

ai jEi j.

§4.2.2 Ý
�¦{

3½ÂÝ
�¦{$��c,·�Äkw��~f.

~4.2.2. �½�5N�A : y ∈ Fn 7→ x ∈ Fm



x1 = a11y1 +a12y2 + · · ·+a1nyn,

x2 = a21y1 +a22y2 + · · ·+a2nyn,

· · · · · · · · ·

xm = am1y1 +am2y2 + · · ·+amnyn.

(4.6)

TN��±^Ý
A = (ai j)m×n5L«.2�½�5N�B: z ∈ F p 7→ y ∈ Fn



y1 = b11z1 +b12z2 + · · ·+b1pzp,

y2 = b21z1 +b22z2 + · · ·+b2pzp,

· · · · · · · · ·

yn = bn1z1 +bn2z2 + · · ·+bnpzp.

(4.7)

T�5N��±^Ý
B = (bi j)n×p5L«.

e¡·�5�ÄA�B�EÜN�.d

xi =
n

∑
k=1

aikyk =
n

∑
k=1

aik

p

∑
j=1

bk jz j =
p

∑
j=1

n

∑
k=1

aikbk jz j
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��,�5N�AÚB�EÜC = A ◦B : z 7→ xE´���5N�:

x1 = c11z1 + c12z2 + · · ·+ c1pzp,

x2 = c21z1 + c22z2 + · · ·+ c2pzp,

· · · · · · · · ·

xm = cm1z1 + cm2z2 + · · ·+ cmpzp.

(4.8)

Ù¥

ci j =
n

∑
k=1

aikbk j, 1≤ i≤ m, 1≤ j ≤ p.

CéA�Ý
�C = (ci j)m×p.

du�5N��Ý
�m�3X��éA�'X,�5N��EÜéAu

Ý
�,«$�,·�½Â§�Ý
�¦È.

½Â4.2.3. �Ý
A = (ai j)m×n ∈ Fn×p�B = (bi j)n×p ∈ Fn×p,½ÂA�B�¦È�m×
p�Ý
C := (ci j)m×p,Ù¥��

ci j =
n

∑
k=1

aikbk j = ai1b1 j +ai2b2 j + . . .+ainbn j

´A�1i1�B�1 j�éA���¦È�Ú.{P�C = AB.

·�wü�Ý
¦{�~f.

~4.2.3. �

A =

(
1 2 3

4 5 6

)
, B =


1 2

3 4

5 6

 , C =

(
0 1

0 0

)
, D =

(
0 0

1 0

)
.

Kk

AB =

(
1 ·1+2 ·3+3 ·5 1 ·2+2 ·4+3 ·6
4 ·1+5 ·3+6 ·5 4 ·2+5 ·4+6 ·6

)
=

(
22 28

49 64

)
,

BA =


1 ·1+2 ·4 1 ·2+2 ·5 1 ·3+2 ·6
3 ·1+4 ·4 3 ·2+4 ·5 3 ·3+4 ·6
5 ·1+6 ·4 5 ·2+6 ·5 5 ·3+6 ·6

=


9 12 15

19 26 33

29 40 51

 ,

CD =

(
1 0

0 0

)
, DC =

(
0 0

0 1

)
, CC = DD =

(
0 0

0 0

)
.
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~4.2.4. �

A =


a11 · · · a1n

... · · ·
...

am1 · · · amn

 , B =


b1

. . .

bm

 , C =


c1

. . .

cn

 .

Kk

BA =


b1a11 · · · b1a1n

... · · ·
...

bmam1 · · · bmamn

 , AC =


a11c1 · · · a1ncn

... · · ·
...

am1c1 · · · amncn

 .

52. �âÝ
¦{�½ÂÚþ¡�~f,·�k±e�*	:

(1) ¿�?¿ü�Ý
A�BÑ�±�¦.�k�A��ê�uB�1ê�, A�Bâ

�±�¦.

(2) =¦A�B´Ó��
, AB�BA�Ø�½��. eAB = BA,K¡A,B¦{��

�.

(3) ü��"Ý
�¦È�U´"Ý
,=dAB = OØUíÑA = O½B = O.

(4) 3A��>¦þé�
��uòA��1©O¦þ��ê,3A�m>¦þé

�
��uòA���©O¦þ��ê.

(5) êþ
λ I�Ý
A�¦��J�uÝ
�ê¦λA;AO/, IA = AI = A, OA =

AO = O.

½n4.2.2. Ý
�¦{$�äk±e5�:

(1) ¦{(ÜÆ (AB)C = A(BC)

(2) ¦{ü � IA = AI = A

(3) �©�Æ (A+B)C = AC+BC

(4) m©�Æ A(B+C) = AB+AC

(5) ê¦(ÜÆ λ (AB) = (λA)B = A(λB)

Ù¥A,B,C´¦$�k¿Â�Ý
, λ´ê.
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y². ·�=y²5�(1),Ù{5�y²3�SK.

�A = (ai j)m×n, B = (bi j)n×p, C = (ci j)p×q.Kk

(
(AB)C

)
i j =

p

∑
l=1

(AB)ilcl j =
p

∑
l=1

n

∑
k=1

aikbklcl j,

(
A(BC)

)
i j =

n

∑
k=1

aik(BC)k j =
n

∑
k=1

p

∑
l=1

aikbklcl j.

ÏL��¦Ú�gS�,±þüª��,�(AB)C = A(BC).

Ý
�¦{$�3Ý
$�¥kXAO­��/ . Nõ�ê¯KÑ�±

|^Ý
¦{��{'�L«Ú¦). ~X,�5�§| (2.1)�±�{ü/�

¤Ý
¦È�/ª

Ax = b,

Ù¥A = (ai j)m×n¡��5�§|�XêÝ
, xÚb���þ

x =


x1

x2

· · ·
xn

 , b =


b1

b2

· · ·
bm

 .

2X,~ 4.1.2¥��5N��±L«�Ý
¦È/ª
x1
...

xm

=


a11 · · · a1n

...
...

...

am1 · · · amn




y1
...

yn


aq/,~ 4.1.1¥��IC�úª�±�¤(

x′

y′

)
=

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)(
x

y

)

9 
x′

y′

z′

=


cos(θ) −sin(θ) 0

sin(θ) cos(θ) 0

0 0 1




x

y

z


±�,·�¬w��õ�Ý
¦{�A^.

ÏLÝ
�¦{,�±½Â?¿�
A���êg�

Ak = A · · ·A︸ ︷︷ ︸
k

, k = 1,2, · · · (4.9)
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,	,é?¿�
A,5½A0 = I.k
�
��g�,Ò�±ò�
�\õ�ª¦

�.�õ�ª f (x) = c0 + c1x+ · · ·+ ckxk,½ÂÝ
õ�ª

f (A) = c0I + c1A+ · · ·+ ckAk. (4.10)

~4.2.5. �A =

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
.¦An,ùpn���ê.

). N´�y

A2 =

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
=

(
cos(2θ) −sin(2θ)

sin(2θ) cos(2θ)

)
.

^8B{,���y

An =

(
cos(nθ) −sin(nθ)

sin(nθ) cos(nθ)

)
.

þªk²w�AÛ¿Â. ·���, AL«_��^=θ��^=C�. Ïd,

A2L«TC��g��EÜC�, l
´^=2θ��C�. ��/, AnL«n�

^=θ��C��EÜ,l
´��^=nθ��C�.

~4.2.6. �A,B�Ó��
,�AB = BA.y²:

(A+B)n =C0
nAn +C1

nAn−1B+ . . .+Cn−1
n ABn−1 +Cn

nBn.

y². :^êÆ8B{,�ÖögC�¤.

~4.2.7. �A =

(
a b

0 a

)
.¦An,ùpn���ê.

). òA©)�A = aI2 +N,ùpN =

(
0 b

0 0

)
.´�yNk = 0, k ≥ 2.u´

An = (aI2 +N)n = anI2 +C1
nan−1N =

(
an nan−1b

0 an

)
.

e¡·��Ñ'uÝ
¦{�1�ª���­�(Ø.
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½n4.2.3. �A,Bþ�Ó��
.Kdet(AB) = det(A)det(B).

y². :�A = (ai j)n×n, B = (bi j)n×n.^β1, . . . ,βnL«B�n�1.KAB�1i1�±�

¤ (
n

∑
k=1

aikbk1, . . . ,
n

∑
k=1

aikbkn

)
=

n

∑
k=1

aik (bk1, . . . ,bkn) =
n

∑
k=1

aikβk.

ù�

det(AB) = det

(
n

∑
j1=1

a1 j1β j1 , . . . ,
n

∑
jn=1

an jnβ jn

)
.

|^1�ª�õ­�55�

det(AB) =
n

∑
j1=1
· · ·

n

∑
jn=1

a1 j1 · · ·an jn det(β j1 , . . . ,β jn).

þª¥,�eI j1, . . . , jn¥kü����,éA��".Ïd

det(AB) = ∑
( j1··· jn)∈Sn

a1 j1 · · ·an jn det(β j1 , . . . ,β jn)

= ∑
( j1··· jn)∈Sn

a1 j1 · · ·an jn(−1)τ( j1··· jn) det(β1, . . . ,βn)

= det(A)det(B).

½ny..

þã½nk²(�AÛ¿Â. Xã §4.2.2¤«. �A0�ü ��/, Ù¡

ÈS0 = 1. ²�5C�B : y = Bx, A0 C�²1o>/A1, Ù¡ÈS1 = det(B).

²1o>/A1²�5C�A : z = AyC�²1o>/A2, Ù¡ÈS2 = det(A)S1 =

det(A)det(B). ,��¡, A2 ´dA0²EÜ�5C�A ◦B��,�S2 = det(AB). Ï

d, det(AB) = det(A)det(B).

~4.2.8. O�1�ª ∣∣∣∣∣∣∣∣
3 x+ y+ z x2 + y2 + z2

x+ y+ z x2 + y2 + z2 x3 + y3 + z3

x2 + y2 + z2 x3 + y3 + z3 x4 + y4 + z4

∣∣∣∣∣∣∣∣
). du

3 x+ y+ z x2 + y2 + z2

x+ y+ z x2 + y2 + z2 x3 + y3 + z3

x2 + y2 + z2 x3 + y3 + z3 x4 + y4 + z4

=


1 1 1

x y z

x2 y2 z2




1 x x2

1 y y2

1 z z2


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@@

A0 A1 A2

ã 4.3 Ý
¦È1�ª�AÛ¿Â

Ïd ∣∣∣∣∣∣∣∣
3 x+ y+ z x2 + y2 + z2

x+ y+ z x2 + y2 + z2 x3 + y3 + z3

x2 + y2 + z2 x3 + y3 + z3 x4 + y4 + z4

∣∣∣∣∣∣∣∣=
∣∣∣∣∣∣∣∣

1 1 1

x y z

x2 y2 z2

∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣
1 x x2

1 y y2

1 z z2

∣∣∣∣∣∣∣∣
= (x− y)2(y− z)2(z− x)2.

§4.2.3 _Ý


·�½Â
Ý
�¦{,g,�F"U
½Â¦{�_$�/Ø{0. �d

·�Ú\_Ý
�Vg.

½Â4.2.4. �A´��n��
, XJ�3n��
X÷vXA = AX = I, K¡A�_,

¿¡X�A�_Ý
, P�A−1. �_�
�¡��ÛÉ�
, ¡Ø�_�
�Û

É�
.

N´��,eA�_,Ù_Ý
´���. ù´Ï�:eXÚYÑ´A�_Ý
,

Kk

X = XI = X(AY ) = (XA)Y = IY = Y.

w,Ø´z��
Ñ�_,~X"�
ÒØ�_.@oXÛ�ä���½�

�
´Ä�_Q?

½n4.2.4. �A = (ai j)n×n�n��
.KA�_��=�det(A) 6= 0.��A�_�,

A−1 =
1

det(A)
A∗, (4.11)
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ùp

A∗ =


A11 A21 · · · An1

A12 A22 · · · An2
...

...
...

...

A1n A2n · · · Ann

 , (4.12)

Ai j´ai j�'u1�ªdet(A)��ê{fª.¡A∗�A����
.

y². eA�_,K�3n��
X¦�AX = I.þªü>�1�ª� det(A)det(X) =

1.l
det(A) 6= 0.

�L5, �det(A) 6= 0. Kd1�Ù½n 3.4.1���y��, AA∗ = A∗A =

det(A)I(n).Ïd, A−1 = 1
det(A)A

∗.

53. þã½n�L², n��
A�_��=��3n��
X¦�

AX = I ½ö XA = I.

54. �A ∈ Fn×n, b ∈ Fn.K�det(A) 6= 0�,�5�§|Ax = b�)

x = A−1b =
1

det(A)
A∗b.

dd�±á=��Cramer{K.

e¡�Ñ�_Ý
�Ä�5�.

½n4.2.5. é?¿Ó��_�
A,B,Ñk

(1) (A−1)−1 = A

(2) (λA)−1 = λ−1A−1, λ 6= 0

(3) (AB)−1 = B−1A−1

y². �ÏL_Ý
�½Â���y,3�SK.

~4.2.9. y²:

(1) �ad 6= bc�, (
a b

c d

)−1

=
1

ad−bc

(
d −b

−c a

)
.
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(2) ��þa = (a1,a2,a3),b = (b1,b2,b3),c = (c1,c2,c3),K�(a×b) · c 6= 0�,
a1 a2 a3

b1 b2 b3

c1 c2 c3


−1

=
1

(a×b) · c


u1 v1 w1

u2 v2 w2

u3 v3 w3

 ,

Ù¥u = (u1,u2,u3) = b× c,v = (v1,v2,v3) = c×a,w = (w1,w2,w3) = a×b.

(3) �a1 · · ·an 6= 0�, 
a1

. . .

an


−1

=


a−1

1
. . .

a−1
n

 .

y². ·��y²(2), (1)�(3)3�Öö�¤.
a1 a2 a3

b1 b2 b3

c1 c2 c3




u1 v1 w1

u2 v2 w2

u3 v3 w3

=


a ·u a ·v a ·w
b ·u b ·v b ·w
c ·u c ·v c ·w

 .

m>Ý
�é���(b× c) · a = (c×a) ·b = (a×b) · c,
�é����". ~X,

(1,2)���a · (c×a)= 0.Ïd,m>Ý
�êþÝ
(a×b) ·c I,l
(Ø�(.

§4.2.4 =�!�Ý�,

½Â4.2.5. òÝ
A = (ai j)m×n�1�p�,���Ý

a11 a21 · · · am1

a12 a22 · · · am2
...

... · · ·
...

a1n a2n · · · amn

 , (4.13)

¡�A�=�Ý
,P�AT = (a ji)n×m.

òEÝ
A�z����¤§��ÝEê,���Ý

a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · amn

 , (4.14)

¡�A��ÝÝ
,P�A = (ai j)m×n.
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n��
A�é���Ú

a11 +a22 + · · ·+ann (4.15)

¡�A�,,P�tr(A).

~4.2.10. �A =

(
1+ i 2− i

3− i 4+ i

)
,O�AT!A!tr(A).

). AT =

(
1+ i 3− i

2− i 4+ i

)
, A =

(
1− i 2+ i

3+ i 4− i

)
, tr(A) = 5+2i.

½n4.2.6. Ý
�=�$�äk±e5�:

(1) (A+B)T = AT +BT

(2) (λA)T = λAT

(3) (AB)T = BT AT

(4) (A−1)T = (AT )−1

Ù¥A,B´¦$�k¿Â�Ý
, λ´ê.

y². 5�(1)�(2)�ÏLÝ
$��½Â���y,3�SK.ey5�(3)�(4).

�A = (ai j)m×n, B = (bi j)n×p,Kk

(
(AB)T )

i j = (AB) ji =
n

∑
k=1

a jkbki,

(
BT AT )

i j =
n

∑
k=1

bkia jk.

þãüÚª��,�(AB)T = BT AT .AO/,é�_�
A,

(A−1)T AT = (AA−1)T = I, AT (A−1)T = (A−1A)T = I.

�â½Â4.2.4, (A−1)T = (AT )−1.

½n4.2.7. Ý
�,äk±e5�:

(1) tr(A+B) = tr(A)+ tr(B)
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(2) tr(λA) = λ tr(A)

(3) tr(AT ) = tr(A), tr(A) = tr(A)

(4) tr(AB) = tr(BA)

Ù¥A,B´¦$�k¿Â�Ý
, λ´ê.

y². 5�(1)!(2)!(3)�ÏLÝ
$��½Â���y,3�SK.ey5�(4).

�A = (ai j)m×n, B = (bi j)n×m,Kk

tr(AB) =
m

∑
i=1

(AB)ii =
m

∑
i=1

n

∑
j=1

ai jb ji,

tr(BA) =
n

∑
j=1

(BA) j j =
n

∑
j=1

m

∑
i=1

b jiai j.

ÏL��¦Ú�gS,±þüª��,�tr(AB) = tr(BA).

~4.2.11. �EÝ
A÷vtr(AAT
) = 0,y²:A = O.

y². �A = (ai j)m×n, AAT
= (bi j)m×m.d

0 = tr(AAT
) =

m

∑
i=1

bii =
m

∑
i=1

n

∑
j=1

ai jai j =
m

∑
i=1

n

∑
j=1
|ai j|2

��¤kai j = 0,=A = O.

§4.2.5 ©¬$�

3Ý
$�L§¥,k�ÿò,
fÝ
w¤���N5ë\$�¬�B

Nõ.~X,�±òÝ
w¤�|1�þ½��þ:

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

am1 am2 · · · amn


← b1

← b2
...

← bm

↑ ↑ ↑
a1 a2 · · · an

P�

A =
(

a1 a2 · · · an

)
½ A =


b1

b2
...

bm


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��/,�±òAÓ�U1U�©¤eZ¬

A =


A11 A12 · · · A1s

A21 A22 · · · A2s
...

... · · ·
...

Ar1 Ar2 · · · Ars


¡�©¬Ý
,P�A = (Ai j)r×s,z�Ai j¡�A�f¬.

���/, dA�1i1, i2, · · · , ir1Ú1 j1, j2, · · · , js�þ����gü�|¤

�r× sÝ
¡�A�fÝ
,P�

A
(

i1i2 · · · ir
j1 j2 · · · js

)
=


ai1 j1 ai1 j2 · · · ai1 js

ai2 j1 ai2 j2 · · · ai2 js
...

... · · ·
...

air j1 air j2 · · · air js

 (4.16)

eAi j = Oé¤ki 6= j¤á,K¡A�Oé�
,P�

A =


A11

. . .

Arr

 ½ A = diag(A11,A22, · · · ,Arr).

eAi j = Oé¤ki > j¤á,KA¡�Oþn�
. eAi j = Oé¤ki < j¤á,

K¡A�Oen�
.Oþn�
ÚOen�
Ú¡�On�
.

~4.2.12. eòÝ


A =


1 1 0 0

0 1 0 0

0 0 1 0

0 0 1 1


Uìe��ª©¬

1 1 0 0

0 1 0 0

0 0 1 1

0 0 1 1

 ,


1 1 0 0

0 1 0 0

0 0 1 0

0 0 1 1

 ,


1 1 0 0

0 1 0 0

0 0 1 0

0 0 1 1

 .

KA©O¤�Oþn�
!Oé�
!Oen�
.
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dd��, “Oé�”!“Oþn�”!“Oen�”�Vg¿Ø´�á�,´ÚÝ


©¬��ªéX3�å�.3¢S$^��ÿ,ÀJT��©¬�ª�N¬k

Ïu¯K�)û.

e¡·��Ä©¬Ý
�$�.kw��~f.b�Ý


A =


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 , B =


b11 b12 b13 b14

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44


Uì±þ�ª©¬¤

A =

(
A1 A2

A3 A4

)
, B =

(
B1 B2

B3 B4

)
,

Kk

A+B =


a11 +b11 a12 +b12 a13 +b13 a14 +b14

a21 +b21 a22 +b22 a23 +b23 a24 +b24

a31 +b31 a32 +b32 a33 +b33 a34 +b34

a41 +b41 a42 +b42 a43 +b43 a44 +b44

=

(
A1 +B1 A2 +B2

A3 +B3 A4 +B4

)
,

AB =



a11b11 +a12b21 a11b12 +a12b22 a11b13 +a12b23 a11b14 +a12b24
+a13b31 +a14b41 +a13b32 +a14b42 +a13b33 +a14b43 +a13b34 +a14b44

a21b11 +a22b21 a21b12 +a22b22 a21b13 +a22b23 a21b14 +a22b24
+a23b31 +a24b41 +a23b32 +a24b42 +a23b33 +a24b43 +a23b34 +a24b44

a31b11 +a32b21 a31b12 +a32b22 a31b13 +a32b23 a31b14 +a32b24
+a33b31 +a34b41 +a33b32 +a34b42 +a33b33 +a34b43 +a33b34 +a34b44

a41b11 +a42b21 a41b12 +a42b22 a41b13 +a42b23 a41b14 +a42b24
+a43b31 +a44b41 +a43b32 +a44b42 +a43b33 +a44b43 +a43b34 +a44b44


=

(
A1B1 +A2B3 A1B2 +A2B4

A3B1 +A4B2 A3B2 +A4B4

)
.

aq/,éuê¦!=�!�Ý!,$�,�k

λA =

(
λA1 λA2

λA3 λA4

)
, AT =

(
AT

1 AT
3

AT
2 AT

4

)
, A =

(
A1 A2

A3 A4

)
, tr(A) = tr(A1)+ tr(A4).

l±þ~f�±wÑ,3é©¬Ý
�1Ý
�\{!ê¦!¦{!=�!

�Ý!,$���ÿ,�±rz�Ý
¬w�´����?1$�,,�2éz

�Ý
¬�1Ó��$�.
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½n4.2.8. Ý
�©¬$�äk±e5�:

(1) �A = (Ai j)r×s, B = (Bi j)r×s,KA+B = (Ai j +Bi j)r×s.

(2) �A = (Ai j)r×s,KλA = (λAi j)r×s.

(3) �A = (Ai j)r×s, B = (Bi j)s×t ,KAB = (Ci j)r×t ,Ù¥Ci j =
s
∑

k=1
AikBk j.

(4) �A = (Ai j)r×s,KAT = (AT
ji)s×r.

(5) �A = (Ai j)r×s´E�
,KA = (Ai j)r×s.

(6) �A = (Ai j)r×r�z�AiiÑ´�
,Ktr(A) =
r
∑

i=1
tr(Aii).

(7) �A1, · · · ,ArÑ�_�, (diag(A1, . . . ,Ar))
−1 = diag(A−1

1 , . . . ,A−1
r ).

Ù¥Ý
A,B�©¬�ª¦$�k¿Â, λ´ê.

y². �ÏLÝ
$��½Â���y,3�SK.

55. 3þã½n(3)¥, e¦Ý
�¦{$�k¿Â, z�Aik��ê7L�

uBk j�1ê.
�,3úªCi j =
s

∑
k=1

AikBk j¥, AikÚBk j�gSØ�±��.

e¡,·�`²©¬3Ý
$�¥��
A^.

~4.2.13. ­#�Ä~ 4.2.4.�Ý
A�1�a1, . . . ,am,��b1, . . . ,bn.K

BA =


b1

. . .

bm




a1
...

am

=


b1a1

...

bmam

=


b1a11 · · · b1a1n

...
...

...

b1am1 · · · bmamn

 .

Ón

AC =
(

b1 · · · bn

)
c1

. . .

cn

=
(

c1b1 · · · cnbn

)
=


c1a11 · · · cna1n

...
...

...

c1am1 · · · cnamn

 .

~4.2.14. �A´��m×nÝ
, B´��n×mÝ
, m > n.y²: det(AB) = 0.
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y². 3Ý
A�màV\m− n�"�þ¦�¤��
Ã = (A,O). 3Ý
B�e

àV\m−n1"�þ¦�¤��
B̃ =

(
B

O

)
.KÃB̃ = AB.�â½n 4.2.3,

det(AB) = det(ÃB̃) = det(Ã)det(B̃) = 0.

~4.2.15. �Oþn��
A = (Ai j)k×k�z�é�¬AiiÑ´�
,Kk

det(A) =

∣∣∣∣∣∣∣∣∣∣∣

A11 A12 · · · A1k

O A22 · · · A2k
...

. . . . . .
...

O · · · O Akk

∣∣∣∣∣∣∣∣∣∣∣
= det(A11)det(A22) · · ·det(Akk).

y². ék^8B{. �k = 1�,(Øw,¤á. b�(Øék−1¤á. ék ≥ 2,ò

Ý
A�©¬¤

A =

(
A11 Ā12

O Ā22

)
,

Ù¥

Ā12 =
(

A12 · · · A1k

)
, Ā22 =


A22 A23 · · · A2k

O A33 · · · A3k
...

. . . . . .
...

O · · · O Akk

 .

d1�Ù~ 3.3.1�,

det(A) = det(A11)det(Ā22).


d8Bb�

det(Ā22) = det(A22) · · ·det(Akk).

�

det(A) = det(A11)det(A22) · · ·det(Akk).

~4.2.16. �½Ý


A =


1 1 1 0

0 1 0 1

0 0 1 1

0 0 0 1

 .
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O�An,Ù¥n���ê.

). òA©¬¤

A =

(
B I

O B

)
, B =

(
1 1

0 1

)
.

^êÆ8B{�±y²:

An =

(
Bn nBn−1

O Bn

)
, Bn =

(
1 n

0 1

)
, n≥ 1.

u´

An =


1 n n n(n−1)

0 1 0 n

0 0 1 n

0 0 0 1

 .

~4.2.17. �A ∈ Fm×m, B ∈ Fn×n, C ∈ Fm×n, D ∈ Fn×m, �A,B�_. y²: Ý




(
A C

O B

)
�

(
A O

D B

)
�_,¿¦§��_.

y². du

det

(
A C

O B

)
= det(A)det(B) 6= 0,

ÏdÝ


(
A C

O B

)
�_. b�§�_�±L«�©¬Ý
/ªX =

(
X1 X2

X3 X4

)
,Ù

¥X1 ∈ Fm×m, X2 ∈ Fm×n, X3 ∈ Fn×m, X4 ∈ Fn×n.d(
A C

O B

)(
X1 X2

X3 X4

)
=

(
Im O

O In

)

��

AX1 +CX3 = Im, AX2 +CX4 = O, BX3 = O, BX4 = I.

dþª)�

X3 = O, X4 = B−1, X1 = A−1, X2 =−A−1CB−1.

= (
A C

O B

)−1

=

(
A−1 −A−1CB−1

O B−1

)
.
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aq�� (
A O

D B

)−1

=

(
A−1 O

−B−1DA−1 B−1

)
.

AO/, (
I C

O I

)−1

=

(
I −C

O I

)
,

(
I O

D I

)−1

=

(
I O

−D I

)
.

~4.2.18. ¦~ 4.2.16¥Ý
A�_.

). Ó~ 4.2.16aq,òÝ
A©¬�

A =

(
B I

O B

)
, B =

(
1 1

0 1

)
.

dþ~(Ø,

A−1 =

(
B−1 −B−2

O B−1

)
.

du

B−1 =

(
1 −1

0 1

)
, B−2 =

(
1 −2

0 1

)

Ïd

A−1 =


1 −1 −1 2

0 1 0 −1

0 0 1 −1

0 0 0 1

 .

§4.3 Ð�C�

3�Ö1�Ù¥,·�Ú\
¦)�5�§|�n«Ð�C�.þ�Ù·�

w�
Ð�C�31�ªO�¥�­��^. �!·�òw�Ð�C��´Ý


$��­�óä. |^Ý
¦{,·��±{'/L«Ý
�Ð�C�.Ïd,

Gauss��{�±^Ý
¦{L«,?
�±�Ï·�^Ý
�n))û�5�

§|�Ä�nØ¯K,X)��35���5�.

£Á�en«Ð�C�



112 1oÙ Ý


(1) ��Ý
�ü1;

(2) ò,1¦±���"~ê;

(3) ò,1�~ê�\�,�1.

±þC�¡�Ý
�Ð�1C�.aq/,éÝ
����±¢�n«éA�C

�,¡�Ý
�Ð��C�,ù8«C�Ú¡�Ý
�Ð�C�.·�E,^1

�ªÐ�C��Ó�PÒL«Ý
�Ð�C�,=^ri↔ r j!λ ri!λ ri→ r jL«n

�1C�,^ci↔ c j!λci!λci→ c jL«n��C�.z�Ð�C�éA��Ð�

Ý
.e¡©O�±0�.

• ��ü 
�1i, j1(½��1i, j�),��

Si j =



1
. . .

0 1
. . .

1 0
. . .

1



←1i1

←1 j1

(4.17)

• òü 
�1i1(½1i�)¦±�"êλ ,��

Di(λ ) =



1
. . .

1

λ

1
. . .

1


←1i1 (4.18)
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• òü 
�1 j1�λ�\�1i1(½ò1i��λ�\�1 j�),��

Ti j(λ ) =



1
. . .

1 λ

. . .

1
. . .

1



←1i1

←1 j1

(4.19)

þãna�
¡�Ð��
.z�aÐ��
��aÐ�C��éA.

½n4.3.1. éÝ
�Ð�1C�,��u3Ý
��>¦þ���A�Ð��
;

éÝ
�Ð��C�,��u3Ý
�m>¦þ���A�Ð��
.

y². ·�=y²1C���/.�m×n�Ý
A�1�a1,a2, . . .am,Kk

Si jA =



1
. . .

0 1
. . .

1 0
. . .

1





a1
...

ai
...

a j
...

am


=



a1
...

a j
...

ai
...

am



Di(λ )A =



1
. . .

1

λ

1
. . .

1





a1
...
...

ai
...
...

am


=



a1
...
...

λai
...
...

am


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Ti j(λ )A =



1
. . .

1 λ

. . .

1
. . .

1





a1
...

ai
...

a j
...

am


=



a1
...

ai +λa j
...

a j
...

am


.

�C���/�±aqy²,3�SK.

½n4.3.2. Ð��
äke�5�:

(1) Si j�é¡�
,�S−1
i j = Si j;

(2) Di(λ )�é��
,�Di(λ )
−1 = Di(λ

−1);

(3) Ti j(λ )�n��
,�Ti j(λ )
−1 = Ti j(−λ ).

y². 3�SK.

1�Ù¥¦)�5�
|�Gauss��{��þ´éÝ
�1�Ð�C�,

�ªòÝ
z��F/�IO/ª.|^Ý
�óLãÒ´,�3�X�Ð��


P1,P2, · · · ,Ps¦�

Ps · · ·P2P1 A = J,

Ù¥J´�F/Ý
 (2.3).

AO/, b�A´n��_�
, KJ´�_þn�
. XJ2b�·��

�Ð�C��k1na, =^(k,k) ������( j,k) ����, j > k, k =

1,2, . . . ,n − 1, KPs · · ·P2P1´���_en�
, �é��þ�1, P�L−1. Ó

�PJ = U , KA = LU . ·�¡A = LU�Ý
A�LU©). XJ·���
Ý


A�LU©), )�5�§|Ax = bÒ�±=z�¦)ü�{ü��5�§|:

Ly = b,Ux = y.

XJéÝ
Ó�¢�1Ú��Ð�C�,KÝ
�±z��{ü�/ª.·

�k

½n4.3.3. é?¿Ý
A = (ai j)m×n, �3�X�m�Ð��
P1,P2, . . . ,PsÚn�Ð

��
Q1,Q2, . . . ,Qt ,¦�

Ps · · ·P2P1 A Q1Q2 · · ·Qt =

(
Ir O

O O

)
. (4.20)



§4.3 Ð�C� 115

Ù¥r��K�ê.

y². eA = O,(Øw,¤á.e�A 6= O,Ø��apq 6= 0.KòA�1�1�1p1

p�,1���1q�p�,K�±òapq���(1,1) �.Ïd,Ý


B = (bi j)m×n = D1(a−1
pq ) S1p A S1q

÷vb11 = 1.|^Ð�C�òB�1�1Ú1����(Øb11	)Ñz�",=

Tm1(−bm1) · · ·T21(−b21) B T12(−b12) · · ·T1n(−b1n) =

(
1 0

0 C

)
,

Ù¥C�(m− 1)× (n− 1)�Ý
. éÝ
C­E±þÚ½,�ª�z� (4.20)/ª.

duÐ��
Ñ´�_�
,¿��_�
�¦È�´�_�
,dþã½

nk

½n4.3.4. é?¿Ý
A = (ai j)m×n,�3m��_�
PÚn��_�
Q,¦�

P A Q =

(
Ir O

O O

)
, (4.21)

Ù¥�K�êrdA��û½.

y². �Iyr���5. ^�y{. b��3r 6= s (Ø��r < s)9�_�


P1,P2,Q1,Q2÷v

P1AQ1 =

(
Ir O

O O

)
, P2AQ2 =

(
Is O

O O

)
.

-P = P2P−1
1 , Q = Q−1

1 Q2,K

P

(
Ir O

O O

)
Q =

(
Is O

O O

)
.

rPÚQ©¬

P =

(
P1 P2

P3 P4

)
, Q =

(
Q1 Q2

Q3 Q4

)
,

Ù¥P1´s× rÝ
, Q1´r× sÝ
. u´P1Q1 = Is. ,
,dur < s,�â~ 4.2.14�

(Ø, det(P1Q1) = 0.ù�P1Q1 = Isgñ.
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þã½n¥��K�êrkAO�¹Â.§éAu1�Ù¥Ý
�Ð�C�

�, (2.3)ª¥�F/Ý
J��"1ê. §´A����~­��þ,¡�Ý
�

�.·�ò3e�!�[0�§.

3(4.20)ª¥,XJA�n��_�
,KduPs · · ·P1 A Q1 · · ·Qt��_,Ïdr =

n.l


Ps · · ·P1 A Q1 · · ·Qt = I.

dd

A = P−1
1 · · ·P

−1
s Q−1

t · · ·Q−1
1 . (4.22)

duÐ�Ý
�_Ý
E�Ð�Ý
,Ïdk

½n4.3.5. �
A�_�¿�^�´, A�±©)��X�(k��)Ð��
�¦

È.

l(4.22)ª��±��

Q1 · · ·QtPs · · ·P1A = I,

AQ1 · · ·QtPs · · ·P1 = I.
(4.23)

±þüª�¹Â´,�±é�_�
A��X��Ð�1C�òAC��{

/ªI,��±é�_�
A��X��Ð��C�òAC��{/ªI.|^ù�

(Ø,�±�ÑO��_�
�_Ý
�k��{–Ð�C�{.

�X´�
�_Ý
,=AX = I. 2�Ps · · ·P1A = I,Ù¥Pi�Ð�Ý
. KX =

Ps · · ·P1. �O�Ý
A�_,·�ò�
A�I|Ü3�å/¤��n1!2n��Ý


(A, I).yéÝ
(A, I)¢��X��Ð�1C�(éA�Ð�Ý
�P1, . . . ,Ps).K

du

Ps · · ·P1(A, I) = (Ps · · ·P1A,Ps · · ·P1I) = (I,A−1), (4.24)

ù
Ð�C�òA{z�I,�dÓ�òIz�A−1,ddÏL�X�Ð�C�Ò�

±¦�Ý
�_.^aq��{��±¦)Ý
�§AX = B.e¡·����ä

N~f.

~4.3.1. O�Ý
A�_Ý
,ùp

A =


2 1 0

1 2 1

0 1 2

 .
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). éÝ
(A, I)��X�Ð�1C�,¦�A{z�I:
2 1 0 1 0 0

1 2 1 0 1 0

0 1 2 0 0 1

 1
2 r1−−→


1 1

2 0 1
2 0 0

1 2 1 0 1 0

0 1 2 0 0 1

 −r1→r2−−−−→


1 1

2 0 1
2 0 0

0 3
2 1 −1

2 1 0

0 1 2 0 0 1

 2
3 r2−−→


1 1

2 0 1
2 0 0

0 1 3
2 −1

3
2
3 0

0 1 2 0 0 1

 −r2→r3−−−−→


1 1

2 0 1
2 0 0

0 1 3
2 −1

3
2
3 0

0 0 4
3

1
3 −2

3 1

 3
4 r3−−→


1 1

2 0 1
2 0 0

0 1 3
2 −1

3
2
3 0

0 0 1 1
4 −2

4
3
4


− 2

3 r3→r2−−−−−→


1 1

2 0 1
2 0 0

0 1 0 −1
2 1 −1

2

0 0 1 1
4 −2

4
3
4

 − 1
2 r2→r1−−−−−→


1 0 0 3

4 −2
4

1
4

0 1 0 −1
2 1 −1

2

0 0 1 1
4 −2

4
3
4

 .

Ïd

A−1 =


3
4 −2

4
1
4

−1
2 1 −1

2
1
4 −2

4
3
4

 .

~4.3.2. �A =


0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

.¦A−1.

){�. ^Ð�C�.
0 1 1 1 1 0 0 0

1 0 1 1 0 1 0 0

1 1 0 1 0 0 1 0

1 1 1 0 0 0 0 1


ri→r1,i=2,3,4−−−−−−−→


3 3 3 3 1 1 1 1

1 0 1 1 0 1 0 0

1 1 0 1 0 0 1 0

1 1 1 0 0 0 0 1


1
3 r1,−r1→ri,i=2,3,4
−−−−−−−−−−−→


1 1 1 1 1/3 1/3 1/3 1/3

0 −1 0 0 −1/3 2/3 −1/3 −1/3

0 0 −1 0 −1/3 −1/3 2/3 −1/3

0 0 0 −1 −1/3 −1/3 −1/3 2/3


ri→r1,−ri,i=2,3,4−−−−−−−−−−→


1 0 0 0 −2/3 1/3 1/3 1/3

0 1 0 0 1/3 −2/3 1/3 1/3

0 0 1 0 1/3 1/3 −2/3 1/3

0 0 0 1 1/3 1/3 1/3 −2/3

 .
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Ïd A−1 =


−2/3 1/3 1/3 1/3

1/3 −2/3 1/3 1/3

1/3 1/3 −2/3 1/3

1/3 1/3 1/3 −2/3

.

){�. du

A+ I4 =


1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


´�y, (A+ I4)

2 = 4(A+ I4). u´A2− 2A− 3I4 = 0, A(A− 2I4) = 3I4. Ïd, A−1 =
1
3(A−2I4).

éu©¬Ý
��±�1�þ¡aq�/Ð�1(�)C�0,ù«C��´

ÏLé©¬Ý
�(m)¦�A�/Ð��
0¢y�.

~4.3.3. �½©¬Ý
 (
A B

C D

)
,

Ù¥A��_�
.�±���y(
I O

−CA−1 I

)(
A B

C D

)
=

(
A B

O D−CA−1B

)
(4.25)

(
A B

C D

)(
I −A−1B

O I

)
=

(
A O

C D−CA−1B

)
(4.26)

(
I O

−CA−1 I

)(
A B

C D

)(
I −A−1B

O I

)
=

(
A O

O D−CA−1B

)
(4.27)

Ù¥On�/Ð��
0(
I O

−CA−1 I

)
Ú

(
I −A−1B

O I

)

äk�Ð��
Ti j(λ )aq�5�,¿��±�y(
I O

X I

)−1

=

(
I O

−X I

)
,

(
I Y

O I

)−1

=

(
I −Y

O I

)
.
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~4.3.4. �A,D©O�m,n��
, B ∈ Fn×m,C ∈ Fm×n,�A�_.y²

det

(
A C

B D

)
= det(A) det(D−BA−1C). (4.28)

y². N´�y (
Im 0

−BA−1 In

)(
A C

B D

)
=

(
A C

0 D−BA−1C

)

þªü>�1�ª=�y.

AO/,XJm = n�AB = BA,Kdu

A(D−BA−1C) = AD−ABA−1C = AD−BC,

�

det

(
A C

B D

)
= det(AD−BC).

éu©¬Ý
,��±¦^Ð�C�{¦_.

~4.3.5. �A,B, I�n��
,�BA = 0.O�©¬Ý


M =

(
I A

B I

)

�_Ý
.

). (
I A I O

B I O I

)
−→

(
I A I O

O I −B I

)
−→

(
I O I +AB −A

O I −B I

)
.

Ïd (
I A

B I

)−1

=

(
I +AB −A

−B I

)
.

|^½n 4.3.5,·���±�B/y²1�ª�Ä�5�–1�ª�1�p

�ØUC1�ª��.

~4.3.6. �A�n��
.Kdet(AT ) = det(A).



120 1oÙ Ý


y². : �AØ�_�, AT�Ø�_. d�det(AT ) = det(A) = 0. e¡b�A�_. d

½n 4.3.5�,�3Ð��
P1,P2, . . . ,Ps¦�

A = P1P2 · · ·Ps.

u´

AT = PT
s · · ·PT

2 PT
1 .

5¿�det(PT
i ) = det(Pi), i = 1,2, . . . ,s,�

det(AT ) = det(A) = Π
s
i=1 det(Pi).

o�, det(AT ) = det(A).

§4.4 Ý
����-

31�Ù·�ù�,�5�§|9�A�Ý
�±ÏLÐ�1C�z¤�

F/ª,
�F/Ý
¥�"1ê´û½�5�§|�)�­�ëê.ù��"

1ê�´½n 4.3.4¥��K�êr,§´dÝ
A��(½�,ùÒ´Ý
A��.

Ý
��Vg3Ý
$�9�5�§|�¦)nØ¥kX­���^.

§4.4.1 Ý
���-�½Â

£��eGauss���L§,·�¢Sþ´é��Ý
��X�Ð�1C�.

C���Ý
éA��§|��Ý
éA��§|´Ó)�.d�,·�`C�

��Ý
��Ý
´�d(�-)�.âd,·�Ú?±eVg.

½Â4.4.1. �A,B´m×n�Ý
,XJ�3�X�(k��)Ð�C�òÝ
Az¤

Ý
B,K¡Ý
AÚB�-.

du�_�
�±©)��X�Ð��
�¦È,Ïdk

½n4.4.1. �A,B´m×n�Ý
.KAÚB�-��=�,�3m��_�
PÚn�

�_�
Q¦�

B = PAQ.

N´�y,Ý
��-'X÷v5�

1. A�A���-;

2. eA�B�-,KB�A�-;
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3. eA�B�-,�B�C�-,KA�C�-.

÷vþã5��'X¡��d'X,�d'X^∼L«. N´�y,�-´�«

�d'X.¤km×nÝ
��N�â�-'X�±�©)��
Ø���f8

�¿,z�f8¡����-�da.ü�Ý
�-��=�§�áuÓ���

-�da.'uÝ
�-,·�k±eÄ�¯K:

1. ü�Ý
áuÓ��-�da�^�´�o? ½ö`,�A,Bþ�m×nÝ
,

A�B�-�¿�^�´�o?

2. 3z��-�da¥, �{ü��L�äkN��/ª? �Ò´`, éz

�m×nÝ
,�§�-��{Ý
(�-IO/)´�o?

½n 4.3.4L²,?¿Ý
A�-uOé��


(
Ir O

O O

)
,ù´�A�-��{

Ý
.

½Â4.4.2. �A´m×nÝ
,úª (4.21)¥�Ý


(
Ir O

O O

)
¡�A��-IO/. �

êr¡�Ý
A��, P�rank(A)½r(A). er = m, KA¡�´1÷��; er = n,

KA¡�´�÷��.AO/,"Ý
���u0.

�e5·�£�ü�Ý
Û��-�¯K.

½n4.4.2. �A,B´Ó�Ý
,KA�B�-�¿�^�´rank(A) = rank(B).

y². ¿©5. �rank(A) = rank(B) = r, KA�BÑ�-uIO/

(
Ir O

O O

)
, l


A�B��-.

7�5. �A�B�-, KA�B�IO/��-. �rank(A) = r, rank(B) = s.

K

(
Ir O

O O

)
�

(
Is O

O O

)
�-.d½n 4.3.4�y²�, r = s.

þã½nL², Ý
�â§��©¤ØÓ��da. éum× n�Ý
�

NFm×n,du0 ≤ r ≤ min(m,n),¿�z�réA������-�da,ÏdFm×n

o�kmin(m,n)+1��-�da.Ó��da�Ý
Ñ�-u

(
Ir O

O O

)
.

½n4.4.3. �A´m×nÝ
, P,Q©O´m,n��_�
,Krank(PAQ) = rank(A).

y². duPAQ�A�-,�§�����.
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þã½nL²,Ð�C�ØUCÝ
��.

~4.4.1. �A�n��
.y²: A�_��=�rank(A) = n.

y². �rank(A) = r,K�3n��_�
P,Q¦�

PAQ =

(
Ir O

O O

)
.

XJA�_,KPAQ�_,l
r = n.��,XJr = n,KPAQ = In,l
A = P−1Q−1�

_.

~4.4.2. y²:é?¿Ý
A, rank(AT ) = rank(A).

y². �rank(A) = r, d½n 4.3.4�, �3�_�
P,Q¦�PAQ =

(
Ir O

O O

)
. u

´QT AT PT =

(
Ir O

O O

)
.l
, rank(AT ) = r = rank(A) = r.

~4.4.3. �A,B�?¿Ý
.y²

rank

(
A O

O B

)
= rank(A)+ rank(B).

y². �rank(A) = r, rank(B) = s. K�3�_�
P1,Q1�P2,Q2¦�P1AQ1 =(
Ir O

O O

)
, P2BQ2 =

(
Is O

O O

)
.u´

(
P1 O

O P2

)(
A O

O B

)(
Q1 O

O Q2

)
=


Ir O O O

O O O O

O O Is O

O O O O

 .

ÏL{ü�Ð�C�(1�p�)�,þª�ªmà�Ý
�-u

(
Ir+s O

O O

)
.Ïd

Iy��ª¤á.

Ý
���Ù�"fªkX;��éX.��«ù«éX,·�k�Ñ��

Ún.
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Ún4.4.1. �A´m× n�
, P,Q©O´m,n�Ð��
. eA�¤kk�fªÑ�

",KPA�AQ�¤kk�fª��".

y². �P = Si j½P = Di(λ )�,(Øw,¤á.�P = Tpq(λ )�,�B = PA,K

detB
(

i1i2 · · · ik
j1 j2 · · · jk

)
=

detA
( i1i2···ik

j1 j2··· jk

)
, p /∈ {i1, i2, . . . , ik}

detA
( i1···it ···ik

j1··· jt ··· jk

)
+λ detA

( i1···q···ik
j1··· jt ··· jk

)
, p = is (1≤ s≤ k)

.

ÏdeA�¤kk�fªÑ´�",KB = PA�¤kk�fª�Ñ�". aq�y,

QA�¤kk�fª�Ñ�".

Ý
���Ù�"fª�m�éXde�½n�Ñ.

½n4.4.4. Ý
A��"fª��p�ê�uÝ
A��.

y². �Ý
A���r,§��"fª����ê�s.òÝ
AÏL�X�Ð�

C�C¤Ù�-IO/B =

(
Ir O

O O

)
,=�3�_�
P,Q¦�A = PBQ,KA��

k��r�fª�". ÄK,dÚn 4.4.1�, B�¤kr�fªÑ�",gñ. Ïd,

s≥ r.

,��¡,duB =

(
Ir O

O O

)
�?¿k(k ≥ r+1)�fª�",dÚn 4.4.1, A =

PBQ�?¿k(k ≥ r+1)�fª��",l
s≤ r.Ïd, r = s.½ny..

dþã½n,·��ÑÝ
�����d½Â.

½Â4.4.3. �Ý
A��k��r��"fª, �A�¤kr + 1�fªÑ�", K

¡A���r.

|^þã½Â�±�B/�y, 1�Ù¥Gauss�����IO.Ý
J

((2.3)ª)���

rank(J) =

r dr+1 = 0

r+1 dr+1 6= 0.

~X,�dr+1 = 0�, J�11,2, . . . ,r1,11, j2, . . . , jr��fª�",�J�?¿r+1�

fª�". Ïd, rank(J) = r. Ón,�dr+1 6= 0�, rank(J) = r+1. ù�ÐL²,IO

.J¥��"1êTÐ´J��,�´Ý
A��.

ù�,·�¢Sþ�±£�1�Ù¥JÑ�Xe¯K:

1. (2.3)ª¥, r´dÝ
A��(½�,§Ò´Ý
A��.

2. �5�§|Ax = bk),��=�rank(A) = rank(J) = rank(A,b) = r.
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§4.4.2 ��O�

�â½n4.4.3,Ð�C�ØUCÝ
��. Ïd,é�½Ý
�1�Ð�C

�òÙz�{ü�
,´O�Ý
�����{.

~4.4.4. éux�ØÓ�,?Øn��
A��,ùp

A =


x 1 · · · 1

1 x
. . .

...
...

. . . . . . 1

1 · · · 1 x

 .

). �Ð�C�

A−→


x+n−1 1 · · · 1

x+n−1 x
. . .

...
...

. . . . . . 1

x+n−1 · · · 1 x

−→


x+n−1 1 · · · 1

x−1
. . .

x−1

= B.

�x = 1�, BÚdiag(1,On−1)�-.�x 6= 1�, BÚ(x+n−1, In−1)�-.

nþ��

rank(A) =


1, x = 1;

n−1, x = 1−n;

n, Ù§�/.

,�«O����{´O�Ý
�fª,ØLù«�{�éAÏÝ
((�

{ü)k�.

~4.4.5. O�n��
A��,ùp

A =


1 1

1
. . .
. . . 1

1 1

 .

). dA�mþ��n−1�fª�"�, rank(A)≥ n−1. qddet(A) = 1− (−1)n,�

�n´Ûê�, rank(A) = n;�n´óê�, rank(A) = n−1.
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§4.4.3 �-IO/�A^*

|^Ý
��-IO/,�±¦�
Ý
¯K��{z,r'u��Ý
�

¯K=z�'uIO/Ý
�¯K?n.e¡�Ñ�
~f.

~4.4.6. �A ∈ Fm×n �rank(A) = 1. y²:�3m��"��þa9n��"1�

þb¦�A = ab.

y². :drank(A) = 1��3m��_�
P9n��_�
Q¦�

A = P

(
1 O

O O

)
Q = P


1

0
...

0


(

1 0 · · · 0
)

Q.

-

a = P


1

0
...

0

 , b =
(

1 0 · · · 0
)

Q

=kA = ab,�a�m��"��þ, b�n��"1�þ.

~4.4.7. z���r�Ý
Ñ�±�¤r��´1�Ý
�Ú.

y². �rank(A) = r, K�3�_�
P,Q÷vA = P

(
Ir O

O O

)
Q. u´A = PE11Q+

. . .+PErrQ,Ù¥Eii´Ä�Ý
,§���1.l
Ý
PEiiQ���Ñ´1.

~4.4.8. y²:é?¿m×nÝ
A, n× pÝ
B,Ñk

rank(AB)≤min
(
rank(A), rank(B)

)
.

y². �rank(A)= r,K�3�_P,Q¦�A=P

(
Ir O

O O

)
Q.u´AB=P

(
Ir O

O O

)
QB.

òÝ
QB�Xe©¬QB =

(
B1

B2

)
,Ù¥B1 ∈ Fr×p, B2 ∈ F(n−r)×p.K

rank(AB) = rank

(
diag(Ir,O)

(
B1

B2

))
= rank(B1)≤ rank(B).

,��¡, rank(AB) = rank((AB)T ) = rank(BT AT )≤ rank(AT ) = rank(A). =rank(AB)≤
min
(
rank(A), rank(B)

)
.
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~4.4.9. �A ∈ Fm×p, B ∈ Fn×p.y²: rank

(
A

B

)
≤ rank(A)+ rank(B).

y². du (
A

B

)
=

(
A O

O B

)(
Ip

Ip

)
,

Ïd

rank

(
A

B

)
≤ rank

(
A O

O B

)
= rank(A)+ rank(B).

~4.4.10. �A ∈ Fm×n, B ∈ Fn×m, m > n.y²: det(AB) = 0.

y². drank(AB)≤ rank(A)≤ n < m,=�ABØ�_,l
 det(AB) = 0.

~4.4.11. �A�n��
, I�Ó�ü 
,�A2 = A.y²: rank(A)+ rank(I−A) = n.

y². é±e©¬Ý
�Ð�C�(
A O

O I−A

)
−→

(
A O

A I−A

)
−→

(
A A

A I

)
−→

(
A−A2 O

A I

)
−→

(
O O

O I

)
.

duÐ�C�ØUCÝ
��,Ïd

rank(A)+ rank(I−A) = rank

(
A O

O I−A

)
= rank(I) = n.

��£:Ý
uÐ¤

lÜ6þ, Ý
AT@u1�ª.�Ý
Vg'1�ª��. 1850c=Iê

Æ[Sylvester(1814–1897)3ïÄ�5�§|��ÿ, Ú\
Ý
�Vg. �ù�

Ý
�´�5�§|����P/ª.

1855c, =IêÆ[p4(Caylay, 1821–1895)3ïÄ�5C�e�ØCþ�,

Ú\
Ý
�Vg. 1858c, p435Ý
Ø�ïÄ�w6¥, ½Â
ü�Ý


��!�\±9ê�Ý
�ê¦�$�Ú�Æ.Ó�,½Â
"Ý
!ü 
�

AÏÝ
, �­��´3T©¥¦�Ñ
Ý
�¦!Ý
�_�Vg, ±9|

^��
¦_
��{,y²
k'�5�,XÝ
¦{k(ÜÆ,vk��Æ,

ü��"
¦È�±�"Ý
�(Ø.½Â
=�
!é¡
!�é¡
�V
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g. Ïd�±`,p4´Ý
nØ�CÄ<. p4�JÑ
Ý
�A�õ�ª�

Vg±9p4-M��î½n,¿�y
3×3�Ý
��¹. M��îy²
4×
4�Ý
��¹,
���¹e�y²´�IêÆ[6Û�Z¿d(F.G.Frohenius,

1849�1917)u1898c�Ñ�.

1854c�{IêÆ[D��A(C.Hermite)¦^
 /��Ý
0 ù�â

�, �¦��ª½Â��1878câd¤Û�Z¿duL. 1879c, ¤Û�Z

¿d(Frobenius)Ú\Ý
��Vg, ¦�Ú\
Ý
��õ�ª. ,�Vg

dTaberÚ\.�d,Ý
�NXÄ�þïáå5
.

1878c,6ÛËÝd(Frobenius)3¦�Ø©¥Ú\
õ�ªÝ
�1�ªÏ

f!ØCÏfÚÐ�Ïf�Vg,y²
ü�õ�ªÝ
�d��=�§�k

�Ó�ØCÏfÚÐ�Ïf.

'u1�ª�¦È½n(det(AB) = det(A)det(B)), Lagrangeén��
�Ñ


y². é���/, BinetQãL�vk�Ñ÷¿�y², Cauchy�Ñ
�½n�

y².

SKn

1. �¤½n4.2.1!½n4.2.2�y².

2. y²:z��
Ñ�±L«���é¡
����é¡
�Ú�/ª.

3. �A =

(
−3 −1 −2

1 3 4

)
, B =


2 2 −2

4 −1 −4

4 3 −3

, C =


1 1

−4 1

−1 −2

,O�AB, BC, ABC,

B2, AC, CA.

4. O�


1 x x2 · · · xn

1 y y2 · · · yn

1 z z2 · · · zn





a0 b0 c0

a1 b1 c1

a2 b2 c2
...

...
...

an bn cn


.

5. O�
(

x1 x2 · · · xm

)


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

am1 am2 · · · amn




y1

y2
...

yn

.
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6. Þ~¦÷v^��2�¢�
A.

(1) A2 =

(
0 1

1 0

)
(2) A2 =

(
0 1

−1 0

)
(3) A3 = I�A 6= I.

7. O�e��
�kg��, k���ê.

(1)

(
cosθ sinθ

−sinθ cosθ

)
(2)

(
a b

−b a

)
(3)


1 a 1 0

0 1 0 1

0 0 1 a

0 0 0 1



(4)


1 1

1
. . .
. . . 1

1


n×n

(5)


a1b1 a1b2 · · · a1bn

a2b1 a2b2 · · · a2bn
...

... · · ·
...

anb1 anb2 · · · anbn


8. �A,BÑ´n�é¡�
,�AB = BA.y²AB�´é¡�
.

9. y²:ü�n�þ(e)n��
�¦ÈE´þ(e)n�.

10. y²:�?¿n��
Ñ¦{�����
�½´êþ
.

11. �¤½n 4.2.5�y².

12. �A1,A2, . . . ,AkÑ´n��_�
.y²: (A1A2 · · ·Ak)
−1 = A−1

k · · ·A
−1
2 A−1

1 .

13. ��
A÷vAk = O, k���ê.y²: I +A�_,¿¦(I +A)−1.

14. ��
A÷vI−2A−3A2 +4A3 +5A4−6A5 = O.y²: I−A�_.¿¦(I−A)−1.

15. �¤½n4.2.6,½n4.2.7,½n4.2.8�y².

16. y²: (A1A2 · · ·Ak)
T = AT

k · · ·AT
2 AT

1 (b�Ù¥�Ý
¦{k¿Â).

17. ¦¤k÷vA2 = O, B2 = I, CTC = I�2�E�
A!B!C.

18. y²:Ø�3n�E�
A,B÷vAB−BA = In.

19. y²: �_þ(e)n�!Oé�!é¡!�é¡�
�_Ý
E,©O´

þ(e)n�!Oé�!é¡!�é¡�.

20. �A =


2 1 0

1 2 1

2 −1 1

. ¦A�LU©),¿ÄuA�LU©),¦)�5�§|Ax =

b,ùpb = (1,−2,1)T .
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21. ¦)e�Ý
�§

(1) X


−2 −2 1

1 4 −3

1 −1 1

=


2 −1 3

−3 2 5

−1 5 4


(2)


0 1 0

0 0 1

1 0 0

X−X


0 1 0

0 0 1

0 0 0

=


1 2 3

2 4 6

3 6 9


22. �A,B´n��
, λ´ê.y²:

(1) (λA)∗ = λ n−1A∗; (2) (AB)∗ = B∗A∗; (3) det(A∗) = (det(A))n−1.

23. ��
A�_Ý
A−1 =


1 1 1

1 2 1

1 1 3

,¦A∗.

24. ��
A���Ý
A∗ =


0 0 0 1

0 0 2 0

0 −1 0 0

4 0 0 0

,¦A.

25. �n��
A�z1!z����ÚÑ´0,y²:A∗�¤k��Ñ��.

26. �A´�
,y²:�5�§|Ax = 0k�")��=�det(A) = 0.

27. �¤½n4.3.1!½n4.3.2�y².

28. �A =


1 −1 0 0

0 1 0 0

1 0 1 −1

0 1 0 1

.O�An9A−1.

29. �A,B�Ó��
,�÷vAB = BA.O�

(
A B

O A

)n

.

30. �A�n��
,�÷vA3 = In.O�

(
O In

A O

)2024

.

31. �A ∈ Fm×m,B ∈ Fn×n,C ∈ Fn×m,�A,B�_.¦©¬Ý


(
A O

C B

)
�_.
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32. y²:Ð��
äk±e5�

(1) Ti j(λ )Ti j(µ) = Ti j(λ +µ);

(2)�i 6= q� j 6= p�, Ti j(λ )Tpq(µ) = Tpq(µ)Ti j(λ );

(3) Di(−1)Si j = Si jD j(−1) = Tji(1)Ti j(−1)Tji(1).

33. òü Ý
��X�(k�g)1�1�é����Ý
¡���Ý
. y

²:

(1) òü Ý
��X������é����Ý
����Ý
;

(2) ��Ý
�±ÏLU,«gSü�ü 
�1(½�)��;

(3) ��Ý
�¦ÈE���Ý
;

(4) ��Ý
�_!=��´��Ý
.

34. O�e�Ý
�_Ý


(1)


1 0 1 −4

−1 −3 −4 −2

2 −1 4 4

2 3 −3 2

 (2)


1 4 −1 −1

1 −2 −1 1

−3 3 −4 −2

0 1 −1 −1



(3)


1

1 1

. . . . . .
...

1 1 · · · 1

 (4)


A1

A2

. . .

Ak

 , Ai�_

(5)


1+a1 1 · · · 1

1 1+a2
. . .

...
...

. . . . . . 1

1 · · · 1 1+an


35. �K�Ñ½n 4.2.3�,��y².�A,Bþ�n��
.

(1) eA½öBØ�_,y²AB�Ø�_.

(2) �P�Ð��
,y²det(PB) = det(P)det(B).

(3) y²: det(AB) = det(A)det(B).

36. �A´n��_�
, a�n���þ.y²:

det(A−aaT ) = (1−aT A−1a)det(A).
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37. �A´n��_�
, a, b�n���þ. y²: A + abT�_��=�1 +

bT A−1a 6= 0.�A+abT�_�,

(A+abT )−1 = A−1− A−1abT A−1

1+bT A−1a
.

38. �A ∈ Fm×m,B ∈ Fn×n,C ∈ Fn×m,�A�é¡�_�
.y²:�3�_�
P¦

�P

(
A CT

C B

)
PT �Oé�
.

39. �A´m×nÝ
, B´n×mÝ
.y²:

det(In−BA) = det

(
Im A

B In

)
= det(Im−AB).

40. O�e�Ý
��.

(1)


3 2 −1 9

−2 1 −4 2

−1 −2 3 −2

3 2 −1 9

 (2)


0 4 8 −5

−7 9 −3 1

1 −7 −11 7

−5 7 −1 0

 (3)


1 4 9 16

4 9 16 25

9 16 25 36

16 25 36 49



41. éua,b��«��,?Ø¢Ý



1 2 3

2 4 a

3 b 9

��.

42. �A�n��
,�A2 = I.¦�
diag(I +A, I−A)��-IO/.

43. �A´n��
,y²: rank(A∗) =


n, rank(A) = n;

1, rank(A) = n−1;

0, rank(A)≤ n−2.

44. �A ∈ Fm×n.y²:�5�§|Ax = 0k�")�¿©7�^�´rank(A)< n.

45. y²e�'u��Ø�ª.

(1) max
(

rank(A), rank(B), rank(A+B)
)
≤ rank

(
A B

)
;

(2) rank
(

A B
)
≤ rank(A)+ rank(B);

(3)

(
A C

O B

)
≥ rank(A)+ rank(B).
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Ù¥A,B,C´¦$�k¿Â�Ý
.

46* �n��
A÷vA2 = I,y²: rank(I +A)+ rank(I−A) = n.

47* �A´m×nÝ
, B´n× pÝ
.y²: rank(AB)≥ rank(A)+ rank(B)−n.

48* �A´m×nÝ
, B´n×mÝ
.y²

m+ rank(In−BA) = rank

(
Im A

B In

)
= n+ rank(Im−AB).



1ÊÙ �5�m

31�Ù¥,·�ÙG
�þ�n�AÛ�m. �Ù¥,·�ò�þ�AÛ

�m�Vg\±í2����Ä��m–�5�m,¿��£�1�ÙJÑ�±

e¯K:

1. (½�5�§|)�3!���^�.

2. (½�5�§|)�AÛ(�.

·�kïÄ��äN��5�m–n�ê|�m��'nØ,�)�þ|�

�5�'/Ã'5,�þ|�4�Ã'|��,�5�m�Ä��ê�.,�·�

òk'(Øí2����Ä��5�m.

§5.1 ê|�m

31�Ù¥,·�Ú?
n-�ê|�þ9Ù\{�ê¦$�.e¡·���

�{ü£�.

��n�ê|�þ a´��kS�n�ê|

a = (a1,a2, . . . ,an), (5.1)

Ù¥ai ∈ F(i = 1,2, . . . ,n)¡��þa�1i�©þ.ùpF´��ê�.

n�ê|�þ�\{�ê¦$�½ÂXe

a+b = (a1 +b1,a2 +b2, . . . ,an +bn),

λa = (λa1,λa2, . . . ,λan).
(5.2)

=U©þ©O�1\{�ê¦$�. 5½"�þ0 = (0, . . . ,0), K�þ −a =

(−a1, . . . ,−an). N´�y, ê|�þ�\{�ê¦$�÷vn�AÛ�þ�Ó

�5�:

(1) \{��Æ: a+b = b+a,

(2) \{(ÜÆ: (a+b)+ c = a+(b+ c),

(3) ©�Æ: λ (a+b) = λa+λb,

(4) ©�Æ: (λ +µ)a = λa+µa.

133
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(5) "�þ: ¡z�©þ�"��þ0 = (0,0, . . . ,0)�"�þ. "�þ÷v: a =

a+0 = 0+a.

(6) K�þ: ¡÷vb+ a = 0��þb�a�K�þ,{P�−a. w,,K�þ�3

��.¢Sþ,ea = (a1,a2, . . . ,an),K−a = (−a1,−a2, . . . ,−an).

(7) ¦{(ÜÆ: λ (µa) = (λ µ)a.

(8) 1 ·a = a.

½Â
þã\{�ê¦$��n�ê|�þ�NÒ�¤n�ê|�m.

½Â5.1.1. �F´ê�.½Â
�5$� (5.2)�n�ê|�þ�N

Fn := {(a1,a2, . . . ,an) |ai ∈ F}

¡�n�ê|�m.

56. �Ö¥,ÏLïáü ���IX·�ò²¡�n�AÛ�m©O�ê|

�mR29R3�då5.3²¡���IX¥,:(x,y)�R2¥��þ(x,y)éA,3

�m���IX¥,:(x,y,z)�R3¥��þ(x,y,z)éA.

k
�þ�\{�ê¦,Ò�±Ú?�þ��«­��$�–�5|Ü.

½Â5.1.2. �½�|n�ê|�þa1,a2, . . . ,am9�|êλ1,λ2, . . . ,λm,¡Úª

λ1a1 +λ2a2 + . . .+λmam

�a1,a2, . . . ,am��5|Ü. λ1,λ2, . . . ,λm¡�|ÜXê. XJa�±�¤a1,a2, . . . ,

am��5|Ü,K¡a�±^a1,a2, . . . ,am�5L«.

½Â5.1.3. �½ü��þ|S = {a1, . . . ,am}�T = {b1, . . . ,bl},XJS¥�z���

þaiÑ�±^�þ|T�5L«,K¡�þ|S�±d�þ|T �5L«. XJü

��þ|S�T�±�pL«,K¡S�T �d.P�S∼ T .

N´y²,�þ|�däke�5�:

1. ��5:S∼ S;

2. é¡5:eS∼ T ,KT ∼ S;

3. D45:eS∼ T , T ∼U ,KS∼U .
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Ïd,�þ|��d´�«�d'X.�þ|��dk²(�AÛ¿Â,·

���0�.

~5.1.1. �a,b,c´n�AÛ�m¥n��¡��þ, �Ù¥?¿ü��þØ²

1.K{a,b} ∼ {b,c} ∼ {a,c}.
¢Sþ,da,b,c�¡�,�3Ø��"�êλ ,µ,ν ¦�

λa+µb+νc = 0.

eyλ ,µ,νþØ�".eØ,,b�Ù¥,�ê�",'Xλ = 0,Kµb+νc = 0.d

uµ,νØ��",Kb,c²1,gñ!Ïd, λ ,µ,νþØ�".u´

a =−µ

λ
b− ν

λ
c, c =−λ

ν
a− µ

ν
b.

ù�{a,b} ∼ {b,c}.Ón, {a,b} ∼ {a,c}.

�ÙòïÄd�|�½�þ��5|Ü�N�¤�8Ü5��(�,�d

�	8Ü

V := {λ1a1 +λ2a2 + . . .+λmam |λi ∈ F, i = 1,2, . . . ,m}

N´�y, 8ÜVäk±e5�(��ÙSK2): é?¿b1, . . .bl ∈ V

9µ1, . . . ,µl ∈ F , ∑
l
i=1 µibi ∈ V . �Ò´`, 8ÜVé�5$�´µ4�. ·�¡ä

kXd5��8Ü���f�m.

½Â5.1.4. �V ⊂ Fn����þ8Ü,§÷v

1. ea,b ∈V ,Ka+b ∈V ;

2. Xa ∈V , λ ∈ F ,Kλa ∈V .

K¡V�Fn�f�m.

�V�f�m,Ké?¿ a1, . . . ,am ∈V 9 λ1, . . . ,λm ∈ F ,Ñk
m
∑

i=1
λiai ∈V.w,,

V = {0}±9V = FnÑ´Fn�f�m,·�¡��²�f�m.���²�f�m

�~f´d�|�þ��5|Ü�N�¤�8Ü.dc¡�?Ø·�k

½n5.1.1. �a1,a2, . . . ,am ∈ Fn´�|�½�n�ê|�þ.K8Ü

〈a1,a2, . . . ,am〉 := {λ1a1 +λ2a2 + . . .+λmam |λi ∈ F, i = 1,2, . . . ,m} (5.3)

´Fn�f�m,¡�d�þ|a1,a2, . . . ,am)¤�f�m.
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|^)¤f�m,�þ|�d�Vg�±Lã�

½n5.1.2. ü|�þ|S�T�d��=�〈S〉= 〈T 〉.

y². 7�5.du�þ|S�±dT�5L«, S¥z��þÑ�±^T�5L«.

Ïd, S⊂ 〈T 〉.?
, S¥?¿eZ����5|Üþáu〈T 〉,=〈S〉 ⊂ 〈T 〉.aq�
y, 〈T 〉 ⊂ 〈S〉.Ï
, 〈S〉= 〈T 〉.

¿©5.e〈S〉= 〈T 〉,KS¥z���Ñáu〈T 〉,=S¥z���Ñ�±^T�

5L«.Ón�y, T¥z����±^S�5L«.Ïd,�þ|S�T�d.

þã½nL²,ü|�þ�d��=�§�)¤�f�m�Ó,ùÒ´�þ

|�d�AÛ¿Â.e¡·�5w�
f�m�~f.

~5.1.2. �a,b,c´n�AÛ�m¥n�Ø�¡��þ. dn��m�þ�Ä�

½n, ?Û�þ�±��/L«¤n�Ø�¡��þ��5|Ü, Ïd)¤f

�m〈a,b,c〉�Ð´��n�AÛ�mR3. 
〈a〉, 〈b〉, 〈c〉, 〈a,b〉, 〈a,c〉, 〈b,c〉 �Ñ
´R3�)¤f�m. lAÛþ, 〈a〉L«da(½���, 〈a,b〉 L«a,b (½�²

¡.

~5.1.3. �Ý
A ∈ Fm×n. dA�1�þ)¤Fn�f�m, ¡�A�1�m, P

�R(A). dA���þ)¤Fm�f�m, ¡�A ���m, P�C(A). àg�5

�§|Ax = 0�)8�N�¤���5f�m,¡�A�"�m,P�N(A).~X,

n�ü �þ)¤�1�m���mþ´Fn.

~5.1.4. ^a jL«m���þ(a1 j,a2 j, . . . ,am j)
T , bL«m���þ(b1,b2, . . . ,bm)

T ,K

�5�§|(2.1)�±L«��þ/ª

x1a1 + x2a2 + · · ·+ xnan = b. (5.4)

=b´a1,a2, . . . ,an��5|Ü,|ÜXêÒ´�5�§|�).Ïd,�5�§|

k)�dub ∈ 〈a1,a2, . . . ,an〉.

~5.1.5. d�Ö1�Ù�nØ,àg�5�§|�Ï)�±�¤�
�þ��5

|Ü/ª

x = t1α1 + t2α2 + · · ·+ tn−rαn−r,

Ù¥α1,α2, . . . ,αn−r ∈ Fn, t1, t2, . . . , tn−r�ëê.Ïd,àg�5�§|)��N�¤

��f�m〈α1,α2, . . . ,αn−r〉.

dþ¡�~f·�w�, �ïÄ�5�§|�)�á5(�35!��5

�)±9)�(�, Ò�ïÄ�þ��5|Ü9Ù5�. �d, kïÄ�þ�m

��5'X.
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§5.2 �5�'��5Ã'

·�k£��en��þ�m��5'X.n�AÛ�m�ü��þa,b�

�,��=�Ù¥���þ´,���þ�~ê�,Xa = λb,ùpλ�~ê. d

�,·�¡�þa,b�5�'.��, a,bØ��,��=�aØ´b�~ê�,�bØ

´a�~ê�. d�,·�¡a,b�5Ã'.aq/,n��þa,b,c�¡,��=�

Ù¥���þ´,ü��þ��5|Ü,Xc = λa+µb,ùpλ ,µ�~ê,d�·

�¡�þa,b,c�5�'.��, a,b,cØ�¡,��=�a,b,c¥?��þÑØ´,

ü��þ��5|Ü.d�,·�¡�þa,b,c�5Ã'.

�e5,·�?Øn�ê|�þ��5�'5��5Ã'5. ·�l�	�

5�§|��§�m��5'Xm©.

�½�5�§|

l1 : = a11x1 +a12x2 + · · ·+a1nxn−b1 = 0

l2 : = a21x1 +a22x2 + · · ·+a2nxn−b2 = 0
...

lm : = am1x1 +am2x2 + · · ·+amnxn−bm = 0

(5.5)

3�Ö1�Ù0�¦)�5�§|�Gauss��{�,·���
�5�§

��±?1�5$�(¦Ú9ê¦),l
�±½Â�5�§��5|Ü.~X,

λ1l1 +λ2l2 := (λ1a11 +λ2a21)x1 + . . .+(λ1a1n +λ2a2n)xn− (λ1b1 +λ2b2) = 0.

XJ�§li´Ù{�§��5|Ü,=li = ∑
j 6=i

λ jl j(λ j�~ê),K�K�§li�,

��§|��Kli���§|�d,d�¡�§|l1, l2, · · · , lm´�5�'�.��,

XJ?Û���§ÑØU�¤Ù§�§��5|Ü,K¡�§|l1, l2, · · · , lm�5
Ã'.

~5.2.1. �5�§| 
x+ y+ z = 1

2x+ y+5z = 2

x−3y+13z = 1

´Ä�5�'?

). -l1 = x+ y+ z−1, l2 = 2x+ y+5z−2, l3 = x−3y+13z−1. b�l3 = λ1l1 +λ2l2,
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K 

λ1 +2λ2 = 1

λ1 +λ2 =−3

λ1 +5λ2 = 13

λ1 +2λ2 = 1

)�λ1 =−7,λ2 = 4.u´l3 =−7l1 +4l2,=��§|�5�'.

�5�§�ê|�þ�m�3��éA'X. ¢Sþ, �§|(5.5)¥��

§li���n+ 1��ê|�þai = (ai1,ai2, . . . ,ain,−bi)��éA, i = 1,2, . . . ,m. Ï

d,�§|(5.5)��|ê|�þa1,a2, . . . ,am��éA,¿��5�§�m��5

$����þ|�m��5$���éA.~X, λ1l1 +λ2l2�λ1a1 +λ2a2éA.d

d,�±aqu�5�§|��5�'5�Ã'5,½Âê|�þ|��5�'

5�Ã'5.

½Â5.2.1. �a1,a2, · · · ,am ∈ Fn, m≥ 2.XJÙ¥,��þU^Ù§�þ�5L«,

=�3ai9λ j ∈ F( j 6= i)¦�ai = ∑
j 6=i

λ ja j,K¡a1, · · · ,am�5�'.ÄK,¡§��

5Ã'.���þa1¡��5�'XJa1 = 0,ÄK¡§�5Ã'.

�Ù¥,·�5½�þ|��êÑ´k��,±�Ø2`².

~5.2.2. ­#�	~5.2.1 �5�§l1, l2�l3©O��þa1 = (1,1,1,1), a2 =

(2,1,5,2), a3 = (1,−3,13,1) éA. dua3 = −7a1 + 4a2, a1, a2, a3 �5�', Ï


l1, l2, l3��5�'.

|^)¤f�m�Vg,�þ|��5�'5�±LãXe

½n5.2.1. �½�þ|a1,βa2, · · · ,am ∈ Fn, m ≥ 2. Ka1,a2, · · · ,am�5�'��=

�,�3i ∈ {1,2, . . . ,m}÷v

〈a1,a2, . . . ,am〉= 〈a1, . . . ,ai−1,ai+1, . . . ,am〉. (5.6)

y². d½Â 5.2.1, a1,a2, · · · ,am�5�'��=��3i ∈ {1,2, . . . ,m}¦�, ai =

∑
m
j=1, j 6=i λ ja j,½�d/

ai ∈ 〈a1, . . . ,ai−1,ai+1, . . . ,am〉.

þªw,�(5.6)�d.
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þã½nL²,�þ|a1,a2, · · · ,am�5�'�du,Ù¥,��þé)¤f

�m 〈a1,a2, . . . ,am〉 
ó´õ{�.

^PÒ⇔L«/�d0½/��=�0.du

�3~êλ j¦� ai = ∑
j 6=i

λ ja j⇔

�3~êλ j¦�
m

∑
j=1

λ ja j = 0, λi =−1⇔

�3~êµ j¦�
m

∑
j=1

µ ja j = 0, ,�µi 6= 0

Ïdk

½n5.2.2. �a1,a2, · · · ,am ∈ Fn,Ka1,a2, · · · ,am�5�'�¿�^�´�3Ø��

"�~êλ1,λ2, · · · ,λm,¦�
m

∑
i=1

λiai = λ1a1 +λ2a2 + . . .+λmam = 0. (5.7)

~5.2.3. �¹"�þ�?Û�þ|�½�5�'.

y². ¢Sþ,XJ�þ|a1,a2, · · · ,am¹"�þ,Ø��a1 = 0.K

1a1 +0a2 + . . .+0am = 0.

Ïd,�þ|a1,a2, · · · ,am�5�'.

þã~f���/�/´Xe(Ø.

½n5.2.3. ��þ|S̃´�þ|S���f8.@o,XJS̃�5�',KS��5�

';��,XJS�5Ã',KS̃��5Ã'.

y². Ø��, S̃ = {a1,a2, . . . ,ak}, S = {a1,a2, . . . ,am} (k < m). �S̃�5�',K�3

Ø��"�~êλ1,λ2, . . . ,λk¦�

λ1a1 +λ2a2 + . . .+λkak = 0.

K

λ1a1 + . . .+λkak +0 ·ak+1 + . . .+0 ·am = 0.

ùL², S��5�'.��,XJS�5Ã',KS̃7�5Ã'.

XJ^)¤f�m��ó5`��¿g´,XJS̃¥kõ{��þ,KS¥7

kõ{��þ.
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e¡,·��Ñ�þ|�5�'(Ã')�?�Ú��O�{.

½n5.2.4. �ai = (ai1,ai2, . . . ,ain) ∈ Fn, i = 1,2, . . . ,m. ^AL«±a1,a2, · · · ,am�1�

¤�m×n�Ý
.Ka1,a2, · · · ,am�5�'��=�,'uλ1,λ2, . . . ,λm�àg�5

�§|

AT


λ1
...

λm

= 0 (5.8)

k�").

y². d½n 5.2.2, �þ|a1,a2, · · · ,am�5�', ��=��3Ø��"�~

êλ1,λ2, . . . ,λm¦�

λ1a1 +λ2a2 + · · ·+λmam = 0

½=�5�§|(5.8)k�").

dþã½n,e¡�íØ´w,�.

íØ5.2.1. �a1,a2, · · · ,am ∈ Fn´�|ê|�þ,K

1. em > n,K a1,a2, · · · ,am7,�5�'.

2. em = n,K a1,a2, · · · ,am�5�'��=�det(A) = 0.

o(å5,e�`{�d

1. n��þ|a1,a2, · · · ,am�5�';

2. ,� ai´Ù§�þ��5|Ü,ùpm≥ 2;

3. 'uλ1,λ2, . . . ,λm��5�§| λ1a1 +λ2a2 + · · ·+λmam = 0k�");

éA/, �±���5Ã'��O^�, 3dÑ�. e¡, ·��Ñ�
¢

~.

~5.2.4. �äe��þ|��5�'(Ã')5.

(1) e1,e2, · · · ,en,Ù¥ei ∈ Fn´n�ü �I�þ, i = 1,2, . . . ,n.

(2) a1 = (1,0, · · · ,0), a2 = (1,1,0, · · ·), · · · , an = (1, · · · ,1).

(3) a1 +a2, a2 +a3, a3 +a1,Ù¥a1,a2,a3 ∈ Fn�5Ã'.
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(4) a1 = (3,4,−2,5), a2 = (2,−5,0,−3), a3 = (5,0,−1,2), a4 = (3,3,−3,5).

). (1) du±e1,e2, · · · ,en�1�Ý
�ü 
, Ù1�ªw,�". Ïd,

e1,e2, · · · ,en�5Ã'.

(2) Ï�±a1,a2, . . . ,an�¤Ý
�1�ª�1,¤±�þ|a1,a2, · · · ,an�5Ã'.

(3) d

λ1(a1 +a2)+λ2(a2 +a3)+λ3(a3 +a1) = 0

�

(λ1 +λ3)a1 +(λ1 +λ2)a2 +(λ2 +λ3)a3 = 0.

dua1,a2,a3�5Ã',Ïd

λ1 +λ3 = 0, λ1 +λ2 = 0, λ2 +λ3 = 0.

�λ1 = λ2 = λ3 = 0.l
, a1 +a2, a2 +a3, a3 +a1�5Ã'.

(4) )�5�§|

λ1a1 +λ2a2 +λ3a3 +λ4a4 = 0

��|)(λ1,λ2,λ3,λ4) = (2,1,−1,1), =2a1 + a2 − a3 − a4 = 0. Ïd,

a1,a2,a3,a4�5�'.

~5.2.5. �a1,a2 ∈ R3´n��m�þ, b1,b2 ´a1,a23oxy²¡þ�ÝK�þ. X

Jb1,b2�5Ã',Ka1,a2��5Ã'.��Ø,.

y². �Öö�¤.

þã~f¥�(J�±í2����/.

½n5.2.5. �ai = (ai1,ai2, . . . ,air) ∈ Fr, i = 1,2, . . . ,m. §��\��þ|�bi =

(ai1, . . . ,air, . . . ,ain) ∈ Fn (n > r), i = 1,2, . . . ,m.Kk

1. ea1,a2, · · · ,am�5Ã',Kb1,b2, · · · ,bm��5Ã';

2. eb1,b2, · · · ,bm�5�',Ka1,a2, · · · ,am��5�'.
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y². �^y²12^. �b1,b2, · · · ,bm�5�', K�3Ø��"�êλi, i =

1, . . . ,m¦�λ1b1 +λ2b2 + . . .+λmbm = 0,=
a11λ1 +a21λ2 + . . .+am1λm = 0

a12λ1 +a22λ2 + . . .+am2λm = 0

· · · · · ·
a1nλ1 +a2nλ2 + . . .+amnλm = 0

þã�§|�cr��§=λ1a1 +λ2a2 + . . .+λmam = 0. l
a1,a2, · · · ,am��5�

'.

3þã½n¥, �þ|a1,a2, · · · ,am�±À��þ|b1,b2, · · · ,bm3$��m

¥�ÝK�þ.

§5.3 4�Ã'|��

·�k5�	�5�§|Õá�§��ê¯K,�Ò´Gauss���IO.

(2.3)¥�"1ê�¯K. Õá�§��êû½
)8�”��”. ~X, e��5

�§|�)8©O���:!�^��!��²¡, §�Õá�§��ê©O

�3,2,1. 
x+ y+ z = 1

2x+ y− z = 2

3x− y+ z = 3


x+ y+ z = 0

2x+ y+ z = 0

3x+2y+2z = 0


x+ y+ z = 1

2x+2y+2z = 2

3x+3y+3z = 3

��/,�½���5�§|,XÛ(½§�Õá�§��ê?

5¿�,XJk���§li�±L«¤Ù§�§��5|Ü,K�Kli���

��5�§|���§|Ó).Ïd,XJ�5�§|�5�',KÙÕá�§

�ê�um. XJ�Kli���5�§|E,�5�',K�±?�Ú�KÙ¥

���§,�e�§�¤��§|E���§|�d.ù�L§�±��?1e

�,���e��§�¤��§|�5Ã'.ù�,�e�§�¤��§|E�

��§|�d,§��êÒ´��§|Õá�§��ê.·�¡ù�ê���§

|��,�e��§¡���§|�4�Ã'|.

þãVg�±²1í2��n��þ|.

½Â5.3.1. �S´�|ê|�þ, S1´S�f�þ|. eS1�5Ã', �é?¿�

þa ∈ S\S1, S1∪{a}�5�',K¡S1´S�4�Ã'|.
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d�ÙSK 13�(Ø,�þ|�z��þÑ�±d§�4�Ã'|�5L

«.

~5.3.1. ¦a1 = (2,−1,3,1), a2 = (4,−2,5,4), a3 = (2,−1,4,−1)�4�Ã'|.

). du3a1 = a2 + a3,�a1, a2, a3¥?ü��5Ã',�Ù¥?Ûü��4�Ã

'|.

þã~fL²,4�Ã'|Ø��.��/,XÛk�/¦�|4�Ã'|?

3�Ñ�{�c,·�kQã��Ä�(Ø.

½n5.3.1. �a1,a2, · · · ,am ∈Fn��|��þ, A=(a1,a2, · · · ,am)´±a1,a2, · · · ,am�

��¤�n×m�Ý
. A²�X��Ð�1C�C�Ý
B = (b1,b2, · · · ,bm).K

1. a1,a2, · · · ,am�5�'(Ã'),��=�b1,b2, · · · ,bm�5�'(Ã').

2. ai1 ,ai2 , · · · ,air�a1,a2, · · · ,am� 4 � Ã ' |, � � = �bi1 ,bi2 , · · · ,bir

�b1,b2, · · · ,bm�4�Ã'|.ùp1≤ i1 < .. . < ir ≤ m.

y². 1.Px = (λ1,λ2, . . . ,λm)
T .duÐ�C�ØUC�5�§|�),Ïd

a1,a2, · · · ,am�5�'⇔
�5�§|Ax = 0k�")⇔
�5�§|Bx = 0k�")⇔
b1,b2, · · · ,bm�5�'.

2.d1�(Ø,N´�y,

ai1 ,ai2 , · · · ,air�a1,a2, · · · ,am�4�Ã'|⇔
ai1 ,ai2 , · · · ,air�5Ã',
ai1 ,ai2 , · · · ,air ,air+1 �5�',ùpair+1

�a1,a2, · · · ,am¥Ø�ai1 ,ai2 , · · · ,air¥�þ�?��þ⇔
bi1 ,bi2 , · · · ,bir�5Ã',
bi1 ,bi2 , · · · ,bir ,brr+1 �5�'⇔
bi1 ,bi2 , · · · ,bir�b1,b2, · · · ,bm�4�Ã'|

�âþã½n,�¦�|��þa1,a2, · · · ,am�4�Ã'|,�I�é§�Ð

�C����|�{ü��þ|,Ù4�Ã'|ÒN´¦�.

~5.3.2. �½�þ|a1 = (−1,5,3,−2), a2 = (4,1,−2,9), a3 = (2,0,−1,4), a4 =

(0,3,4,−5),¦§�4�Ã'|.
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). é(aT
1 ,aT

2 ,aT
3 ,aT

4 )�Ð�1C��
−1 4 2 0

5 1 0 3

3 −2 −1 4

−2 9 4 −5

−→

−1 4 2 0

0 1 0 −5

0 0 5 54

0 0 0 0


´�, {a1,a2,a3}, {a1,a2,a4}©O�4�Ã'|. ¢Sþ, {a2,a3,a4}��4�

Ã'|.

c¡`L,�5�§|�4�Ã'|���§|�d,Ïd,��§|�?

Ûü�4�Ã'|��d.ù�(Øé���þ|�¤á.

½n5.3.2. �|�þ|�§�?Û�|4�Ã'|�d.

y². Ø��a1,a2, . . . ,ar´�þ|a1,a2, . . . ,am (m≥ r)�4�Ã'|.w,,4�Ã

'|a1,a2, . . . ,ar�±d�þ|a1,a2, . . . ,am�5L«,Ï�

ai = 0a1 + . . .+0ai−1 +1ai +0ai+1 + . . .+0am.

i = 1,2, . . . ,r.

�L5,d4�Ã'|�½Â,é?¿ j ∈ {r+1, . . . ,m}, a1,a2, . . . ,ar,a j�5�

',
a1,a2, . . . ,ar�5Ã',d�ÙSK 13�(Ø, a j�±L«¤a1,a2, . . . ,ar��

5|Ü.Ïd,�þ|a1,a2, . . . ,am��±d�þ|a1,a2, . . . ,ar�5L«.l
üö

�d.

dþã½n9�þ|�d�D45k

íØ5.3.1. �þ|�?Ûü�4�Ã'|*d�d.

é�5�§|,4�Ã'|��ê=Õá�§��ê. ,
,ùpk�:I

�©�.éu�½�,��5�§|,duGauss��L§¿Ø��,¤��Õá

�§|�Ø��.@o,ØÓ�Õá�§|�ê´Ä��?XJØ��,=��â

´ý��Õá�§��ê? 3$�´, ØÓ�{¼��Õá�§|��ê��

��!�ù�(Øé�þ|�¤á!

·K5.3.3. ��þ|{a1,a2, · · · ,ar}�±d�þ|{b1,b2, · · · ,bs} �5L«,

�{a1,a2, · · · ,ar}�5Ã',Kr ≤ s.
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y². du{a1,a2, · · · ,ar}�±^{b1,b2, · · · ,bs}�5L«, K�3~êµi j, i =

1, . . . ,r, j = 1, . . . ,s¦�ai = ∑
s
j=1 µi jb j.�	'uλ1,λ2, . . . ,λr��5�§|

r

∑
i=1

λiai = 0.

du{a1,a2, · · · ,ar}�5Ã',T�§|�k").ò§­#U�¤

s

∑
j=1

(
r

∑
i=1

λiµi j

)
b j = 0.

du{b1,b2, · · · ,bs}�5Ã',þª�du

r

∑
i=1

λiµi j = 0, , j = 1,2, . . . ,s

ù´'uλ1, . . . ,λr�àg�5�§|,���§�k").díØ 2.3.2, r ≤ s.

dþã·Ká=��

½n5.3.4. ü�©O�5Ã'�þ|{a1,a2, · · · ,ar}Ú{b1,b2, · · · ,bs}�d,Kr = s.

þã½n�����íØ´

íØ5.3.2. �ai1 ,ai2 , · · · ,airÚa j1 ,a j2 , · · · ,a js©O�a1,a2, · · · ,am�ü�4�Ã'|,

Kr = s.

�âþã(Ø,�5�§|�Õá�§��ê´��(½�,§Ò´�§|

��.

½Â5.3.2. �þ|a1,a2, · · · ,am�4�Ã'|����ê¡��þ|��, P

�rank(a1,a2, · · · ,am),½r(a1,a2, · · · ,am).

e¡·�?�ÚlAÛþ�	��¹Â.

�a,b,c´n�AÛ�m¥��þ.XJa,b,c�����k���",K)¤

f�m〈a,b,c〉L«�^��,d�r(a,b,c) = 1. XJa,b,c�¡,���kü��

þØ��,K〈a,b,c〉L«��²¡,d�r(a,b,c) = 2. XJa,b,cØ�¡,K〈a,b,c〉
Ò´��AÛ�m,d�r(a,b,c) = 3. Ïd,�þ|��L«
�þ|)¤f�

m��ê.���,K)¤f�m���,��½,.ùÒ´��AÛ¿Â.

'u�,·�ke�k^�(Ø.
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½n5.3.5. ��þa1,a2, · · · ,am ∈ Fn,Kk

1. a1,a2, · · · ,am�5Ã',��=�r(a1,a2, · · · ,am) = m.

2. a1,a2, · · · ,am�5�',��=�r(a1,a2, · · · ,am)< m.

3. {b1,b2, · · · ,bs}�±^{a1,a2, · · · ,ar}�5L«, Kr(b1,b2, · · · ,bs) ≤ r(a1,a2,

· · · ,ar).

4. {b1,b2, · · · ,bs}�{a1,a2, · · · ,ar}�d,Kr(b1,b2, · · · ,bs) = r(a1,a2, · · · ,ar).

5. �þb�±L«¤a1,a2, · · · ,am��5|Ü, ��=�r(a1,a2, · · · ,am) =

r(a1,a2, · · · ,am,b).

y². �y3�5,Ù{3�ÖögC�¤.

3. Ø��{b1,b2, · · · ,bk}´{b1,b2, · · · ,bs}�4�Ã'|, {a1,a2, · · · ,al}
´{a1,a2, · · · , ar}�4�Ã'|. K{b1,b2, · · · ,bk}�±^{a1,a2, · · · ,al}�5L«.

d·K 5.3.4��k ≤ l,½=r(b1,b2, · · · ,bs)≤ r(a1,a2, · · · ,ar).

5. b��þb�±L«¤�þ|a1,a2, · · · ,am ��5|Ü,Ka1,a2, · · · ,am �

a1,a2, · · · , am,b�d,l
r(a1,a2, · · · ,am) = r(a1,a2, · · · ,am,b).

��, b�r(a1,a2, · · · ,am) = r(a1,a2, · · · ,am,b), �a1,a2, · · · ,ak´a1,a2, · · · ,am�

4 � Ã ' |, Ka1,a2, · · · ,ak� ´a1,a2, · · · ,am,b� 4 � Ã ' |, l


b´a1,a2, · · · ,ak��5L«,Ï
�´a1,a2, · · · ,am��5L«.

þã½nL²,|^��±�ä�þ|��5�'(Ã')59�d5�. ù

L²�´é�����Vg.

½n 5.3.5�15^¢Sþ2g�Ñ
�5�§|(5.4)k)�¿�^�.ù�

^���d��§�XêÝ
9~ê��Ñ,Ø�1�Ù@�I�²LÐ�C

��âU�Ñ.

�e5,·�ïÄ�þ|���Ý
��'X.

�½m×n��
A,§�±w¤dm�n�1�þ|¤,��±w¤dn�m�

��þ|¤,=

A =


a1

a2
...

am

=
(

b1 b2 · · · bn

)
. (5.9)

���þ|a1,a2, . . . ,am�b1,b2, · · · ,bnÑk�, ©O¡�Ý
A�1����. ¯

K´,Ý
A�1�!���§����k�o'X?·�kwA�äN¢~.
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~5.3.3. O�e�Ý
��!1����.

(1) A =


1 2 −3

−1 3 1

1 7 −5

 (2) A =


1 1 1 1

1 2 3 0

1 4 9 3



(3) A =


c11 c12 c13 c14 c15

0 0 c23 c24 c25

0 0 0 c34 c35

0 0 0 0 0

 (c11c23c34 6= 0)

). ������,éÝ
(1)k, A�1�= A���= A��= 2.éÝ
(2)k, A�

1�= A���= A��= 3.

éÝ
(3),duc11c23c34 6= 0,Ý
A�cn1�5Ã',ÏdA�1��3. Ó

�, A�1�!n!o��5Ã',��A�¤k��4�Ã'|,ÏdA����

�3. ��,duA�cn1!1�!n!o��¤�n�fª�",Ïdr(A) = 3.

o�,E,kA�1�= A���= A��.

þã~fL²,Ý
�1�!����´���.ù�(Øé?ÛÝ
¤á.

½n5.3.6. ?ÛÝ
�1��u§���,�uTÝ
��.

y². T½n�6u±e¯¢

1. Ð�C�ØUCÝ
���;

2. Ð�C�ØUCÝ
�1�;

3. Ð�C�ØUCÝ
��.

·��yÐ�1C�é��ØC5, Ð��C�aqy². 11^l½n

5.3.1�±����.13^d1nÙ½n 4.4.3�´w,�.ey12^.

�Ý
A�1�a1,a2, . . . ,am ∈ Fn. ��`²²Ln«Ð�1C�,¤���

þ|�a1,a2, . . . ,am�d=�. 1�!�«Ð�C�w,ò�þ|C��d�þ

|.1n«Ð�C�òa1,a2, . . . ,amC�

a1,a2, . . . ,ai +λa j, . . . ,am.

duai = (ai +λa j)−λa j,C�c���þ|�±�pL«,½=*d�d. Ïd,

²LÐ�1C�,Ý
�1�ØC.
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�â±þ¯¢, ±9?ÛÝ
�±²LÐ�C�C��-IO/

(
Ir O

O O

)
,


�-IO/��!1����Ñ��,=�(Ø¤á.

þã½n�Ñ
Ý
���«#�)º,=Ý
��Ò´Ý
1�þ4�

Ã'|��ê,�´��þ4�Ã'|��ê. ���,KÝ
���m��'

5��;��,���,KÝ
���m��'5��.

e¡ü�íØ'�w,,�Öö�¤.

íØ5.3.3. n��
A�_⇔ rank(A) = n ⇔ A�1�þ�5Ã'⇔ A���þ�

5Ã'.

íØ5.3.4. erank(A) = r,KA�Ø�u"�r�fª¤31(�)�¤A�1(�)�þ

�4�Ã'|.

~5.3.4. �A ∈ Fm×n, B ∈ Fn×l .y²: rank(AB)≤min(rank(A), rank(B)).

y². PC = AB, A = (ai j)m×n, B�n�1�þ�bi, i = 1, . . . ,n, C�m1�þ�ci, i =

1, . . . ,m.KdC = AB�

ci = ai1b1 +ai2b2 + . . .+ainbn, i = 1, . . . ,m

ùL²�þ|c1,c2, . . . ,cm�±d�þ|b1,b2, . . . ,bn�5L«. Ïd,

rank(c1,c2, . . . ,cm) ≤ rank(b1,b2, . . . ,bn). l
rank(AB) ≤ rank(B). ,��¡,

rank(AB) = rank(BT AT )≤ rank(AT ) = rank(A).y..

§5.4 Ä��ê

3�Ù1�!·�Ú?
ê|�m�f�m�Vg,�!òïÄf�m�

(�.Äk�£����Ä��¯K´,´Ø´ê|�mFn�z�f�mÑ�±

d�|�þ)¤?£�´�½�.·�k

½n5.4.1. �V´Fn�f�m.K�3�5Ã'��þ|a1,a2, . . . ,ar¦�

V = 〈a1,a2, . . . ,ar〉.

y². �V 6= 0. 3V¥?��þa1 6= 0, eV = 〈a1〉, K(Ø¤á. ÄK, ?�a2 ∈
V\〈a1〉. eya1,a2�5Ã'.¢Sþ, ea1,a2�5�',dua1 6= 0, Ka2´a1�~

ê�,=a2 ∈ 〈a1〉,ù�a2��{gñ.Ïd, a1,a2�5Ã'.
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�e5�	V = 〈a1,a2〉´Ä¤á. e¤á, K½n¤á. ÄK, ?�a3 ∈
V\〈a1,a2〉.eya1,a2,a3�5Ã'.ea1,a2,a3�5�',dua1,a2�5Ã',Ka3 ∈
〈a1,a2〉,ù�a3��{gñ.Ïd, a1,a2,a3�5Ã'.

UYþãL§,duFn�?Û�5Ã'�þ|¥�þ��ê�õ�n,Ïd,

�3�5Ã'�þ|a1,a2, . . . ,ar(r ≤ n)¦�V = 〈a1,a2, . . . ,ar〉.

þã½nL²,?¿�þa ∈VÑ�±L«¤a1,a2, . . . ,ar��5|Ü

a = x1a1 + x2a2 + . . .+ xrar,

¿�þãL«´���.¢Sþ,XJ

a = y1a1 + y2a2 + . . .+ yrar

´a�,��L«,K

(x1− y1)a1 +(x2− y2)a2 + . . .+(xr− yr)ar = 0.

da1,a2, . . . ,ar��5Ã'5�, xi = yi, i = 1,2, . . . ,r,=a�L«��.Ïd,lù�

¿Âþ,�|�5Ã'��þû½
f�m�(�.ù��|�5Ã'�þ¡�

f�m��|Ä.

½Â5.4.1. V ⊂ Fn´f�m. V¥�|�þ{a1,a2, · · · ,ar}¡�V��|Ä,XJ§÷

v

1. é?¿�þa ∈V , a�L«¤a1,a2, · · · ,ar��5|Ü

a = x1a1 + x2a2 + . . .+xrar. (5.10)

2. a1,a2, · · · ,ar�5Ã'.

¡(x1,x2, . . . ,xr)��þa3Ä{a1,a2, · · · ,ar}e��I.

dc¡�©Û,L�ª (5.10)´���.Ó�,Ä�±w¤´f�m���|

�þ|�4�Ã'|! du4�Ã'|Ø��,ÏdÄ�Ø´���. �Ó��

f�m�Ä´*d�d�,Ï
§�¤¹�þ��ê´���,ù�ê¡��f

�m��ê,§�±w�´f�m���|�þ|��.

½Â5.4.2. �V ⊂ Fn�f�m. ¡V��|Ä��þ�ê�V��ê,P�dimV=

rank(V ).
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~5.4.1. 3R2¥,�a1,a2´Ù¥ü�Ø����þ.Ké?¿a ∈R2, a�±��/

L«¤x1a1 + x2a2.Ïd, a1,a2�R2��|Ä, (x1,x2)´a3Äa1,a2e��I.

aq/, 3R3¥, �a1,a2,a3´Ø�¡��þ. Ké?¿a ∈ R3, a�±��/

L«¤x1a1 +x2a2 +x3a3.Ïd, a1,a2,a3�R3��|Ä, (x1,x2,x3)�a3Äa1,a2,a3e

��I.

~5.4.2. �ei´Fn¥�ü �I�þ. K�þ|{e1,e2, . . . ,en}´Fn��|Ä,¡�

g,Ä.?Û�þb = (b1,b2, . . . ,bn) ∈ Fn�±��/L«¤

b = b1e1 +b2e2 + . . .+bnen.

=b3Ä{e1,e2, . . . ,en}e��I´(b1,b2, . . . ,bn).

�ai = (1, . . . ,1,0, . . . ,0) ∈ Fn´ci�©þ�1,�n− i�©þ�"��þ.w,,

a1,a2, . . . ,an�5Ã',Ïd�´Fn��|Ä,¿�k

ai = e1 + e2 + . . .+ ei, i = 1, . . . ,n.

Ïd, e1 = a1, ei = ai−ai−1, i = 2, . . . ,n.l


b =
n

∑
i=1

biei = b1a1 +
n

∑
i=2

bi(ai−ai−1) =
n−1

∑
i=1

(bi−bi+1)ai +bnan.

=b3a1,a2, . . . ,ane��I�(b1−b2,b2−b3, . . . ,bn).

~5.4.3. �A ∈ Fm×n, �rank(A) = r. KA�1�þ�4�Ã'|´A�1�

mR(A)��|Ä, 1�m��ê�r. Ón, A���þ�4�Ã'|´A���

mC(A)��|Ä,���m��ê��r.

��f�m�ØÓÄ´*d�d�,=§��m�±�pL«.|^ù«�

pL«'X,���þ3�|Äe��I�3,�|Äe��I�m�'X�

Ò�Ù
.ùÒ´¤¢��IC�.äN/,

�Fnkü|Ä
a1,a2, . . . ,an

b1,b2, . . . ,bn

�ü|Ä�m�'Xdeª(½

b1 = t11a1 + t21a2 + . . .+ tn1an

b2 = t12a1 + t22a2 + . . .+ tn2an

. . . . . . . . . . . . . . . . . . . . .

bn = t1na1 +b2na2 + . . .+ tnnan
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þª�±/ªþ�¤Ý
�/ª

(b1,b2, . . . ,bn) = (a1,a2, . . . ,an)T, (5.11)

Ù¥Ý


T =


t11 . . . t1n
...

...
...

tn1 . . . tnn

 (5.12)

¡Ý
T�lÄa1,a2, . . . ,an�Äb1,b2, . . . ,bn�LÞÝ
. duÄÑ´�5Ã'�

�þ|,ÏdLÞÝ
T´�_�,¿�

(a1,a2, . . . ,an) = (b1,b2, . . . ,bn)T−1, (5.13)

=lÄb1,b2, . . . ,bn�Äa1,a2, . . . ,an�LÞÝ
�T−1 (�Ööy²). y��þv ∈
Fn3ü|Äa1,a2, . . . ,an9b1,b2, . . . ,bne��I©O�X = (x1,x2, . . . ,xn)

T �Y =

(y1,y2, . . . ,yn)
T ,Kd

v = (a1,a2, . . . ,an)X = (b1,b2, . . . ,bn)Y = (a1,a2, . . . ,an)TY

��X = TY .Ïd,l��IX�#�IY��IC�úª�

Y = T−1X . (5.14)

~5.4.4. ­#�	~5.4.2.lg,Äe1,e2, . . . ,en�Äa1,a2, . . . ,an�LÞÝ
�

T =


1 1 . . . 1

0 1 . . . 1

. . . . . . . . . . . .

0 0 . . . 1


ØJ��

T−1 =



1 −1 0 . . . 0

0 1 −1 . . . 0

0 0 1 . . . 0

. . . . . . . . . . . .

0 0 0 . . . 1


Ïdv3g,Äe��IX = (x1,x2, . . . ,xn)

T�§3Äa1,a2, . . . ,ane��IY =

(y1,y2, . . . ,yn)
T�mk'X(5.14), l
(y1,y2, . . . ,yn) = (x1− x2,x2− x3, . . . ,xn). ù�

~5.4.2¥�(J��.
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~5.4.5. �	�IX�^=. ò²¡���IXoxy_��^=θ���#�I

Xox′y′. Px¶���ü �þ�e1, y¶���ü �þ�e2. Px′¶���ü 

�þ�e′1, y′¶���ü �þ�e′2.KR2�ü|Äe′1,e′2�e1,e2�m�'X�

(e′1,e
′
2) = (e1,e2)

(
cosθ −sinθ

sinθ cosθ

)
.

Ïd,:P3��IXe��I(x,y)�3#�IXe��I(x′,y′)�m�'X�(
x′

y′

)
=

(
cosθ −sinθ

sinθ cosθ

)−1(
x

y

)
=

(
cosθ sinθ

−sinθ cosθ

)(
x

y

)
.

aq/, 3n�AÛ�m¥, ���IX[O;e1,e2,e3]²L=¶

��#�IXẽ1, ẽ2, ẽ3. eẽ1, ẽ2, ẽ33�c��IX¥��I©O

�(a1,a2,a3),(b1,b2,b3),(c1,c2,c3),K#Î�IX�m�LÞC��

(ẽ1, ẽ2, ẽ3) = (e1,e2,e3)


a1 b1 c1

a2 b2 c3

a3 b3 c3

 ,

�A��IC�� 
x̃

ỹ

z̃

=


a1 a2 a3

b1 b2 b3

c1 c2 c3




x

y

z

 .

'uf�m��ê�Äke�k^�(Ø.

½n5.4.2. n�ê|�mFn¥�e�(Ø¤á.

1. �V ⊂ Fn�r�f�m,KV¥?¿r+1��þ�5�'.

2. �V�r�f�m,KV¥?¿r��5Ã'�þ�V��|Ä.

3. �U�V�Fn�f�m,�U ⊆V ,KdimU ≤ dimV .

4. �U�V�Fn�f�m,�U ⊆V ,edimU = dimV ,KU =V .

y². �ÖögC�¤.

½n5.4.3. �V ⊂ Fn�r�f�m. a1,a2, . . . ,as ∈V´s(s < r)��5Ã'��þ. K

�3V¥��þas+1, . . . ,ar¦�a1,a2, . . . ,ar�¤V��|Ä.¡a1,a2, . . . ,ar��5Ã

'|a1,a2, . . . ,as��|*¿Ä.
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y². aq½n5.4.1�y²,�Öö�¤.

~5.4.6. 3R3¥,-V = {(x1,x2,x3)| x1+x2+x3 = 0}.y²: V´R3�f�m,¿¦V�

�|Ä��ê.

y². �x = (x1,x2,x3),y = (y1,y2,y3) ∈ V ,=x1 + x2 + x3 = 0,y1 + y2 + y3 = 0. Ké?

¿¢êλ ,µ ,

λx+µy = (λx1 +µy1,λx2 +µy2,λx3 +µy3) ∈V,

Ï�(λx1 + µy1) + (λx2 + µy2) + (λx3 + µy3) = λ (x1 + x2 + x3) + µ(y1 + y2 + y3) = 0,

�V´f�m.

N´�y, (−1,1,0)�(−1,0,1)´V��|�5Ã'|,�?¿x = (x1,x2,x3) ∈
V , x = x2(−1,1,0)+ x3(−1,0,1). l
(−1,1,0)�(−1,0,1)´V��|Ä,�dim(V ) =

2.

~5.4.7. 3R3¥, -V = {(x1,x2,x3)| x1 + x2 + x3 = 0,2x1− x2 + x3 = 3}. y²: VØ

´R3�f�m.

y². �x = (x1,x2,x3),y = (y1,y2,y3) ∈V .w,,

x+y = (x1 + y1,x2 + y2,x3 + y3) 6∈V,

Ï�2(x1 + y1)− (x2 + y2)+(x3 + y3) = (2x1− x2 + x3)+(2y1− y2 + y3) = 6,�VØ´f

�m.

§5.5 �5�§|)8�(�

31�Ù,·�JÑ
'u�5�§|�e�¯K:

1. (½�5�§|)�3!���^�;

2. (½�5�§|)�AÛ(�;

3. �Ñ�5�§|�úª).

�!·�ò|^cA!�nØéþã¯K�Ñ�����)�.
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§5.5.1 �5�§|)��35���5

�âcA!�(Ø,·��±�Ñ�5�§|)��35���5^�.

½n5.5.1. �A ∈ Fm×n�m×n�Ý
, b ∈ Fm�m���þ.K�5�§|

Ax = b (5.15)

k)�¿�^�´rank(A) = rank(A,b). �5�§|k��)�¿�^�

´rank(A) = rank(A,b) = n.

y². �Ý
A���a1,a2, . . . ,an, x = (x1, . . . ,xn)
T .K�5�§|Ax = b�du

x1a1 + x2a2 + . . .+ xnan = b.

Ïd, �5�§|k)⇔ b ∈ 〈a1,a2, . . . ,an〉 ⇔ 〈a1,a2, . . . ,an〉 = 〈a1,a2, . . . ,an,b〉 ⇔
rank(a1,a2, . . . ,an) = rank(a1,a2, . . . ,an,b)⇔ rank(A) = rank(A,b).

�5�§|k��)⇔ a1,a2, . . . ,an�5Ã', �rank(A) = rank(A,b) ⇔
rank(A) = rank(A,b) = n.

íØ5.5.1. àg�5�§|

Ax = 0 (5.16)

k�")�¿�^�´rank(A)< n.AO/,eA�n��
,Kàg�5�§|k

�")��=�det(A) = 0.

§5.5.2 àg�5�§|)8�(�

·�kïÄn��5�§|�)8�AÛ(�. n�àg�5�§|�)

8L«z��§½Â�²¡�ú��8,§�±´��:(�:),L�:��^

��½L�:���²¡. 5¿�,ù
)8kf�m�A5. ¿�)8�/�

�0´dÕá��§��êû½. XJÕá�§´n�,K)8´�:;XJÕ

á�§´ü�,K)8´L�:���;XJÕá�§´��,K)8´L�:

�²¡.�!·�ò�Ñ,���àg�5�§|�)8kaq�A5.

�Äàg�5�§|(5.16)�)8��N

V := {x ∈ Fn| Ax = 0}. (5.17)

½n5.5.2. àg�5�§|(5.16)�)8V´Fn�f�m, ¿�dimV = n− r(A).

¡V�Ý
A�"�m,P�N(A).
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y². �x,y∈V ,=Ax= 0, Ay= 0.é?¿λ ,µ ∈ F ,duA(λx+µy) = λAx+µAy= 0,

Ïd, λx+µy ∈V .¤±V´Fn�f�m.

é�5�§|Ax = 0�Ð�1C�ØUC�§|�),¿��§|�±z¤

{z/ªJx = 0. Ù¥J´�F/ª�Ý
(2.3). durank(J) = rank(A) = r, Jkr�

�"1.d1�Ù�(Ø,àg�§|�Ï)äk/ª

x1 = α11t1 +α12t2 + . . .+α1,n−rtn−r

x2 = α21t1 +α22t2 + . . .+α2,n−rtn−r

. . . . . . . . . . . . . . . . . .

xm = αm1t1 +αm2t2 + . . .+αm,n−rtn−r

Ù¥t1, . . . , tn−r�gdëê.�¤�þ/ª´

x = t1α1 + t1α2 + . . .+ tn−rαn−r,

ùpαi = (α1i,α2i, . . . ,αmi)
T ∈ Fm, i = 1,2, . . . ,n− r.

e¡`², α1,α2, . . . ,αn−r�5Ã'.��­��*	´,3àg�§|�Ï)

¥,Ø�x1,x j2 , . . . ,x jr	,Ù{Cþ�)�,�t j,=�þt1α1+ t2α2+ . . .+ tn−rαn−r¥

kn− r�©þ©O�t1, t2, . . . , tn−r.Ïd,XJ

t1α1 + t2α2 + . . .+ tn−rαn−r = 0,

Kt1 = t2 = . . .= tn−r = 0.ùL², α1,α2, . . . ,αn−r�5Ã',l
´V��|Ä.

íØ5.5.2.

dim(C(A))+dim(N(A)) = n.

àg�5�§|(5.16)�)8V�¡�)�m. )�m��|

Äα1,α2, . . . ,αn−r¡�àg�5�§|���Ä:)X.

~5.5.1. �A´n�ÛÉ�
, �A�(i, j)����ê{fªAi j 6= 0. y²: α =

(Ai1,Ai2, . . . ,Ain)
T´àg�5�§|Ax = 0�Ä:)X.

y². duAi j 6= 09det(A) = 0, rank(A) = n− 1. Ïd,àg�5�§|Ax = 0�)

�m´1��. d1�ªÐm½n, ∑
n
j=1 ak jAi j = δki det(A) = 0, k = 1, . . . ,n,¤±α =

(Ai1,Ai2, . . . ,Ain)
T ´àg�§|Ax = 0�). duα��"�þ,�§´Ä:)X.
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~5.5.2. ¦e�àg�5�§|��|Ä:)X,¿¦§�Ï)
x1 + x2 + x3 + x4 + x5 = 0

x1 +2x2 +3x3−2x4 +2x5 = 0

x1− x3 +4x4 = 0

). 
1 1 1 1 1

1 2 3 −2 2

1 0 −1 4 0

 −r1→r3−−−−→
−r1→r2


1 1 1 1 1

0 1 2 −3 1

0 −1 −2 3 −1

 r2→r3−−−−→
−r2→r1


1 0 −1 4 0

0 1 2 −3 1

0 0 0 0 0


Ïd��§|�du x1− x3 +4x4 = 0

x2 +2x3−3x4 + x5 = 0

�x3 = 1,x4 = x5 = 0��§��|)α1 = (1,−2,1,0,0)T . aq/, ©O�x4 =

1,x3 = x5 = 09x5 = 1,x3 = x4 = 0��§|�,ü|)α2 = (−4,3,0,1,0)T�α3 =

(0,−1,0,0,1)T . Kα1,α2,α3�¤��5�§|��|Ä:)X, ��§|�Ï)

�t1α1 + t2α2 + t3α3, t1, t2, t3�?¿ëê.

�,,��±��-x3 = t1,x4 = t2,x5 = t3¦�x1 = t1− 4t2, x2 = −2t1 + 3t2− t3.

�

(x1,x2,x3,x4,x5)
T = t1α1 + t2α2 + t3α3.

dd�¦�§|�Ä:)X�Ï).

§5.5.3 �àg�5�§|)8�(�

��!·�ïÄ�àg�5�§|�)8�AÛ(�.l~ 5.4.7wÑ,�à

g�5�§|�)8Ø2´��f�m,�§�f�mk��'X.

�	�5�§ax+by+cz = d(d 6= 0)¤(½�:8W ,§L«R3¥ØL�:�

²¡,Ï
{−→OP |P ∈W}Ø´��f�m.�A�àg�§ax+by+cz = 0¤(½�

:8VL«R3¥L�:�²¡,§éA��f�m. W´éV÷�þ(0,0,d/c)²£

�(J.ù�*	é���àg�5�§|�)8�´¤á�.

�Ä�àg�5�§|(5.15)�)8.P

W = {x ∈ Fn| Ax = b}. (5.18)
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VX(5.17)¤«.·���, V´n− r(A)�f�m.@o, W�Vk�o'X?

N´�y, Wäk5�

1. α,β ∈W ⇒ α−β ∈V .

2. α ∈W, γ ∈V ⇒ α + γ ∈W .

¯¢þ,�α,β ∈W ,KAα = b,Aβ = b. u´, A(α−β ) = 0,=α−β ∈ V . ,�

�¡,XJα ∈W, γ ∈V ,KAα = b,Aγ = 0.Ïd, A(α + γ) = b,=α + γ ∈W .

|^þã5��±��

½n5.5.3. �V,W©O(5.17), (5.18)d½Â.Kk

W = γ0 +V := {γ0 +α| α ∈V}.

Ù¥γ0´Ax = b���A).

y². é?¿α ∈V , A(γ0 +α) = Aγ0 +Aα = b.Ïd, γ0 +α ∈W .

�L5,?�β ∈W ,dAβ = b9Aγ0 = bk, A(β − γ0) = 0. ¤±, β − γ0 ∈ V . l


β ∈ γ0 +V .

þã½nL²,�àg�5�§|�)8´�Aàg�§|�)8���

²£. b�α1, . . . ,αn−r ´éA�àg�§|�Ä:)X, γ0´�àg�5�§|

�A),K�àg�5�§|�Ï)�

x = t1α1 + t2α2 + . . .+ tn−rαn−r + γ0.

Ù¥t1, t2, . . . , tn−r�gdëê.½ö`,�àg�5�§|�)8�

W = {t1α1 + t2α2 + . . .+ tn−rαn−r + γ0 | t1, t2, . . . , tn−r ∈ F}. (5.19)

~5.5.3. �Ñ�5�§|Ax = b�úª).

). �A ∈ Fm×n, b ∈ Fm, �rank(A) = rank(A,b) = r. Ø��A�cr1!cr��¤

�fª�". K�5�§|Ax = b�duĀx = b̄, ùpĀ´dA�cr1|¤�Ý


, b̄´b�cr�©þ|¤��þ. PĀ = (A1,A2), x = (x1,x2)
T . ùpA1 ∈ Fr×r,A2 ∈

Fr×(n−r), x1 ∈ Fr,x2 ∈ Fn−r.u´,�5�§|Āx = b̄q�±U�¤

A1x1 = b̄−A2x2.
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duA1�_,K

x1 = A−1
1 (b̄−A2x2) =

1
det(A1)

A∗1(b̄−A2x2) =−
1

det(A1)
A∗1A2x2 +

1
det(A1)

A∗1b̄.

ùpA∗1´A1����
, x2´�?¿���n− r��þ.u´

x =

(
x1

x2

)
=

(
−A∗1A2/det(A1)

In−r

)
t+

(
A∗1b̄/det(A1)

O

)
,

ùpt ∈ Fn−r�Õáëê.

§5.6 ���5�m

�!¥,·�òê|�m�Vg�nØí2�����5�m.

§5.6.1 ���5�m�½Â

3c¡A!¥,·�ïÄ
n�ê|�m�nØ.ù
nØïá3ê|�þ

�ü�Ä�$��þ,=�þ�\{�ê¦.{
ó�, n�ê|�mÒ´D�


\{�ê¦$��nê|�þ�8Ü.��Ä��¯K´,é��8Ü,´Ä�±

T�/½ÂÙ¥���\{�ê¦$�,l
äkn�ê|�m���5��(

�Q?·�kw�
¢~.

~5.6.1. �	äkn�C���5�§��N

En := {a1x1 +a2x2 + . . .+anxn = b |a1,a2, . . . ,an,b ∈ F}.

½Â�§�\{(^⊕L«)�ê¦(^◦L«)Xe

(a1x1 +a2x2 + . . .+anxn = b)⊕ (a′1x1 +a′2x2 + . . .+a′nxn = b′)

:= (a1 +a′1)x1 +(a2 +a′2)+ . . .+(an +a′n)xn = b+b′.

λ ◦ (a1x1 +a2x2 + . . .+anxn = b) := λa1x1 +λa2x2 + . . .+λanxn = λb.

k
\{�ê¦$�,Ò�±½Â�§|��5|Ü!�5�'!�5Ã'!4

�Ã'|!��Vg.é�5�§|�Ð�C�Ò´��5|Ü$�,�5�§

|�4�Ã'|Ò´�d�Õá�§|,�Ò´Õá�§��ê.

~5.6.2. ^Fn[x]L«ê�FþgêØ�Ln�õ�ª�N

Fn[x] := {a0 +a1x+ . . .+anxn |a0,a1, . . . ,an ∈ F}.
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½Âõ�ª�\{�ê¦Xe

(a0 +a1x+ . . .+anxn)+(b0 +b1x+ . . .+bnxn)

= (a0 +b0)+(a1 +b1)x+ . . .+(an +bn)xn,

λ (a0 +a1x+ . . .+anxn) = λa0 +λa1x+ . . .+λanxn

dd�±½Âõ�ª��5�'(Ã')!4�Ã'|!�!Ä�Vg,¿��Au

ê|�m�k'½n�(ØE,¤á.~X,õ�ªp1(x) = x2−2x+1, p2(x) = x2+

2, p3(x) = x2+2x+3�5�',Ï�p3(x)−2p2(x)+ p1(x) = 0.2XS := {1,x,x2}�5
Ã'(Ï�Ø�3Ø��"~êa0,a1,a2¦a0 + a1x+ a2x2 = 0), �§��¤F2[x]�

�|Ä.ùL², ngõ�ª�N3½Â
\{�ê¦$���ê|�mk�q

�(��5�.

~5.6.3. é¤km× n�Ý
��NFm×n,UìÝ
�\{�ê¦,��±½Â�

|Ý
��5�'(Ã')!4�Ã'|!�!Ä�,¿�ê|�m�k'(Ø�

±²£L5.~X,Ý
(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)

�5Ã',�§��¤F2×2��|Ä.

þã¢~L²,é?Û��8ÜV ,3T�½Â
���\{�ê¦$�,¿

�$�÷v�½�5Æ�, VÒk
�ê|�m���(��5�9�'nØ.

ù�,·��±òê|�mí2�����5�m,l
��*¿k'êÆnØ

�A^��.3?\±��ÆS¥,Öö¬���«����5�m,¿¬uy

�5�mnØ3Nõó§+�kX2��A^.e¡,·��Ñ���5�m�

½Â.

½Â5.6.1. �V´����8Ü, F´��ê�.éV¥���½Âü«$�

1. \{:éV¥�?¿ü���α,β|¤�kSé(α,β ),�3V¥������

�γ ��éA,{P�α +β = γ .

2. ê¦:é?¿~êλ ∈ F9�þα ∈V ,�3V¥�������γ��éA,{

P�λα = γ .

\{�ê¦$�÷ve�$�5Æ

(A1) α +β = β +α é?¿α,β ∈V¤á.
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(A2) (α +β )+ γ = α +(β + γ)é?¿α,β ,γ ∈V¤á.

(A3) �3��θ ∈V ,¦�α +θ = θ +α = αé?¿α ∈V¤á. θ ¡�"��.3Ø

�· ��¹e,���5�m¥�"���~{P�0.

(A4) é?¿α ∈V ,�3β ∈V¦�α +β = β +α = 0. β¡�α�K��,{P�−α ,

¿�½Âβ −α = β +(−α).

(D1) λ (α +β ) = λα +λβé?¿λ ∈ F9α,β ∈V¤á.

(D2) (λ +µ)α = λα +µαé?¿λ ,µ ∈ F9α ∈V¤á.

(M1) λ (µα) = (λ µ)αé?¿λ ,µ ∈ F9α ∈V¤á.

(M2) 1α = αé?¿α ∈V¤á.

K¡V´ê�Fþ��5�m,{P�V (F)½V .�5�mV¥���¡��þ.

éþã½Â·��ü:`².

'u\{�ê¦ü«$��±^N��*:)º.^V ×VL«¤kkS�

þé�8Ü,=V ×V := {(α,β ) |α,β ∈V}.aq/,PF×V := {(λ ,α) |λ ∈ F,α ∈V}.
¤¢V¥�\{¢Sþ´lV ×V�V���N�.
ê¦´F×V�V���N�.

�e5·��`²��o�¦\{�ê¦$��÷vþãl^5Æ.

N´��,ê|�þ÷vþãl^5Æ.ù
$�5Æ�y
�Y�X�½

n�(Ø��(í�. ·��,F"���5�m�kê|�m���5��

(Ø,Ïdéùü«$�Ò�¦÷v�½�5K.e¡,·�l±eù���·

K\±`².

�α1,α2, . . . ,αm��5�mV¥��þ, e�3Ø��"�êλ1,λ2, . . . ,λm¦

� λ1α1 +λ2α2 + · · ·+λmαm = θ ,K�3αi(1≤ i≤ m)¦�

αi =−
λ1

λi
α1− . . .− λi−1

λi
αi−1−

λi+1

λi
αi+1− . . .− λm

λi
αm.
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�λi 6= 0.K

λ1α1 +λ2α2 + · · ·+λmαm = θ
(A3)−−→

(λ1α1 +λ2α2 + · · ·+λmαm)+(−λi)αi = (−λi)αi
(A1,A2)−−−−→

λ1α1 +λ2α2 + . . .+λi−1αi−1 +λi+1αi+1 + . . .+λmαm+

(λiαi +(−λi)αi) = (−λi)αi
(D2,A3,∗)−−−−−→ (ùp^�5�*: 0α = θ)

λ1α1 + . . .+λi−1αi−1 +λi+1αi+1 + . . .+λmαm = (−λi)αi→

(− 1
λi
)(−λi)αi = (− 1

λi
)(λ1α1 + . . .+λi−1αi−1 +λi+1αi+1 + . . .+λmαm)

(M1,M2,D1,A4)−−−−−−−−−→ αi =−
λ1

λi
α1− . . .− λi−1

λi
αi−1−

λi+1

λi
αi+1− . . .− λm

λi
αm.

·�w�,�y²þã·K,l^$�5ÆÑ^�
.¢Sþ,ùl^5Æ�

v
y²¤k�'(Ø.

e¡·��Þ�5�m��
Ä�5�.

1. "�þ��.

�θ1�θ2Ñ�"�þ,Kkθ1 = θ1 +θ2 = θ2 +θ1 = θ2.

2. K�þ��.

�β1,β2þ�α�K�þ.Kβ1 = β1 +θ = β1 +(α +β2) = θ +β2 = β2.

3. 0α = θ ; (−1)α =−α; λθ = θ .

dα = (1+0)α = α +0α�, 0α = θ .

dθ = (1−1)α = α +(−1)α�, (−1)α =−α .

��, λθ = λ (0α) = (λ ·0)α = 0α = θ .

4. λα = θ ��=�λ = 0½α = θ .

d3, eλ = 0½α = θ , Kw,kλα = θ . y�λ 6= 0, λα = θ , Kα =

(1/λ )(λα) = (1/λ )θ = θ .

�e5,·��Ñ�
�5�m�¢~.

~5.6.4. �
�5�m�~f,Ù¥F�ê�.

(1) ê|�mFnUê|�þ�\{�ê¦�¤�5�m.
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(2) ¤kn���g�§�NEnU�5�§�\{�ê¦�¤�5�m.

(3) ¤kgêØ�Ln�õ�ª�NFn[x]Uõ�ª�\{,9ê�õ�ª�¦{

�ê¦�¤�5�m.

(4) ¤km×n�Ý
�NFm×nUÝ
�\{�ê¦�¤�5�m.

(5) F = R,¤kEê�NCUEê�\{!¢ê�Eê�¦{�ê¦�¤�5�

m.

(6) ^CnL«Xen�õ�ª�N

Cn = {a0 +a1 cosθ +b1 sinθ + . . .+an cos(nθ)+bn sin(nθ) |ai,bi ∈ F}.

K3¼êÏ~�\{!ê�¼ê�¦{e�¤�5�m.AO/, cos3 θ ∈C3,

Ï�cos3 θ = 3
4 cosθ + 1

4 cos(3θ).

(7) ^C[a,b]L«[a,b]þëY¼ê��N. KC[a,b]3¼êÏ~�\{, 9ê�¼

ê¦{$�e�¤�5�m.

e¡·�Ú?���5�m�f�m�Vg.

½Â5.6.2. �V´ê�Fþ��5�m, W´V���f8. XJWéu�5�

mV�\{�ê¦$��±µ4,=

1. é?¿α,β ∈W ,kα +β ∈W ;

2. é?¿λ ∈ F,α ∈W ,kλα ∈W .

K¡W´V�f�m.

N´�y, W3V¥�\{�ê¦e�¤ê�Fþ��5�m. AO/, W =

{0}9W =V�´V �f�m,¡�²�f�m.�a�²��f�m´)¤f�

m.

½Â5.6.3. �V´ê�Fþ��5�m, S⊂V´��8Ü.K8Ü

〈S〉 := {λ1α1 +λ2α2 + . . .+λmαm |λ1,λ2, . . . ,λm ∈ F, α1,α2, . . . ,αm ∈ S} (5.20)

´��f�m,¡�V�)¤f�m, S¡�)¤f�m�)¤�.

e¡,·��A�f�m�¢~.
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~5.6.5. f�m�~f.

(1) 3~ 5.6.4¥, Fn[x]9CnÑ´C[a,b]�f�m.

(2) �W ´Fn[x]¥÷vp(−x) = p(x)�õ�ª�N, KW´Fn[x]�f�m, �W =

〈1,x2, . . . ,x2m〉,Ù¥m = [n/2].

(3) �A ∈ Fn×n,K8ÜW := {X ∈ Fn×n |AX = 0}´Fn×n�f�m.

y². ·�±(2)�~�Ñy².�p,q ∈W ,Kp(−x) = p(x),q(−x) = q(x).u´

(p+q)(−x) = p(−x)+q(−x) = p(x)+q(x) = (p+q)(x),

=p+q ∈W .,��¡,

(λ p)(−x) = λ p(−x) = λ p(x) = (λ p)(x).

ÏdW3\{�ê¦eµ4,l
´Fn[x]�f�m.

,��¡,duW¥õ�ªÑ´óõ�ª,�W = {a0 +a2x2 + . . .+a2mx2m},Ù
¥m = [n/2].Ïd, W = 〈1,x2, . . . ,x2m〉.

��é�5�m2��:`².Ón�AÛ�mØÓ,���5�m¥�½

Â
�þ�\{�ê¦$�,vk½Â�þ�Ý!Y��AÛVg.

§5.6.2 ���5�m�nØ

��!¥,·�ò�5|Ü!�5�'!�5Ã'!4�Ã'|��!Ä�

�ê�Vgí2����5�m. ¿�'uê|�m�k'(ØÑ�±²1í

2L5,Ï�ù
½Â�(Ø��9��þ�\{�ê¦,
Ø+�þ��´�

o,�þ�$�XÛ?1. ·�òÌ��Vg�(Ø­#Qã�H,��Ñk'

y².

½Â5.6.4. �V´ê�Fþ��5�m. �½V¥��|�þS = {α1,α2, . . . ,αm}9
�|êλ1,λ2, . . . ,λm ∈ F ,¡Úª

λ1α1 +λ2α2 + . . .+λmαm

��þ|S��5|Ü, λ1,λ2, . . . ,λm¡�|ÜXê. XJα�±�¤S��5|Ü,

K¡α�±^S�5L«.

w,, α�±^S�5L«��=�α ∈ 〈S〉.



164 1ÊÙ �5�m

½Â5.6.5. �V´ê�Fþ��5�m. ¡�þ|T = {β1,β2, · · · ,βl}�±d�þ
|S = {α1,α2, · · · ,αm} �5L«, XJz��βi(i = 1,2, . . . , l)�±^�þ|S�5

L«.XJ�þ|S�T�±�p�5L«,K¡S�T �d.

'u�þ|��5L«��dke�(Ø

½n5.6.1. �S�T´�5�mV�ü��þ|.K

1. T´S��5|Ü,��=�〈T 〉 ⊂ 〈S〉.

2. U´T��5|Ü, T´S��5|Ü,KU´S��5|Ü.

3. S�T�d,��=�〈S〉= 〈T 〉.

4. U�T�d, T�S�d,KU�S�d.

½Â5.6.6. �V´ê�Fþ��5�m, S´V¥�|�þ. �#S ≥ 2(#SL«S¥�

���ê)�, XJS¥,��þU^Ù§�þ�5L«, K¡S �5�'. ÄK,

¡§��5Ã'.AO/,���þ|¤��þ|�5�',��=�T�þ�

"�þ.

'u�þ|��5�'5,ke��d�`{

½n5.6.2. �α1,α2, · · · ,αm´�5�mV¥��þ,Ke�`{�d

1. α1,α2, · · · ,αm�5�';

2. �3Ø��"�~êλ1,λ2, · · · ,λm ∈ F,¦�
m
∑

i=1
λiαi = θ ;

3. �3�þαi¦�αi = ∑
j 6=i

λ jα j;

4. �3�þαi¦�αi ∈ 〈α1, . . . ,αi−1,αi+1, . . . ,αm〉;

5. �3αi¦�〈α1,α2, . . . ,αm〉= 〈α1, . . . ,αi−1,αi+1, . . . ,αm〉.

½n5.6.3. ��þ|S1´�þ|S���f8. @o,XJS1�5�',KS��5

�';XJS�5Ã',KS1��5Ã'.

½Â5.6.7. �S´�5�mV¥��þ|. eS�f8S1�5Ã', �é?¿α ∈
S\S1, S1∪{α}�5�',K¡S1��þ|S�4�Ã'|.

½n5.6.4. �þ|�4�Ã'|ke��d�`{
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1. �þ|S�f8S1´S�4�Ã'|;

2. �þ|S�±df8S1�5L«,�S1�5Ã';

3. �þ|S�§�f8S1�d,�S1�5Ã';

4. 〈S〉= 〈S1〉,�S1�5Ã'.

íØ5.6.1. �þ|�?Ûü�4�Ã'|*d�d.

½n5.6.5. ü��d�þ|{α1,α2, · · · ,αr}Ú{β1,β2, · · · ,βs}©O�5Ã',Kr = s.

íØ5.6.2. �αi1 ,αi2 , · · · ,αirÚα j1 ,α j2 , · · · ,α js©O�α1,α2, · · · ,αm�ü�4�Ã'

|,Kr = s.

½Â5.6.8. �þ|S�4�Ã'|��þ��ê¡��þ|��, P�rank(S)

½r(S).

'u�,·�ke�k^�(Ø.

½n5.6.6. �S, T´�5�mV¥��þ|.Kke�(Ø

1. S�5Ã'��=�rank(S) = #S,ùp#SL«S¥�þ��ê.

2. S�5�'��=�rank(S)< #S.

3. eT�±^S�5L«,Krank(T )≤ rank(S).

4. eT�S�d,Krank(T ) = rank(S).

5. eT�±^S�5L«,�T�5Ã',K#T ≤ #S.

~5.6.6. �Cn´~5.6.4¥dn�õ�ª�¤��5�m. ¦�þ|S = {1,sinx,

cosx,sin2 x,cos2 x,sin2x,cos2x}��|4�Ã'|.

). ducos2 x = 1
2 + 1

2 cos2x, sin2 x = 1
2 −

1
2 cos2x, Ïd, S�duS1 =

{1,cosx,sinx,cos2x,sin2x}.e¡y², S1�5Ã',l
´S�4�Ã'|.

�a0+a1 cosx+b1 sinx+a2 cos2x+b2 sin2x = 0.©O-x = 0,π/4,π/2, 3π/4,π�

a0 +a1 +a2 = 0

a0 +

√
2

2
a1 +

√
2

2
b1 +b2 = 0

a0 +b1−a2 = 0

a0−
√

2
2

a1 +

√
2

2
b1−b2 = 0

a0−a1 +a2 = 0



166 1ÊÙ �5�m

)�a0 = a1 = a2 = b1 = b2 = 0. l
S1�5Ã'(��±^Fourier©Û�nØy

²S1�5Ã').

duS2 = {1,cosx,sinx,sin2 x,sin2x}�S1�d, Ïd, S2�´��4�Ã'

|.

~5.6.7. ��5�mV��þ|S¹m��þ,�Ù��r. 3S¥?�s��þ|¤

�þ|T .y²: rank(T )≥ r+ s−m.

y². er + s−m ≤ 0, (Øw,¤á. e�r + s−m > 0. �S1�S�4�Ã'|,

KT��¹s− (m− r) = r+ s−m�S1¥��þ,ùr+ s−m��þ�5Ã'.Ïd,

rank(T )≥ r+ s−m.

e¡·�Ú?�5�m�Ä!�I��ê�Vg.

½Â5.6.9. �V´ê�Fþ��5�m. S´V¥�|�5Ã'�þ. XJV¥?Û

�þÑUL«¤S��5|Ü,K¡S�V��|Ä.eS´k��,K¡V�k��

�5�m, S¥����ê¡��5�mV��ê,P�dimV . Ø´k����5

�m¡�Ã���5�m,Ù�ê�Ã¡�.�ÄS = {α1,α2, . . . ,αn}´k��,K

?¿�þα ∈V�±��/L«¤S��5|Ü

α = λ1α1 +λ2α2 + . . .+λnαn. (5.21)

¡(λ1,λ2, . . . ,λn)��þα3ÄSe��I.

Ø�AO�²,�Ö��Äk���5�m.k����5�m�½�±d

�|�þ)¤.

(5.21)�±�¤�þ/ª

α = (α1,α2, . . . ,αn)


λ1

λ2
...

λn

 . (5.22)

5¿,þª��´��/ªþ�PÒ,Ï�(α1,α2, . . . ,αn)�Uvk¢�þ�¿Â,

�$�5Æ�Ý
$��Ó.

½n5.6.7. �V´ê�Fþ�k���5�m. K�3�5Ã'�þ|α1,

α2, . . . ,αn ∈V¦�V = 〈α1,α2, . . . ,αn〉.

y². Ó½n 5.4.1�y²��.
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w,, Ä¢Sþ´�m���þ|�4�Ã'|. 
�mV��ê¢Sþ

´V���þ|��.'u�5�m��ê�Äke�(Ø.

½n5.6.8. �V´ê�Fþ�n��5�m.Kk

1. V¥?¿n+1��þ�5�'.

2. V¥?¿n��5Ã'�þ��|Ä.

3. �α1,α2, . . . ,αr ∈ V´r(r < n)��5Ã'��þ, K�3V¥��

þαr+1, . . . ,αn¦�α1,α2, . . . ,αn�¤V��|Ä. ¡α1,α2, . . . ,αn��5Ã

'|α1,α2, . . . ,αr��|*¿Ä.

�5�m�Ä��I�C�,Óê|�m��aq,Ø2Kã.

~5.6.8. �C´~5.6.4¥½Â�Eê�¤��5�m.¦§��|Ä��ê.

). Äky²{1, i}´C��|Ä. ¢Sþ, �k¢êa,b¦�a+ bi = 0, K7ka =

b = 0,={1, i}3Rþ�5Ã'.,��¡,?ÛEêÑ�±�¤{1, i}3Rþ��5

|Üa+bi.Ïd, {1, i}�¤C��|Ä.l
dimC = 2.

XJê�F = C,K?Û�"êEêÑ´C���Ä,l
Ù�ê�1.

~5.6.9. �Ä~5.6.4¥m×n�Ý
�¤��5�mFm×n.¦Fm×n��|Ä��ê.

). ^Ei j ∈ Fm×nL«(i, j)���1, Ù{���"�Ý
. kyEi j, i = 1,2, . . . ,m,

j = 1,2, . . . ,n�5Ã'.d

m

∑
i=1

n

∑
j=1

λi jEi j = (λi j)m×n = 0

�λi j = 0, i = 1,2, . . . ,m, j = 1,2, . . . ,n,l
{Ei j}�5Ã'.,��¡,?ÛÝ
A =

(ai j) ∈ Fm×n�±�¤{Ei j}��5|Ü

A =
m

∑
i=1

n

∑
j=1

ai jEi j.

Ïd, {Ei j}�¤Fm×n��|Ä,¿�dim Fm×n = mn.

§5.7 f�m$�*

�!·�?Ø���5�m�f�m�$�,X¦�,¦Ú�.
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§5.7.1 f�m��*

�W1,W2´ê�Fþ��5�mV�f�m.·��¯, W1�W2��8�´Ø

´f�m?XJ´�{,XÛ¦§�Ä��ê?

éun�AÛ�m,ü�L�:�²¡éAü�f�m,§���8´L�

:���½²¡,Ï
�éAf�m.ù�*	é���5�m�¤á.

½n5.7.1. �W1,W2´ê�Fþ��5�mV�f�m, KW1�W2�� W1 ∩W2�

´V�f�m.

y². �α,β ∈ W1 ∩W2, Kα,β ∈ W1�α,β ∈ W2. duW1,W2´f�m, α + β ∈
W1�α +β ∈W2.Ïd, α +β ∈W1∩W2.

,��¡,eλ ∈ F , α ∈W1∩W2,Kλα ∈W1�λα ∈W2. Ï
λα ∈W1∩W2. ù

L²W1∩W2´V�f�m.

þã½n�(Ø�±í2�?¿õ�f�m��/,=?¿�f�m��

�f�m.

~5.7.1. �V = F4, W1 = 〈α1,α2,α3〉, W2 = 〈β1,β2〉. Ù¥α1 = (1,2,1,0), α2 =

(−1,1,1,1), α3 = (0,3,2,1), β1 = (2,−1,0,1), β2 = (1,−1,3,7).¦W1∩W2.

). ?�α ∈W1∩W2,K

α = x1α1 + x2α2 + x3α3 = y1β1 + y2β2.

þª´'ux1,x2,x3,y1,y2��5�§|, )�(y1,y2) = (3,−1)t, t�?¿ëê. u

´α = y1β1+y2β2 =(5,−2,−3,−4)t.Ïd, W1∩W2 = 〈α〉,ùpα =(5,−2,−3,−4).

§5.7.2 f�m�Ú*

�e5,·�?Øf�m�Ú.�W1,W2´V�f�m, W1∪W2´Ø´f�m?

ln�AÛ�m*	,(Ø´Ä½�. ~X,L�:�ü^ØÓ���¿ØUé

Af�m, �¹ùü^���f�m����¹ùü^��¤3�²¡. ��

/,���E�¹W1∪W2�f�mW , W7L�¹W1¥�?Û�þα1�W2¥�?

Û�þα2�Ú.T|,dW1¥�?Û�þα1�W2¥�?Û�þα2�Ú�¤�8Ü

´f�m.

½n5.7.2. �W1,W2´�5�mV�f�m. W1�W2�Ú

W1 +W2 := {α1 +α2|α1 ∈W1,α2 ∈W2} (5.23)

�¤V�f�m,¿�§´�¹W1∪W2���f�m.
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y². �α := α1 +α2 ∈W1 +W2, β := β1 +β2 ∈W1 +W2,ùpα1,β1 ∈W1, α2,β2 ∈W2.

duα1 + β1 ∈W1, α2 + β2 ∈W2, Ïdα + β = (α1 + β1)+ (α2 + β2) ∈W1 +W2. ,�

�¡, éλ ∈ F , λα = λα1 + λα2 ∈W1 +W2. duW1 +W23\{�ê¦eµ4, Ï

dW1 +W2´f�m.

�e5y²W1+W2´�¹W1∪W2���f�m.é?¿α1 ∈W1, α1 = α1+0∈
W1 +W2,ÏdW1 ⊂W1 +W2. Ón, W2 ⊂W1 +W2. �W1 ∪W2 ⊂W1 +W2. e�W´�

¹W1∪W2�?¿f�m.K?¿α1 ∈W1, α2 ∈W2, α1,α2 ∈W ,l
α1 +α2 ∈W©ù

`²W1 +W2 ⊂W ,=W1 +W2´�¹W1∪W2���f�m.

e¡,·�ïÄW1 +W2�Ä��ê.

½n5.7.3. �α1, . . . ,αr�β1, . . . ,βs´�5�mV�ü��þ|.Kk

〈α1, . . . ,αr〉+ 〈β1, . . . ,βs〉= 〈α1, . . . ,αr,β1, . . . ,βs〉.

y². d)¤f�m9f�mÚ�½Â,(Øw,(�Öö�¤).

~5.7.2. �V , W1�W2X~ 5.7.1¤«.¦W1 +W2��|Ä��ê.

). d½n 5.7.3, W1 +W2 = 〈α1,α2,α3,β1,β2〉. ´��α1,α2,α3,β1,β2���4�

Ã'|α1,α2,β1, Ï
W1 +W2 = 〈α1,α2,β1〉, �α1,α2,β1�W1 +W2��|Ä. Ïd,

dim(W1 +W2) = 3.

'uf�m�Ú��êke¡�(Ø.

½n5.7.4. (�êúª)�W1,W2´�5�mV�f�m.K

dim(W1 +W2) = dimW1 +dimW2−dim(W1∩W2). (5.24)

y². �dimW1 = r, dimW2 = s, dim(W1∩W2) = t. 2�α1,α2, . . . ,αt´W1∩W2��|

Ä,K§�±©O*¿�W1�W2��|Ä

α1, . . . ,αt ,β1, . . . ,βr−t ,

α1, . . . ,αt ,γ1, . . . ,γs−t

u´

W1 +W2 = 〈α1, . . . ,αt ,β1, . . . ,βr−t ,γ1, . . . ,γs−t〉.

XJα1, . . . ,αt ,β1, . . . ,βr−t ,γ1, . . . ,γs−t�5Ã', K§�¤W1 + W2��|Ä, K

kdim(W1 +W2) = t +(r− t)+(s− t) = r+ s− t,l
½n�y.

eyα1, . . . ,αt ,β1, . . . ,βr−t ,γ1, . . . ,γs−t�5Ã'.
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�λ1α1 + . . .+λtαt +µ1β1 + . . .+µr−tβr−t +ν1γ1 + . . .+νs−tγs−t = 0.K

λ1α1 + . . .+λtαt +µ1β1 + . . .+µr−tβr−t =−ν1γ1− . . .−νs−tγs−t ∈W1∩W2.

��3~êδ1, . . . ,δt¦�

−ν1γ1− . . .−νs−tγs−t = δ1α1 + . . .+δtαt .

£��

ν1γ1 + . . .+νs−tγs−t +δ1α1 + . . .+δtαt = 0.

duα1, . . . ,αt ,γ1, . . . ,γs−t�5Ã',7kν1 = . . .= νs−t = 0,?
k

λ1α1 + . . .+λtαt +µ1β1 + . . .+µr−tβr−t = 0.

2dα1, . . . ,αt ,β1, . . . ,βr−t��5Ã'5�λ1 = . . . = λt = µ1 = . . . = µr−t = 0. Ïd,

α1, . . . ,αt ,β1, . . . ,βr−t ,γ1, . . . ,γs−t�5Ã'.½ny..

íØ5.7.1. �W1,W2´�5�mV�f�m,K

dim(W1 +W2) = dimW1 +dimW2 ⇔ W1∩W2 = 0.

·�£Þw~ 5.7.2, dudimW1 = 2, dimW2 = 2, dim(W1 ∩W2) = 1, dim(W1 +

W2) = 3,ÏdÎÜþã½n�(Ø.

§5.7.3 f�m��Ú*

�V´n�AÛ�m, W1�W2©O´L�:�²¡���,���Ø u²

¡�S.w,, V =W1 +W2,¿�?Û�þα ∈ V , α�±��/©)�α = α1 +α2,

ùpα1 ∈W1,α2 ∈W2.d�,¡ÚªW1 +W2��Ú.ddÚÑ

½Â5.7.1. �W1,W2´ê�Fþ��5�mV�f�m. XJ?¿α ∈W1 +W2�±

��/�¤

α = α1 +α2, α1 ∈W1,α2 ∈W2.

K¡ÚªW1+W2��Ú,P�W1⊕W2.XJV =W1⊕W2,K¡W1´W2�Ö�m.d

�, W2�´W1�Ö�m.

'uf�m��Úk±e�dL«

½n5.7.5. �W1,W2´�5�mV�f�m.Ke�·K�d

1. W1 +W2��Ú;
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2. W1∩W2 = 0;

3. dim(W1 +W2) = dimW1 +dimW2;

4. �α1, . . . ,αr´W1��|Ä, β1, . . . ,βs´W2��|Ä, Kα1, . . . ,αr,β1, . . . ,βs�

¤W1 +W2��|Ä.

y².2⇒ 3. eW1 ∩W2 6= 0, ?��"�þβ ∈W1 ∩W2, K�þα ∈W1 +W2kü«Ø

Ó�L«α = α1 +α2 = (α1 +β )+(α2−β ),gñ.ÏdW1∩W2 = 0.

3⇒ 2. �α ∈W1+W2kü«ØÓ�L«α = α1+α2 = β1+β2,ùpα1,β1 ∈W1, α2,β2 ∈
W2, α1 6= β1, α2 6= β2.u´0 6= α1−β1 = β2−α2 ∈W1∩W2.�W1∩W2 6= 0,gñ.

3⇔ 4. díØ 5.7.1á=��.

4⇒ 5 .�α1, . . . ,αr´W1�Ä, β1, . . . ,βs´W2�Ä.Kk

W1 +W2 = 〈α1, . . . ,αr,β1, . . . ,βs〉.

ddim(W1 +W2) = dimW1 +dimW2k, α1, . . . ,αr,β1, . . . ,βs�¤W1 +W2��|Ä.

5⇒ 4. (Øw,.

½ny..

~5.7.3. �V = Fn×n´ê�Fþ¤kn��
UÝ
�\{�ê¦�¤��5

�m, W1´¤kn �é¡Ý
��N, W2´¤kn��é¡�
�N. y²:

W1,W2´V�f�m,�V =W1⊕W2.

y². dué¡�
3Ý
\{�ê¦$�eµ4,ÏdW1´V�f�m. aq

/, W2�´V�f�m.

é?¿A ∈V , A = 1
2(A+AT )+ 1

2(A−AT ) ∈W1+W2.ÏdV =W1+W2.,��¡,

é?¿A ∈W1∩W2kA = AT =−AT ,l
A = 0.ÏdW1∩W2 = 0.

nþ¤ã, V =W1⊕W2.

SKo

1. �a1 = (1,2,−1), a2 = (2,0,3), a3 = (2,1,0)´n�AÛ�m¥�n��þ. U

ÄòÙ¥,���þ�¤Ù§ü��þ��5|Ü?ùn��þ´Ä�¡?

2. �a1 = (0,1,−2), a2 = (2,1,3), a3 = (4,5,0)´n�AÛ�m¥�n��þ. U

ÄòÙ¥,���þ�¤Ù§ü��þ��5|Ü?ùn��þ´Ä�¡?
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3. 3F4¥,�ä�þbUÄ�¤a1,a2,a3��5|Ü.eU,��Ñ�«L«�ª.

(1) a1 = (−1,3,0,−5), a2 = (2,0,7,−3),

a3 = (−4,1,−2,6), b = (8,3,−1,−25).

(2) a1 = (3,−5,2,−4)T , a2 = (−1,7,−3,6)T ,

a3 = (3,11,−5,10)T , b = (2,−30,13,−26)T .

4. �a1 = (1,0,0,0), a2 = (1,1,0,0), a3 = (1,1,1,0), a4 = (1,1,1,1). y²: F4¥?Û

�þ�±�¤a1,a2,a3,a4��5|Ü,�L«��.

5. �Pi = (xi,yi,zi), i = 1,2,3,4´n�AÛ�m¥�:. y²: Pi, i = 1,2,3,4�¡

�^�´ ∣∣∣∣∣∣∣∣∣∣∣

x1 y1 z1 1

x2 y2 z2 1

x3 y3 z3 1

x4 y4 z4 1

∣∣∣∣∣∣∣∣∣∣∣
= 0.

6. �a1,a2,a3,a4´n�AÛ�m¥�o��þ.y²§�7�5�'.

7. �b1,b2, . . . ,bs¥z���þ´n�ê|�þa1,a2, . . . ,ar��5|Ü. y

²:b1,b2, . . . ,bs�?Û�5|ÜÑ´a1,a2, . . . ,ar��5|Ü.

8. y²: é�5�§|�Ð�C������5�§|¥�z���§Ñ´

��§|��5|Ü.

9. �Oe��5�§|´Ä�5�'

(1)


− x1 +2x2 +3x3 = 4

5x1− x3 =−1

8x1−6x2−10x3 =−13

(2)


2x1 +3x2 + x3 +5x4 = 2

3x1 +2x2 +4x3 +2x4 = 3

x1 + x2 +2x3 +4x4 = 1

10. �äe��þ|´Ä�5�'

(1) a1 = (1,1,1), a2 = (1,−2,3), a3 = (1,4,9);

(2) a1 = (3,1,2,−4), a2 = (1,0,5,2), a3 = (−1,2,0,3);

(3) a1 = (−2,1,0,3), a2 = (1,−3,2,4), a3 = (3,0,2,−1), a4 = (2,−2,4,6);

(4) a1 = (1,−1,0,0), a2 = (0,1,−1,0), a3 = (0,0,1,−1), a4 = (−1,0,0,1).
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11. y²:?Û��²L±eü�²¡

A1x+B1y+C1z+D1 = 0, A2x+B2y+C2z+D2 = 0

���²¡��§U�¤:

λ (A1x+B1y+C1z+D1)+µ(A2x+B2y+C2z+D2) = 0.

Ù¥λ ,µ�Ø��"�~ê.

12. e�`{´Ä�(?��o?

(1) ea1,a2, . . . ,as(s≥ 2)�5�',KÙ¥z���þÑ�±L«¤Ù§�þ

��5|Ü.

(2) XJ�þ|�?ÛØ´§���f�þ|Ñ�5Ã',KT�þ|��

5Ã'.

(3) e�þ|�5Ã',K§�?Ûf�þ|Ñ�5Ã'.

(4) Fn�n+1��þ|¤��þ|7�5�'.

(5) �a1,a2, . . . ,as�5Ã',Ka1 +a2,a2 +a3, . . . ,as +a17�5Ã'.

(6) �a1,a2, . . . ,as�5�',Ka1 +a2,a2 +a3, . . . ,as +a17�5�'.

(7) �a1,a2, . . . ,as ∈ Fn�5Ã',K§��\��þ|�7�5Ã'.

(8) �a1,a2, . . . ,as ∈ Fn�5�',K§��\��þ|�7�5�'.

13. e�þ|a1,a2, . . . ,an ∈ Fn�5Ã', 
a1,a2, . . . ,an,b�5�', Kb�±L«

¤a1,a2, . . . ,an��5|Ü,�L«��.

14. y²�þL«Ä�½n:�a1,a2, . . . ,an ∈ Fn�5Ã',K?¿�þb ∈ Fn�±

L«�a1,a2, . . . ,an��5|Ü,�L«��.

15. y²:�"�þ|a1,a2, . . . ,as�5Ã'�¿�^�´,z�ai(1 < i≤ s)ÑØU

^§c¡��þ�5L«.

16. ��þ|a1,a2, . . . ,as�5Ã', b = λ1a1 + . . .+λsas. Xλi 6= 0,K^b�Oai�,

�þ|a1, . . . ,ai−1,b,ai+1, . . . ,as�5Ã'.

17. ��þ|a1,a2, . . . ,ar�5Ã', �a1,a2, . . . ,ar�±d�þ|b1,b2, . . . ,br�5

L«,Kb1,b2, . . . ,br��5Ã'.

18. y²:�þ|�däkg�5!é¡5�D45.
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19. ¦e��þ|�4�Ã'|��

(1) a1 = (3,−2,0), a2 = (27,−18,0), a3 = (−1,5,8).

(2) a1 = (1,−1,2,4), a2 = (0,3,1,2), a3 = (3,0,7,14), a4 = (1,−1,2,0),

a5 = (2,1,5,6).

(3) a1 = (0,1,2,3), a2 = (1,2,3,4), a3 = (3,4,5,6), a4 = (4,3,2,1),

a5 = (6,5,4,3).

20. y²: ai1 ,ai2 , · · · ,air´a1,a2, · · · ,am�4�Ã'|, ��=�〈a1,a2, · · · ,am〉 =
〈ai1 ,ai2 , · · · ,air〉 �ai1 ,ai2 , · · · , air �5Ã'.

21. y²: e�þb�±d�þ|a1,a2, . . . ,am�5L«, Kb�±da1,a2, . . . ,am�

4�Ã'|L«.

22. ��þ|a1,a2, . . . ,am���r, KÙ¥?Ûr��5Ã'��þ�¤a1,

a2, . . . ,am�4�Ã'|.

23. ��þ|a1,a2, . . . ,am���r,Xa1,a2, . . . ,am�±d§�r��þ�5L«,K

ùr��þ�¤a1,a2, . . . ,am�4�Ã'|.

24. y²½n 5.3.5�1, 2, 4.

25. ¦e�Ý
��,¿¦Ñ§�1�m!��m9"�m��|Ä.

(1)


3 −2 0 1

−1 −3 2 0

2 0 −4 5

4 1 −2 1

 (2)


3 6 1 5

1 4 −1 3

−1 −10 5 −7

4 −2 8 0


26. y²: �5�§|(5.4)k), ��=�b ∈ 〈a1,a2, · · · ,am〉, ��=

�〈a1,a2, · · · ,am〉= 〈a1,a2, · · · ,am,b〉.

27. y²: rank(a1,a2, . . . ,ar,b1,b2, . . . ,bs)≤ rank(a1,a2, . . . ,ar)+ rank(b1,b2, . . . ,bs).

28. y²: n��
A�_⇔ rank(A) = n ⇔ A�1�þ�5Ã'⇔ A���þ�

5Ã'.

29. �Ý
A ∈ Fm×n���r, KA�Ø�u"�r�fª¤31(�)�¤A�

1(�)�þ�4�Ã'|.
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30. �A,B´Ó�Ý
.y²: rank(A+B)≤ rank(A)+ rank(B).

31. �a1,a2, . . . ,an´Fn�Ä,�þ|b1,b2, . . . ,bn�a1,a2, . . . ,ank'Xª

(b1,b2, . . . ,bn) = (a1,a2, . . . ,an)T.

y²: b1,b2, . . . ,bn�Fn�Ä��=�T��_�
.

32. y²½n 5.4.2.

33. y²½n 5.4.3.

34. ±�þ|a1 = (3,1,0), a2 = (6,3,2), a3 = (1,3,5)�Ä,¦β = (2,−1,2)��I.

35. �a1 = (3,2,−1,4), a2 = (2,3,0,−1).

(1) òa1,a2*¿�R4��|Ä;

(2) �ÑIOÄ3T|Äe�L«;

(3) ¦β = (1,3,4,−2)3T|Äe��I.

36. òn�AÛ�m¥����IX[O;e1,e2,e3]7ü �þe=
1√
3
(1,1,1)_��

^=θ�,¦#�I���I�m�'X.

37. �a1,a2, . . . ,as��àg�5�§|Ax= b��|�5Ã'), λ1,λ2, . . . ,λs�~

ê.�Ñλ1a1 +λ2a2 + . . .+λsas�T�5�§|�)�¿�^�.

38. �Ñn�²¡aix+biy+ ciz = di, i = 1,2,3��u�^���¿�^�.

39. ¦e�àg�5�§|�Ä:)X�Ï)

(1)



x1−3x2 + x3−2x4 = 0

−5x1 + x2−2x3 +3x4 = 0

− x1−11x2 +2x3−5x4 = 0

3x1 +5x2 + x4 = 0

(2)



x1 + x2 + x3 + x4−4x5 = 0

x1−2x2 +3x3−4x4 +2x5 = 0

− x1 +3x2−5x3 +7x4−4x5 = 0

x1 +2x2− x3 +4x4−6x5 = 0
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40. ®�F5¥�þa1 = (1,2,3,2,1)T9a2 = (1,3,2,1,2)T ,¦é��àg�5�§|

¦�a1�a2�T�§|�Ä:)X.

41. �äe�8Ü'u5½�$�´Ä�¤�5�m

(1) V´¤k¢êé(x,y)�8Ü,ê�F = R.½Â

(x1,y1)+(x2,y2) = (x1 + x2,y1 + y2), λ (x,y) = (x,y).

(2) V´¤k÷v f (−1) = 0�¢¼ê�8Ü,ê�F = R. ½Â\{�¼ê�

\{,ê¦�ê�¼ê�¦{.

(3) V´¤k÷v f (0) 6= 0�¢¼ê�8Ü,ê�F = R.½Â\{�¼ê�\

{,ê¦�ê�¼ê�¦{.

(4) V´ê�Fþ¤kn��_�
��N, \{�Ý
�\{, ê¦�Ý


�ê¦.

42. �V´¤k¢¼ê�N3¢ê�þ�¤��5�m,�äV¥e�¼ê|´

Ä�5�'.

(1) 1,x,sinx;

(2) 1,x,ex;

(3) 1,cos2x,cos2 x;

(4) 1,x2,(x−1)3,(x+1)3;

(5) cosx,cos2x, . . . ,cos(nx).

43. y²½n 5.6.1.

44. �Fn[x]´gê�u½�un�õ�ª�N�¤��5�m.

(1) y²: S = {1, x−1, (x−1)2, . . . ,(x−1)n}�¤Fn��|Ä;

(2) ¦S�ÄT = {1,x, . . . ,xn}�LÞÝ
;

(3) ¦õ�ªp(x) = a0 +a1x+ . . .+anxn ∈ Fn[x]3ÄSe��I.

45. V´ê�Fþn�é¡�
��N,½Â\{�Ý
�\{,ê¦�Ý
�ê

¦.y²: V´�5�m,¿¦V��|Ä9�ê.
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46. �½Ý


A =


0 0 1

1 0 0

4 −2 1


-V´�A¦{����n�¢�
��N.y²: V3Ý
\{�ê¦e�

¤¢ê�þ��5�m,¿¦V��|Ä��ê.

47. V = Fn×n´ê�Fþ¤kn�Ý
�¤��5�m, -W´ê�Fþ¤k÷

vTr(A) = 0�n�Ý
��N. y²: W´V��5f�m, ¿¦W��|Ä

��ê.

48* y²½n 5.7.3.

49* y²:k���5�m�?Ûf�mÑkÖ�m.

50* -Fn[x]´ê�FþgêØ�Ln�õ�ª�NUõ�ª�\{�ê¦�¤

��5�m, W1´Fn[x]�óõ�ª(÷v f (−x) = f (x))�N, W2´Fn[x]Ûõ�

ª(÷v f (−x) =− f (x))�N.y²: W1,W2´Fn[x]�f�m,�Fn[x] =W1⊕W2.
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18Ù �5C�

þ�Ù0�
�5�m�Ä�nØ.�ÙòïÄ�5�mþ��5C�.·

�Äklê|�mþ��5N�m©ïÄ�5N��5�,�X­:0�Ý


Ú�5C��A��ÚA��þ,§�´Ý
��5C��­��AÛþ,3�

Æ�ó§O�¥k2��A^.��,·�òïÄÝ
3�q'Xe�IO/�

¯K.AO/,·�ò�ÑÝ
�qué�
�¿©7�^�.��,·�òê|

�mþ��5C�nØí2����5�m.����ÀÆSN,·��òéÝ


�e�(JordanIO/nØ�O����{ü�0�. �Ùò­:'5�5�

ê�AÛnØ(C�)��ênØ(Ý
)m�kÅ(Ü,
^�ê��{ïÄAÛ

¯K´�5�ê���Ä�g�.

§6.1 ê|�mþ��5N�

31�Ù,·�0�Ý
¦{�Ú?
�5N��Vg. ùp,·��Ñ�

ª�½Â.

½Â6.1.1. �A : x ∈ Fn→ y ∈ Fm´ê|�mFn�Fm�N�.XJ

y = Ax (6.1)

Ù¥A∈ Fm×n,K¡A��5N�.AO/, Fn�Fnþ��5N�¡�Fnþ��5

C�.

¢Sþ,�5N���5C��Vg3)ÛAÛ¥@®k�.~X,é�I

²¡�ü �C := x2 + y2−1 = 0�Xe�� C�

x′ = 3x, y′ = 2y

����ý�C′ := (x′)2/9+(y′)2/4−1 = 0.þãC�òü �÷x¶����3�,

÷y¶����2�,l
����ý�.ùp,� C�Ò´²¡þ��5C�.

2X,òã/7�I�:_��^=θ��ã/C��

x′ = xcosθ − ysinθ , y′ = xsinθ + ycosθ .

^=C�ØUCã/�/G,�UC§� �,§�´�«�5C�.

ã/��5C�Ø=�÷�I¶��� ,
��±�)��y�.

179
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~6.1.1. �Ä�I²¡þ�XeC�

x′ = x+0.1y, y′ = 0.2x+ y.

�C1´d>²1u�I¶�Ý/��, C2´ü �x2+y2−1= 0, C3´�u­�y=

sin(x).±�C�c��ã/,*	ã/�Cz.

ã 6.1 ã/��5C�

·�w�,ã/Ø=÷����u)� Cz,¿��)��y�.�þã

C�E�±ã/�Ä�5GØC,~X,��EC���,²1��C�²1�

�,�C�ý�.

~6.1.2. �A�2��
,K�A©O´

A =

(
λ

µ

)
,

(
cosθ −sinθ

sinθ cosθ

)
,

(
1

−1

)

�,�5C� (6.1)©O´²¡þ�� C�,^=C�,��C�.

,��Ä���5N�´ÝKC�.~X,n��m¥�:(x,y,z)�xoy²¡

�ÝK(x,y,0)Ò´ÝKC�.

~6.1.3. 3n����IX¥, �½���þv = (a,b,c), Ù¥c 6= 0. K?¿

:P(x,y,z)÷��v3oxy²¡þ�²1ÝK�P′:

(x′,y′,z′) = (x−az/c,y−bz/c,0).
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ÝKC�w,�´���5N�.

ò��C���,�ò²1��C�²1��,´�5N��Ä�A5. ·

�±²¡þ��5C�5`².

·K6.1.1. �A ∈ F2×2��_�
.K�5C� (6.1)ò²¡þ���C���,²

1��C�²1��.

y². �l´dP1,P2(P1 6= P2)û½���, P1,P2��I©O�X1,X2. ²L�5C

� (6.1), lC�l′, P1,P2©OC�P′1,P′2. KP′1,P′2��I©O�X′1 = AX1, X′2 = AX2.

duA�_,w,X′1 6= X′2,=P′1 6= P′2.

lþ?�:P�±L«�P = (1− t)P1 + tP2, t ∈ F ,Ù�I�X = (1− t)X1 + tX2.

KP3�5C� (6.1)e��P′��I�

X′ = AX = A((1− t)X1 + tX2) = (1− t)AX1 + tAX2 = (1− t)X′1 + tX′2.

ùL², P′ = (1− t)P′1 + tP′2,=P′3��l′þ.Ïd,�5C� (6.1)ò��C���.

���P1P2 ‖ P3P4, Ù¥Pi��I�Xi, i = 1,2,3,4. Pi3�5C� (6.1)e�

��P′i, Ù�IX′i = AXi, i = 1,2,3,4. ��P1P2�����P′1P′2, ��P3P4���

��P′3P′4. dP1P2 ‖ P3P4, ��
−−→
P3P4 = λ

−−→
P1P2, λ 6= 0. KX4−X3 = λ (X2−X1). u

´
−−→
P′1P′2��I�AX2−AX1 = A(X2−X1),

−−→
P′3P′4��I�AX4−AX3 = A(X4−X3) =

λA(X2−X1).l

−−→
P′1P′2 ‖

−−→
P′3P′4.

ò��C���,²1��C�²1��ù�A5�±d±e'�^��

x:�x,y ∈ Fn,K

A (λx+µy) = λA x+µA y. (6.2)

ùpλ ,µ´?¿ê. ù^5��8�ò�5N�í2����5�mC½
Ä

:.

d5� (6.2)��,�5N��±�5|Ü$�ØC,=

A (λ1x1 +λ2x2 + . . .+λkxk) = λ1A x1 +λ2A x2 + . . .+λkA xk.

dd·��±��, ex1,x2, . . . ,xk�5�', KA x1,A x2, . . . ,A xk ��5�

'.��,eA x1,A x2, . . . ,A xk�5Ã',Kx1,x2, . . . ,xk��5Ã'.

.

�5N� (6.1)ò�mFnN�����8Ü´��f�m.¢Sþ,·�k
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½n6.1.2. �5N� (6.1)���8ÜIm(A ) := {Ax |,x ∈ Fn}´A���m, ¡

�A���m.�5N� (6.1)�ØKer(A ) := {x ∈ Fn |Ax = 0}�Fn�"�m,�¡

�A�Ø�m. �dim(Im(A )) = rank(A), dim(Ker(A )) = n− rank(A), dim(Im(A ))+

dim(Ker(A )) = n.

y². �e1,e2, . . . ,en ∈ Fn�ü �I��þ, a1,a2, . . . ,an�A�n���þ.

KA ei = ai, i = 1,2, . . . ,n.u´,é?¿x = ∑
n
i=1 xiei ∈ Fn,

A x =
n

∑
i=1

xiai.

�Im(A )´dA���þa1,a2, . . . ,an)¤�f�m, =A���m. Ïd,

dim(Im(A )) = rank(A).

,��¡, Ker(A )´àg�5�§|Ax = 0�)8, =A�"�m, Ù�ê

�n− rank(A).l
 dim(Im(A ))+dim(Ker(A )) = n.

þã½n�x
Ý
A���AÛ¿Â. {ü5`, Ý
A��Ò´A�

�(1)�m��ê.

íØ6.1.1. ^AL«�5N� (6.1).Kk

1. A´ü�⇔ rank(A) = n.

2. A´÷�⇔ rank(A) = m.

3. A´V�⇔ rank(A) = m = n,=A��_�
.

y². d½n 6.1.2, A´ü���=�Ker(A ) = {0},��=�rank(A) = n. A´÷

���=�Im(A ) = Fm,��=�rank(A) = m.Ïd, A´V���=�rank(A) =

m = n.

§6.2 �5C��A���A��þ

§6.2.1 A���A��þ�½Â

þ�!0��� C�÷ü�ê¶��òã/?1.�½Ø C/,ù�

ê¶��´TC��ü�AÏ��,=C�c��þ�C����þ­Ü,ù«

��¡��5C��A���½A��þ. 
÷A���� �'~Ò´C�

�A��.Äuþã*	,·�Ú?�5C��A��þ�A���Vg.
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½Â6.2.1. �A´ê|�mFnþ��5C�,ÙC�úª�y = Ax,ùpA ∈ Fn×n,

x,y ∈ Fn.XJ�3 λ ∈ F 9�"��þ x ∈ Fn,¦�

A x = λ x (½öAx = λ x), (6.3)

K¡ λ ��5C�A (½ö�
 A)���A��,
¡ x�áuA�� λ ��

�A��þ.

dþã½ÂwÑ, A��þx3�5C�A e�±��ØC(�Ó½��),

=A x ‖ x,
�þ���� |λ |�.�Ò´`, x´�5C�Ae�±��ØC�

��AO��,
λ ´C�A3T���� '.e¡·�w��äN�~f.

~6.2.1. �½Ý
A =

(
1 1

1 3

)
,§(½
�I²¡þ��5C�

A : F2→ F2, A

(
x

y

)
=

(
1 1

1 3

)(
x

y

)
.

¦�5C�A�A���A��þ.T�5C�òü �C��oã/?

). �λ´Ý
A�A��, (x,y)T´éA�A��þ.KdA(x,y)T = λ (x,y)Tk(
1−λ 1

1 3−λ

)(
x

y

)
= 0.

þã�5�§|'ux,yk�"),�∣∣∣∣∣1−λ 1

1 3−λ

∣∣∣∣∣= 0.

)�λ1 = 2+
√

2,λ2 = 2−
√

2,§�´�5C� A�ü�A��.¦�éA�A�

�þ©O�T1 = (1,1+
√

2)T ,T2 = (1,1−
√

2)T . �A Ti = λiTi, i = 1,2. Ïd, �5

C�A÷T1,T2�±��ØC,�3T1,T2���� '©O�2+
√

2,2−
√

2.u´,

Aòü �CC�ý�C′.ý�C′�¶���T1,��¶�Ý�2+
√

2; C′á¶��

�T2,á�¶�Ý�2−
√

2.

w,,ê|�mþ��5C�A��
A�A���A��þ´���,Ï

de¡·��?ØÝ
A�A���A��þ. éAu�A��,A��þØ�

�.¢Sþ,XJ x�áu λ �A��þ,Ké?¿�"� k ∈ F , kx�´áu λ

�A��þ.
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x

y

x

y
T1

T2

ã 6.2 �5C��A���A��þ�AÛ¿Â

½n6.2.1. �λ ∈ F´Ý
A ∈ Fn×n�A��,K

VA(λ ) = {x ∈ Fn |Ax = λx}.

´Fn�f�m, ¡�Ý
 A �áuA�� λ �A�f�m, =A�f�

mVA(λ )dλ�¤kA��þ�"�þ�å�¤.

y². �x,y ∈VA(λ ),=Ax = λx, Ay = λy.Ké?¿µ1,µ2,

A(µ1x+µ2y) = µ1Ax+µ2Ay = λ (µ1x+µ2y).

Ïd, µ1x+µ2y ∈VA(λ ).=VA(λ )�Fn�f�m.

§6.2.2 A���A��þ�O�

� A = (ai j)�ê� F þ��� n��
, λ´A�A��, x´éA�A��

þ.K

(λ I−A)x = 0. (6.4)

þã'ux��5�§|k�"),Ïd

det(λ I−A) =

∣∣∣∣∣∣∣∣∣∣∣

λ −a11 −a12 · · · −a1n

−a21 λ −a22 · · · −a2n
...

...
...

...

−an1 −an2 · · · λ −ann

∣∣∣∣∣∣∣∣∣∣∣
= 0. (6.5)

éu�½� n��
 A,ò1�ª det(λ I−A)��Ðm����± λ �Cþ

� ngÄ�Xê�1�õ�ª.
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½Â6.2.2. �A�n��
, ¡1�ª det(λ I − A)�Ý
 A � A�õ�ª, P�

pA(λ ).

dþ¡�©Û, λ �Ý
 A�A����=� λ �A�A�õ�ª��.�

´,ê� F þ�õ�ª3ê� F ¥¿Ø�½k�,~X¢Xêõ�ª x2 +13¢

ê�¥vk¢�.�
(�A����35,3�Ù�e��!¥,Ø�AO(

²,·�ob� F = C. d�êÄ�½n�,?Û���~ê�EXêõ�ªÑ

kE�,ÏdEê� Cþ�?¿�� n��
Tk n�A�� (�Uk�Ó�).

¦ÑA��λ�,¦)�5�§|(6.4)=�¦�éAλ�A��þ.

Eê� Cþ��
 A�A��ÚA��þ��{�8BXe

(1) O�A�õ�ª pA(λ ) = det(λ I−A).�

pA(λ ) = (λ −λ1)
n1(λ −λ2)

n2 · · ·(λ −λs)
ns ,

Ù¥ λi ∈ C, ni ≥ 1(i = 1,2, · · · ,s)� n1 +n2 + · · ·+ns = n.K λ1,λ2, · · · ,λs� A�

�ÜØÓ�A��,Ù­ê©O� n1,n2, · · · ,ns.

(2) éz�A�� λi,¦)�§|

(λi I−A)x = 0.

� xi1,xi2, · · · ,ximi �§���Ä:)X,K¤k��"�5|Ü

c1xi1 + c2xi2 + · · ·+ cmiximi

� A�áu λi�¤kA��þ.

~6.2.2. ¦Ý
A��ÜA��ÚA��þ,ùp

A =


3 −1 −2

2 0 −2

2 −1 −1

 .

). A�A�õ�ª�

pA(λ ) = det(λ I−A) =

∣∣∣∣∣∣∣∣
λ −3 1 2

−2 λ 2

−2 1 λ +1

∣∣∣∣∣∣∣∣= λ (λ −1)2.

d pA(λ ) = λ (λ −1)2 = 0,�� A��ÜA��� λ1 = 0, λ2 = λ3 = 1. e¡¦��

A��éA�A��þ.
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éu λ1 = 0,)�5�§| (0 I−A)X = 0,=)
−3 1 2

−2 0 2

−2 1 1




x1

x2

x3

=


0

0

0


�A�� 0éA�A��þ� c1(1,1,1)T (c1 6= 0).

éu λ2 = λ3 = 1,)�§| 
−2 1 2

−2 1 2

−2 1 2




x1

x2

x3

=


0

0

0


�A�� 1éA�A��þ� c2(1,2,0)T + c3(0,−2,1)T (c2,c3ØÓ��").

~6.2.3. � λ � n��
 A���A��,y²:

(1) λ k� Ak�A��,Ù¥ k���ê;

(2) λ � AT �A��;

(3) e λ 6= 0,K
1
λ

det(A)� A����
 A∗�A��.

y². (1) � Ax = λx,K

Akx = Ak−1(Ax) = Ak−1(λx) = λAk−1x = · · ·= λ
kx.

(2) du det(λ I−A) = 0,=��� det(λ I−AT ) = det(λ I−A)T = 0,¤± λ � AT �

A��.

(3) Ï� AA∗ = det(A)I, d det(λ I−A) = 0 � det(A∗)det(λ I−A) = 0, = det(λA∗−
A∗A) = 0.¤± det(A∗− 1

λ
det(A)I) = 0,l


1
λ

det(A)� A∗�A��.

A��´Ý
�~­��þ.e¡·��ÑA���A�Ì�(Ø.

� A = (ai j)� Cþ��� n��
,P

pA(λ ) = det(λ I−A) = λ
n +σ1λ

n−1 + · · ·+σn−1λ +σn.

� λ = 0,�� σn = (−1)n det(A).l1�ª���Ðmª�±wÑ,Ø
Ìé��

þ n����¦È,Ù§¦È�¥ λ �gêØ�L n− 2,Ïd λ n−1 ��UÑy

3 (λ −a11)(λ −a22) · · ·(λ −ann)¥,l
 σ1 =
n

∑
i=1

aii.
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,��¡,b� A� n�A��� λ1,λ2, · · · ,λn (�Uk�Ó�),K

pA(λ ) = (λ −λ1)(λ −λ2) · · ·(λ −λn).

é'þ¡üª,·���e¡�·K.

·K6.2.2. � A = (ai j)� Cþ��� n��
, λ1,λ2, · · · ,λn � A� n�A��.

K

(1) Tr(A) =
n

∑
i=1

λi,

(2) det(A) = λ1λ2 · · ·λn.

íØ6.2.1. n��
�_��=�§� n�A��ÑØ�".

·����~f`²þã·K�A^.

~6.2.4. � n ��
 A � n �A��©O� λ1,λ2, · · · ,λn, ¦ I +A �A��9

det(I +A).

). du det(λ I−A) =
n

∏
i=1

(λ −λi),Ïd

det(λ I− (I +A)) = det((λ −1)I−A) =
n

∏
i=1

(λ −1−λi).

¤± I+A� n�A��� 1+λ1,1+λ2, · · · ,1+λn,l
 det(I+A) =
n

∏
i=1

(1+λi).

§6.3 Ý
��q

§6.3.1 Ý
�q�½Â

�A�n�E�
, Ùn�A���λ1,λ2, . . . ,λn, §�éu�A��þ©O

�x1,x2, . . . ,xn. b�ùn�A��þ�5Ã',-Ý
P = (x1, . . . ,xn), KP��_

Ý
.dAxi = λixi, i = 1,2, . . . ,n��

AP = A(x1, . . . ,xn) = (Ax1, . . . ,Axn) = (λ1x1, . . . ,λnxn)

= (x1, . . . ,xn)diag(λ1, . . . ,λn) = Pdiag(λ1, . . . ,λn),

l


A = Pdiag(λ1, . . . ,λn)P−1. (6.6)

d�·�¡Ý
A�é�diag(λ1, . . . ,λn)
�q.
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½Â6.3.1. �A,B ∈ Fn×n. e�3�_�
T ∈ Fn×n÷vB = T−1AT , K¡�


A�B(3ê�Fþ)�q.

Ý
�q´�«­���d'X.N´�y,�qÝ
÷v±e5�

(1) (��5) A�A�q;

(2) (é¡5) e A�B�q,K B�A�q;

(3) (D45) e A�B�q, B�C�q,K A�C�q.

du�q'X��d'X,�±ò n��
U�q'X?1©a:ò�p�

m�q��
8¤�a. ü�a�o´���,�oÒØ��. z�a¡���

��qa,Ta¥�z���Ñ¡����L�.

aquÝ
�-'X,ïÄÝ
�q'XI�)û±eü���¯K

(1) ü�Ý
áuÓ���qa�^�´�o?

(2) z��qa¥,�{ü�Ý
äk�o/ª?

1��¯K=´��½ü�Ý
´Ä�q�¯K,
1��¯KÒ´¤¢

��qIO/¯K,§�du3�m¥é��|·��Ä,¦��½��5C�

3TÄe�Ý
äk�{ü�/ª.

ØÓuÝ
�-��/,£�Ý
�q�þã¯K�(JNõ,·�ò3�

Ù±��!òéþã¯K�ÐÚ)�.

�qÝ
äk�Ó�­�Ä�þ. ~X,eA�B�q,KA�B�1�ª��

þ��.¢Sþ,§��A��(l
,)��Ó.·�¡ù
þ��qØCþ.

·K6.3.1. �q�Ý
äk�Ó�A�õ�ªÚA��.

y². � B = P−1AP,Ù¥ T ��_�
.K

det(λ I−B) = det(λ I−P−1AP) = det(P−1(λ I−A)P) = det(λ I−A).

Ïd AÚ Bk�Ó�A�õ�ª,l
k�Ó�A��,¿�§��,��Ó.

~6.3.1. ®�Ý
A�B�q,¦ xÚ y.ùp

A =


1 0 0

0 0 1

0 1 x

 , B =


y 0 0

0 −1 0

0 0 1

 .
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). �q��
k�Ó�A�õ�ª,¤± det(λ I−A) = det(λ I−B),=

(λ −1)(λ (λ − x)−1) = (λ − y)(λ +1)(λ −1).

'�Xê�� x = 0,y = 1.

,��){´|^�q�Ý
äk�Ó�1�ªÚ,, �±�� −1 = −y

� 1+ x = y,l
 x = 0,y = 1.

§6.3.2 Ý
�qué�
�^�

XJ���
�qué�
,K¡T�
�é�z,�¡�A��5C��

é�z.e¡�~fL²,¿Ø´z��
Ñ�é�z.

~6.3.2. y²: 2��
 A =

(
2 1

0 2

)
ØU�qué�
.

y². b� AU
�qué�
 B. du A�ü�A��Ñ´ 2,
A��´�

qØCþ,Ïd B�ü�A���Ñ´ 2,¤± B = 2 I2. d A�qu B�,�3 2

��_�
 T ,¦�

A = T−1BT = T−1(2 I2)T = 2 I2.

ùw,´gñ�,Ïd AØ�U�qué�
.

e¡·��Ñ��Ý
�qué�
�^�.

½n6.3.2. ê� F þ� n��
 A�qué�
�¿©7�^�´, Ak n��

5Ã'�A��þ.

y². ¿©5.d (6.6),e� Ak n��5Ã'�A��þ,KA�qué�
.

7�5.��3�_�
 P,¦�

P−1AP = diag(λ1,λ2, · · · ,λn).

P P = (P1,P2, · · · ,Pn),Ù¥ Pi ∈ Fn (i = 1,2, · · · ,n)�Ý
 P�1 i�,K

(AP1,AP2, · · · ,APn) = (P1,P2, · · · ,Pn)diag(λ1,λ2, · · · ,λn)

= (λ1P1,λ2P2, · · · ,λnPn).

Ïd APi = λiPi i = 1,2, · · · ,n. ¤± P1,P2, · · · ,Pn � A� n�A��þ. duù n�

�þ�¤�Ý
 T ´�_�,§�´�5Ã'�.
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eÝ
 A�qué�
,KTé�
� n�Ìé����T� A� n�A

��,ÏdXJØOÌé��þ���k�gS,Té�
´���.

~6.3.3. 3~ 6.2.2¥,Ý
 Akn��5Ã'A��þ:

T1 =


1

1

1

 , T2 =


1

2

0

 T3 =


0

−2

1

 ,

� AT1 = 0, AT2 = T2, AT3 = T3.Ïd, A�qué�
.e- T = (T1,T2,T3),Kk

T−1AT =


0 0 0

0 1 0

0 0 1

 .

e¡·��ÑÝ
�é�z�?�Ú^�,�dk0���Ún.

Ún6.3.1. � A�ê� Fþ� n��
,Káu A�ØÓA���A��þ´�

5Ã'�.

y². � λ1,λ2, · · · ,λk � A�pØ�Ó�A��, x1,x2, · · · ,xk ��Au§��A

��þ. é k^êÆ8B{y². � k = 1�, x1 6= 0,§´�5Ã'�. b� k−1

�·K¤á,e¡y²·Ké k¤á.

b�

µ1x1 +µ2x2 + · · ·+µkxk = 0 (6.7)

^ λk¦ (6.7)ªüà,�

µ1λkx1 +µ2λkx2 + · · ·+µkλkxk = 0

^ A�¦ (6.7)ª,�

µ1λ1x1 +µ2λ2x2 + · · ·+µkλkxk = 0

cüª�~�

µ1(λk−λ1)x1 +µ2(λk−λ2)x2 + · · ·+µk−1(λk−λk−1)xk−1 = 0.

d8Bb�, x1,x2, · · · ,xk−1�5Ã'.Ïd

µ j(λk−λ j) = 0, j = 1,2, · · · ,k−1,

du λk− λ j 6= 0, ·��� µ1 = µ2 = . . . = µk−1 = 0. 2d (6.7)� µkxk = 0. Ï�

xk 6= 0,¤± µk = 0.ùÒy²
 x1,x2, · · · ,xk�5Ã'.
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d½n 6.3.29Ún 6.3.1,á=��

íØ6.3.1. XJÝ
 A� n�A��üüØÓ,K A�qué�
.

y². dÚn 6.3.1�, A k n ��5Ã'�A��þ. 2d½n 6.3.2�íØ¤

á.

~6.3.4. ��
 A�qué�
,¦ xÚ yA÷v�^�,ùp

A =


0 0 x

1 1 y

1 0 0

 .

). du

|λ I−A|=

∣∣∣∣∣∣∣∣
λ 0 −x

−1 λ −1 −y

−1 0 λ

∣∣∣∣∣∣∣∣= (λ −1)(λ 2− x),

� x 6= 0,1�, Akn�ØÓ�A��,díØ 6.3.1�,d� A�é�z.

� x = 1�, AkA�� λ1 = λ2 = 1, λ3 = −1. éAλ1 = λ2 = 1�A��þ�:

�y 6=−1�, T1 = (0,1,0)T ;�y =−1�, T1 = (1,0,1)T , T2 = (1,1,1)T . éAλ3 =−1�

A��þ�: T3 = (1,(y−1)/2,−1)T . Ïd,�y =−1�,��n��5Ã'A��

þT1,T2,T3,l
 A�±é�z.

� x = 0�, AkA�� λ1 = λ2 = 0, λ3 = 1. éAA��λ1 = λ2 = 0,A��

þT1 = (0,−y,1)T .éAA��λ3 = 1,A��þT2 = (0,1,0)T .du�kü��5Ã

'A��þ,�d� AØ�qué�
.

nþ¤ã, A�é�z�^�´ x 6= 0,1½ö x = 1� y =−1.

~6.3.5. � n��
 A÷v rank(A+ I)+ rank(A− I) = n,y² A�é�z.

y². � rank(A+ I) = r,K�§| (A+ I)X = 0�)�m´ n− r��,§´ A�A

�� −1éA�A�f�m.� Xr+1, · · · ,Xn�§��|Ä.

d^�� rank(A− I) = n− r,¤± (A− I)X = 0�)�m´ r��,§´ A�

A�� 1éA�A�f�m.� x1,x2, · · · ,xr�§��|Ä.

eyx1,x2, . . . ,xn�5Ã'.¢Sþ,�

c1x1 + c2x2 + . . .+ cnxn = 0,

Ù¥c1,c2, . . . ,cn�~ê.þªü>�^ A�

c1x1 + . . .+ crxr− cr+1xr+1− . . .− cnxn = 0.
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u´

c1x1 + . . .+ crxr = cr+1xr+1 + . . .+ cnxn = 0.

dux1, . . . ,xr, xr+1, . . . ,xn©O�5Ã', Ïd, c1 = . . . = cr+1 = . . . = cn = 0, =

x1,x2, . . . ,xn �5Ã'.u´A�é�z.

¢Sþ,- P = (x1, · · · ,xr,xr+1, · · · ,xn),K P�_,�

AP = A(x1, · · · ,xr,xr+1, · · · ,xn) = P

(
Ir 0

0 −In−r

)
.

¤±A = P

(
Ir 0

0 −In−r

)
P−1.

§6.3.3 �quþn�


�,Ø´z�E�
Ñ�±�qué�
,�·��±y²§o�±�q

u��þn�
.

½n6.3.3. ?Û�� n�E�
 AÑ�±�qu��þn�
,�Tþn�
�

Ìé��þ���Ñ´ A�A��.

y². é�
 A��ê n^êÆ8B{. � n = 1�,·Kw,¤á. b�·Ké

n−1��
¤á,y3�Ä n��
 A.� λ1� A���A��, x1�áu λ1�

��A��þ. ò x1 *¿� Cn ��|Äx1,x2, · · · ,xn. -P1 = (x1,x2, · · · ,xn),K P1

� n��_�
.d Ax1 = λ1x1�

AP1 = A(x1,x2, · · · ,xn) = (λ1x1,Ax2, · · · ,Axn) = (x1,x2, · · · ,xn)

(
λ1 ∗
0 A1

)
.

Ù¥ A1��� (n−1)��
.¤± P−1
1 AP1 =

(
λ1 ∗
0 A1

)
.

�â8Bb�,�3 n− 1��_�
 P2,¦� P−1
2 A1 P2 �þn�
. - P =

P1

(
1 0

0 P2

)
,K

P−1AP =

(
1 0

0 P−1
2

)
(P−1

1 AP1)

(
1 0

0 P2

)

=

(
1 0

0 P−1
2

)(
λ1 ∗
0 A1

)(
1 0

0 P2

)

=

(
λ1 ∗
0 P−1

2 A1P2

)
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du P−1
2 A1P2�þn�
, P−1AP�þn�
. Ï�þn�
�Ìé���

�Ñ´§�A��,
A��´�qØCþ,¤± P−1AP�Ìé����Ñ´ A

�A��.

3þã½ny²¥,Ý
 P1,P2 �À��{Ø´���,�����þn�


�Ø´���.

~6.3.6. � 2��
 A÷vA2 = 0,y² A = 0½ö A�qu

(
0 1

0 0

)
.

y². � λ � A ���A��, Ax = λx. K 0 = A2x = λ 2x. du x ´�"�þ,

¤±k λ = 0, = A �ü�A��Ñ´ 0. d½n 6.3.3�, A �quþn�Ý
(
0 a

0 0

)
.e a = 0,K A = 0.ÄK|^Ð�C�éN´òÙ?�Ú�qu

(
0 1

0 0

)
.

~X� P =

(
a−1 0

0 1

)
,K P

(
0 a

0 0

)
P−1 =

(
0 1

0 0

)
.

~6.3.7. �A ∈ C2×2.y²: A2−Tr(A)A+det(A)I2 = 0.

y². �«���y²�{´-A = (ai j), òA�L�ª�\�ª�y�ª¤á.

¢Sþ,·��±|^½n 6.3.3òy²{z. d½n 6.3.3,�3þn�Ý
B =(
b11 b12

0 b22

)
9���_�
P¦�A = PBP−1.u´

A2−Tr(A)A+det(A)I2 =PB2P−1−Tr(B)PBP−1+det(B)I2 =P(B2−Tr(B)B+det(B)I2)P−1.

ù��I�y: B2−Tr(B)B+det(B)I2 = 0.5¿�,

pB(λ ) = λ
2−Tr(B)λ +det(B) = (λ −b11)(λ −b22),

u´·�I�y²:pB(B) = (B−b11I2)(B−b22I2) = 0.du

pB(B) = (B−b11I2)(B−b22I2) =

(
0 b12

0 b22−b11

)(
b11−b22 b12

0 0

)
= 0.

Ïd, A2−Tr(A)A+det(A)I2 = 0.

§6.4 ���mþ��5C�

�!·�òê|�mþ��5C�nØí2����5�mþ.
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§6.4.1 �5C��½Â

l1�!·���, �5N��'�A5´�±�5|Ü�ØC5, =

(6.2)ª¤á.âd,·��Ñ���5�mþ�5N��½Â.

½Â6.4.1. � V,V ′�ê� F þ�ü��5�m,eN� A : V →V ′÷v: é?¿

α,β ∈V, λ ∈ F ,Ñk

A (λ +β ) = A (α)+A (β ) (6.8)

A (λα) = λA (α) (6.9)

K¡ A �l�5�m V ��5�m V ′��5N�. AO/,XJ V ′ = V ,K¡

A ��5�m V þ����5C�.

�Ö�?Ø�5C�,�'u�5C��éõ(Øé�5N�Ó�¤á.·

�k�ÑA����5�mþ�5C��~f.

~6.4.1. rz��þN�g��C�

E : E (x) = x, x ∈V.

´�5C�,¡�ü C�½ð�C�.

r�m�z��þÑN�"�þ�C� O : O(x) = 0, x ∈V �´���5C

�,¡�"C�.

~6.4.2. �Pn[x]´gêØ�Ln�õ�ª�N, A ��©�f

A (p(x)) =
d
dx

p(x).

d¦�{K� A ��5C�.

~6.4.3. ^ C[a,b] L«4«m [a,b] þ¤k¢�ëY¼ê�¤�8Ü. N� A :

C[a,b]→C[a,b]½Â�:éz� f ∈C[a,b],

A ( f )(x) =
∫ b

a
K(x, t) f (t)dt,

Ù¥ K(x, t)´�½� [a,b]× [a,b]þ�¢�ëY¼ê.dÈ©�5�� A ��5

C�.

~6.4.4. �V´«m[a,b]þ�¼ê�¤��5�m. N�A : V → V½Â�:é?

¿ f (x) ∈V ,

A : f (x) 7→ (1− x) f (a)+ x f (b).
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KA´�5C�.

e¡0��5C��{ü5�.

½n6.4.1. �V´ê�Fþ��5�m, A´Vþ��5C�. Aäk±e5�

(1) A (θ) = θ ;

(2) A (−α) =−A (α), α ∈V .

(3) A (λ1α1 +λ2α2 + · · ·+λnαn) = λ1A (α1)+λ2A (α2)+ · · ·+λnA (αn).

(4) � α1,α2, . . . ,αn��5�m V ��|Ä,e α = λ1α1 +λ2α2 + · · ·+λnαn,K

A (α) = λ1A (α1)+λ2A (α2)+ · · ·+λnA (αn).

(5) e α1,α2, · · · ,αm� V ¥�5�'��þ,K A (α1),A (α2), · · · ,A (αm)��5

�'.

y². (1)–(4)�ÖögC�¤.e¡·�y5�(5).

� α1,α2, · · · ,αm�5�',K�3Ø��"� λ1,λ2, · · · ,λm ∈ F ,¦�

λ1α1 +λ2α2 + · · ·+λmαm = 0.

ü>^�5C� A �^���

λ1A (α1)+λ2A (α2)+ · · ·+λmA (αm)

= A (λ1α1 +λ2α2 + · · ·+λmαm) = A (0) = 0.

Ïd A (α1),A (α2), · · · ,A (αm)�5�'.

5�(4)`²,XJ���5C� A 3�|Äe���½,Kz��þ��

�Ò��(½
. 5�(5)KL²,�5�'��þ|²L�5C��,E�±�

5�'5.AO/,ò§A^�n�AÛ�mÒ¿�X�5C�r����þN

�����þ,r�¡��þN��¡��þ.

½n6.4.2. �A´�5�mVþ��5C�. A����NIm(A ) := {Aα |,α ∈
V}´V�f�m,¡�A ���m. A�ØKer(A ) := {α ∈ V |Aα = θ}��V�f

�m,¡�A�Ø�m.
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y². �α,β ∈ Im(A ),K�3α̃, β̃ ∈V¦�α = A α̃,β = A β̃ .u´éλ ,µ ∈ F ,

λα +µβ = A (λα̃ +µβ̃ ) ∈ Im(A ),

l
Im(A )´V�f�m.

,��¡,�α,β ∈ Ker(A ),KA α = θ , A β = θ .u´

A (λα +µβ ) = λA α +µA β = θ ,

=λα +µβ ∈ Ker(A ).�Ker(A )�V�f�m.

§6.4.2 �5C�3�|Äe�Ý


�A´�5�mVþ��5C�, α1,α2, . . . ,αn´V��|Ä.w,, A (αi)�

±��/L«�ù|Ä��5|Ü,=�3 ai j ∈ F ( i, j = 1,2, · · · ,n)÷v
A (α1) = a11α1 +a21α2 + · · ·+an1αn

A (α2) = a12α1 +a22α2 + · · ·+an2αn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A (αn) = a1nα1 +a2nα2 + · · ·+annαn

PA (α1,α2, · · · ,αn) = (A (α1),A (α2), · · · ,A (αn)),Kþª�±U�¤

A (α1,α2, · · · ,αn) = (α1,α2, · · · ,αn)A, (6.10)

Ù¥Ý
A = (ai j)n×n¡��5C� A 3Ä α1,α2, · · · ,αne �Ý
. 5¿ (6.10)

ªmà� (α1,α2, · · · ,αn)¿�Ï~¿Âedê�¤��þ,�òαiÀ��þ��,

mà��þ�Ý
�¦{E,´k¿Â�. AO/, �V = Fn �α1,α2, · · · ,αn�

��þ�,�±ò(α1,α2, · · · ,αn)9A (α1,α2, . . . ,αn)À�n��
. ,��¡,5¿

Ý
 A ´dC� A 9Ä α1,α2, · · · ,αn ��(½�, §�1 j �� A (α j) 3Ä

α1,α2, · · · ,αne��I.

~6.4.5. �5C� (6.1) 3g,Äe1,e2, . . . ,ene�Ý
�Ð´A, ù´Ï�AeiÒ

´A�1i�.�Ò´`,�5C�3g,Äe�Ý
Ò´½Â(6.1)¥�Ý
A.

~6.4.6. � F3��5C� A ò

α1 = (2,3,5)T , α2 = (0,1,2)T , α3 = (1,0,0)T

©OC��

β1 = (1,2,0)T , β2 = (2,4,−1)T , β3 = (3,0,5)T .

¦
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(1) A 3Ä α1,α2,α3e�Ý
;

(2) A 3g,Äe�Ý
.

). (1)� A 3Ä α1,α2,α3e�Ý
Ý
� A,d½Â�

(β1,β2,β3) = (α1,α2,α3)A.

¤±

A = (α1,α2,α3)
−1(β1,β2,β3)

=


2 0 1

3 1 0

5 2 0


−1

1 2 3

2 4 0

0 −1 5

=


4 9 −5

−10 −23 15

−7 −16 13

 .

(2) �C� A 3g,Äe�Ý
� B, d~ 6.4.5�βi = Bαi, i = 1,2,3. Ïd

(β1,β2,β3) = B(α1,α2,α3),l


B = (β1,β2,β3)(α1,α2,α3)
−1

=


1 2 3

2 4 0

0 −1 5




0 2 −1

0 −5 3

1 −4 2

=


3 −20 11

0 −16 10

5 −15 7

 .

~6.4.7. ��5�mV = F2×2, A´Vþ��5C�

A (M) = AM, ∀M ∈V

Ù¥A =

(
1 2

3 4

)
.¦�5C�A3Ä

e1 =

(
1 0

0 0

)
, e2 =

(
0 1

0 0

)
, e3 =

(
0 0

1 0

)
, e4 =

(
0 0

0 1

)

e�Ý
 Ã.

).

A (e1) =

(
1 2

3 4

)(
1 0

0 0

)
=

(
1 0

3 0

)
= 1e1 +0e2 +3e3 +0e4,
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¤±Ý
 Ã�1��� (1,0,3,0)T .aq�¦� Ã�Ù¦�,��

Ã =


1 0 2 0

0 1 0 2

3 0 4 0

0 3 0 4

 .

þ~¥�C� A �,´ÏL�¦Ý
 A ��, � A 3Ä�Äe�Ý


Ã 6= A,§���ê$�ÑØ�Ó.ÖöA5¿§�~ 6.4.5�«O.

�½�5�mV��|Ä(α1,α2, · · · ,αn), KÏL'Xª(6.10), Vþ��5C

�A���n��
Aïá
��éA'X.ù��±ÏLïÄÝ
A5ïÄ�5

C�A .

½n6.4.3. ��5�mVþ��5C�A3Ä{α1,α2, · · · ,αn}e�Ý
�A. β =

A α , α,β ∈V .eα, β3Ä{α1,α2, · · · ,αn}e��I©O�x, y ∈ Fn,K

y = Ax. (6.11)

y²: �x = (x1,x2, . . . ,xn)
T , y = (y1,y2, . . . ,yn)

T .K

β = A (α) = A (x1 α1 + x2α2 + · · ·+ xn αn)

= x1 A (α1)+ x2A (α2)+ · · ·+ xn A (αn)

=
(
A (α1),A (α2), · · · ,A (αn)

)
x

=
(
(α1,α2, · · · ,αn)A

)
x

= (α1,α2, · · · ,αn)(Ax)

du���þ3�|Äe��I´���,·�á=��(6.11)ª.

2

þã½nL², β = A α�Ý
/ªÒ´y = Ax!

~6.4.8. �A´R2þ7�I�:_��^=θ���5C�, e1,e2´R2�ü �

I�þ.K

A (e1,e2) = (e1,e2)

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
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u´d½n 6.4.3,:P = (x,y)T²AC���:P′ = (x′,y′)T��I�(
x′

y′

)
=

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)(
x

y

)
.

AO5¿d~�1oÙ~ 5.4.5�éX�«O.

31oÙ¥,·�ïÄLÄC���IC�,��
�IC�úª(5.14). §

�½n 6.4.3¥���IC�úªkÛ«OQ?¢Sþ,�IC�úª(5.14)L«

�´�IX�
UC,Ó���þ3#�IX�Î�IXe��I�m�'X.


 (6.11)L«�´,�IXØC,��þ�
�5C�,C�c���þ��I�

m�'X.

e¡·�ïÄ�5C����m�Ø�m�(�.

½n6.4.4. ��5�mVþ��5C�A3Ä{α1,α2, · · · ,αn}e�Ý
�A.K

1. Im(A ) = {(α1,α2, · · · ,αn)y |y∈C(A)}, Ker(A ) = {(α1,α2, · · · ,αn)x |x∈N(A)}.Ù
¥C(A),N(A)©O�Ý
A���m�"�m.

2. dim(ImA ) = r(A), dim(KerA ) = n− r(A), dim(Im(A ))+dim(KerIm(A )) = n.

y². ·��é��my²k'(Ø,Ø�m�(Øaqy².

1. é?¿α = (α1,α2, . . . ,αn)x ∈V ,Ù¥x ∈ Fn,d½n 6.4.3,

A α = (α1,α2, . . . ,αn)Ax.

duy = Ax ∈C(A),¤±

A α = (α1,α2, · · · ,αn)y ∈ {(α1,α2, · · · ,αn)y |y ∈C(A)},

�
Im(A )⊂ {(α1,α2, · · · ,αn)y |y ∈C(A)}.

,��¡,é?¿y ∈C(A),�3x ∈ Fn¦�y = Ax,�

(α1,α2, · · · ,αn)y = (α1,α2, · · · ,αn)Ax = A ((α1,α2, . . . ,αn)x) ∈ Im(A ).

Ïd, {(α1,α2, · · · ,αn)y |y ∈C(A)} ⊂ Im(A ),?
Im(A ) = {(α1,α2, · · · ,αn)y |y ∈
C(A)}.
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2. Ø��A1,A2, . . . ,Ar�C(A)��|Ä,ey(α1,α2, . . . ,αn)Ai, i = 1,2, . . . ,r�ImA

��|Ä,l
dim(ImA ) = dimC(A) = r(A).

Äk, duA1,A2, . . . ,Ar�C(A)��|Ä, é?¿y ∈ C(A),

(α1,α2, . . . ,αn)yÑ�±d(α1,α2, . . . ,αn)Ai, i = 1,2, . . . ,r�5L«.

Ùg, ·��`²(α1,α2, . . . ,αn)Ai, i = 1,2, . . . ,r�5Ã'. ¢Sþ,

�∑
r
i=1 xi(α1,α2, . . . ,αn)Ai = θ ,K

r

∑
i=1

xi(α1,α2, . . . ,αn)Ai = (α1,α2, . . . ,αn)
r

∑
i=1

xiAi = (α1,α2, . . . ,αn)Ãx̃ = θ ,

ùpÃ = (A1,A2, . . . ,Ar), x̃ = (x1,x2, . . . ,xr)
T . u´Ax̃ = 0. duA1,A2, . . . ,Ar �5

Ã',�x̃ = 0. l
(α1,α2, . . . ,αn)Ai, i = 1,2, . . . ,r �5Ã',?
�¤ImA�

�|Ä.

½ny..

þã½nL²
,�5C�A���m�Ý
A���méA, A�Ø�m

�A�"�méA.

íØ6.4.1. ��5�mVþ��5C�A3Ä{α1,α2, · · · ,αn}e�Ý
�A.KA�

_��=�Ý
A�_.

y². d½n 6.4.4,�5C�A�_��=�Ker(A ) = {θ}�Im(A ) =V ,��=

�rank(A) = n,��=�A�_.

e¡·�ïÄ���5C�3ØÓÄe�Ý
�m�'X.

½n6.4.5. ��5�mVþ��5C� A 3 V �ü|Ä α1,α2, · · · ,αn Ú

β1,β2, · · · ,βn e�Ý
©O� A Ú B. �Ä α1,α2, · · · ,αn �Ä β1,β2, · · · ,βn �L

ÞÝ
� T ,= (β1,β2, · · · ,βn) = (α1,α2, · · · ,αn)T .K

B = T−1AT.

=Ý
A�B�q.

y². ®�

A (α1,α2, · · · ,αn) = (α1,α2, · · · ,αn)A

A (β1,β2, · · · ,βn) = (β1,β2, · · · ,βn)B

(β1,β2, · · · ,βn) = (α1,α2, · · · ,αn)T
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u´

A (β1,β2, · · · ,βn) = A
(
(α1,α2, · · · ,αn)T

)
= A (α1,α2, · · · ,αn)T

= (α1,α2, · · · ,αn)AT = (β1,β2, · · · ,βn)(T−1AT )

du�5C� A 3Ä β1,β2, · · · ,βne�Ý
´���,¤±k

B = T−1AT.

½n 6.4.5�Ñ,���5C�3ØÓÄe�Ý
´*d�q�. @o�L

5,*d�q��
,´Ä´Ó���5C�3ØÓÄeéA�Ý
Q?£�´

�½�. ¯¢þ, � A��5C� A 3Ä α1,α2, · · · ,αn e�Ý
. e B� A�

q, =�3�_�
 T , ¦� B = T−1AT . - (β1,β2, · · · ,βn) = (α1,α2, · · · ,αn)T , K

β1,β2, · · · ,βn�´ V ��|Ä,�ØJ�y A 3ù|Äe�Ý
� B.

du���5�mþ��5C��5��T�m�Ä�À�vk'X,Ï

Lþ¡�©Û·�wÑ, n��5�mþ��5C��n��
��qa�mï

á
��éA'X.Ïd,ÏLÝ
ïÄ�5C��5��,�k¤k�qÝ


Ñäk�5�,âU�N�5C��5�. ~X,Ý
��qØCþéA�5C

��þ.dd·��±½Â�5C�A�1�ªdet(A )!�rank(A )!,Tr(A )±

9A��,�.

~6.4.9. � A : F3→ F3�~ 6.4.6¥��5C�.¦ A 3Ä

γ1 = (1,0,1)T , γ2 = (2,1,2)T , γ3 = (−2,0,−1)T

e�Ý
.

):3~ 6.4.6¥,·�®¦� A 3Ä α1,α2,α3e�Ý
�

B =


4 9 −5

−10 −23 15

−7 −16 13

 .

�Ä α1,α2,α3�Ä γ1,γ2,γ3�LÞÝ
� T ,K

(α1,α2,α3)T = (γ1,γ2,γ3).

¤±

T = (α1,α2,α3)
−1(γ1,γ2,γ3) =


−1 0 1

3 1 −3

3 2 −4

 .
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d½n 6.4.5�C� A 3Ä γ1,γ2,γ3e�Ý


C = T−1BT =


2 2 −1

3 1 0

3 2 −1




4 9 −5

−10 −23 15

−7 −16 13



−1 0 1

3 1 −3

3 2 −4



=


−10 2 3

10 4 −10

−2 1 0

 .

XJ|^~ 6.4.6¥ A 3g,Äe�Ý
 A5¦Ý
 C,KO���{ü,

Ï�lg,Ä� γ1,γ2,γ3�LÞÝ
Ò´ (γ1,γ2,γ3).

§6.4.3 �5C��A���A��þ

31§5.3!,·�½Â
Ý
�A���A��þ�Vg. ù�Vg�±í

2�?¿�5C�þ.

½Â6.4.2. � V ´ê� F þ n��5�m, A �Vþ��5C�.XJ�3 λ ∈ F

9�"�þ α ∈ V ÷v A α = λα ,K¡ λ ��5C� A ���A��, α ¡�

áuA�� λ ���A��þ.¡¤kéAA�� λ�A��þ�N(�)"�

þ)

VA (λ ) = {α ∈V |A α = λα},

�áuA�� λ �A�f�m.

e¡�·K�«
�5C��A��þ�ÙéA�Ý
�A��þ�m�

'X.

·K6.4.6. �V´ê�Fþn��5�m, α1,α2, · · · ,αn´V��|Ä. �5C�A :

V →V 3Ä α1,α2, · · · ,αne�Ý
� A.K

(1) �5C�A�Ý
Ak�Ó�A��;

(2) �λ�A���A��,K

VA (λ ) = {(α1,α2, · · · ,αn)x : x ∈VA(λ )}.

y². (1) �λ�A�A��, α�A�áuλ�A��þ. -α = (α1,α2, · · · ,αn)x.

du

A α = A (α1,α2, · · · ,αn)x = (α1,α2, · · · ,αn)Ax,
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¤±A α = λα%¹
Ax = λx.

�L5, b�λ�Ý
A�A��, x�A�áuλ�A��þ. -α =

(α1,α2, · · · ,αn)x. aqþ¡�?Ø, dAx = λx�±íÑA α = λα . ¤±�5C

�A�Ý
Aäk���Ó�A��.

(2)d(1)�y²L§��(Ø�(.

|^·K 6.4.6,k'�5C��A���A��þO�¯K�±=z�Ý


�A���A��þO�¯K.ù�´òAÛ¯K=z��ê¯K�¢~�

�.

~6.4.10. � A=

(
1 1

0 2

)
, V =F2×2��5�m,½ÂVþ��5C�A :A M =AM,

M ∈V .¦ A �A��ÚA��þ.

). � V ��|Ä

e1 =

(
1 0

0 0

)
, e2 =

(
0 1

0 0

)
, e3 =

(
0 0

1 0

)
, e4 =

(
0 0

0 1

)
.

aqu~ 6.4.7,�5C� A 3Ä e1,e2,e3,e4e�Ý


Ã =


1 0 1 0

0 1 0 1

0 0 2 0

0 0 0 2

 .

Ã�A�õ�ª pÃ(λ ) = (λ −1)2(λ −2)2,¤± A �A��� λ1 = 1,λ2 = 2,­ê

þ� 2 .

éu λ = 1, ) (I − Ã)x = 0 ��ü��5Ã') x1 = (1,0,0,0)T Ú x2 =

(0,1,0,0)T . du (e1,e2,e3,e4)x1 = e1, (e1,e2,e3,e4)x2 = e2, A �áuA�� 1 �

¤kA��þ� c1e1 + c2e2, (c1,c2Ø�� 0).

éu λ = 2, ) (2I − Ã)x = 0 ��ü��5Ã') x3 = (1,0,1,0)T Ú x4 =

(0,1,0,1)T . du (e1,e2,e3,e4)x3 = e1 + e3, (e1,e2,e3,e4)x4 = e2 + e4, A �áuA�

� 2�¤kA��þ� c3(e1 + e3)+ c4(e2 + e4), (c3,c4Ø�� 0).

��5�mVþ��5C�A3�|Ä{α1, . . . ,αn}e�Ý
�A. du�q

Ý
äk�Ó�A�õ�ª�A��þ,Ïd�±½Â�5C�A�A�õ�

ªpA (λ ) = pA(λ ),1�ªdet(A ) = det(A),� rank(A ) = rank(A),,Tr(A ) = Tr(A).

'u�5C��eã(ØÑ´w,�,�ÖögCy².
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·K6.4.7. �5C�A�_��=�A�A��ÑØ�".

·K6.4.8. n��5�mþ��5C�A�é�z��=�Akn��5Ã'A

��þ.

·K6.4.9. e�5C�A�A��ÑØ��,KA�é�z.

§6.5 e�IO/{0
∗

3þ!¥·��Ñ
Ý
�qué�
�^�.�!¥,·�ò{ü0�?

¿Ý
3�q'Xe�IO/–e�IO/.·�ò0�O�e�IO/��{

9ÙA^.

3~ 6.3.2¥,·�y²
Ý


(
2 1

0 2

)
ØU�qué�
.ù�Ý
�k�

�­ê� 2 A�� 2, §3�q'Xe®²´�{ü�/ª
, ¡���e�

¬.��/,·�k

½Â6.5.1. � λ ´?¿Eê, m´?¿��ê,/X

λ 1 0 · · · 0

λ 1
. . .

...
. . . . . . 0

λ 1

λ


� m��
¡�e�¬,P� Jm(λ ),Ù¥ mL«§��ê, λ ´§�é���,

�´§�A��.Ïd Jm(λ )�¡�A��� λ � m�e�¬.

XJ���
´Oé�
,¿�z�é�¬Ñ´e�¬,K¡��e�/Ý


.5¿��e�/Ý
�,
e�¬�Uäk�Ó�A��.~XÝ


diag(J4(2),J3(2),J1(2),J3(5))

´��e�/Ý
.

½n6.5.1. ?Û��E�
 AÑ�qu��e�/Ý
 J,§�z�e�¬�A

��Ñ´ A�A��.XJØOe�¬�ü�^S,K J´���.

dþ¡�½n�,z�EÝ
Ñ�qu�����e�/Ý
,e�/Ý


�±���q�da��L�,¤±e�/Ý
Ï~�¡�e�IO/.

½n 6.5.1�y²�L
�Ö���,·�3dÑL.e¡·�0�XÛO�

��Ý
�e�IO/.
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~6.5.1. � 5�E�
 Ak��­ê� 5�A�� λ ,e A�e�IO/ Jkü

�e�¬,@o Jäk�o��/ª?

). du Jkü�e�¬,XJØOe�¬3é��þ�ü�^S,Kk

J = J1 = diag(J4(λ ),λ ) ½ö J = J2 = diag(J3(λ ),J2(λ )).

5¿, J1Ú J2´Ø�q�.Ï�XJ J1� J2�q,K J1−λ I� J2−λ I�q,l


(J1−λ I)2� (J2−λ I)2�q.�´, rank(J1−λ I)2 = 2,
 rank(J2−λ I)2 = 1,gñ.

¯¢þ,XJ�Ä¤k�U�e�¬��ê,�
 A�e�IO/�k 7«

/ª,
�ù 7�e�IO/´üüØ�q�,�Öög1�y.

3þ~¥,�`²ü�e�/Ý
Ø�q,·�IO� (J−λ I)k��.
 J−λ I

�z�e�¬�A��Ñ´",Ïdá�Ù (Jm(0))k���©7�.ØJO��

(Jm(0))2 =



0 0 1 · · · 0

0 0
. . .

...
. . . . . . 1

0 0

0


, · · · ,

(Jm(0))m−1 =



0 0 0 · · · 1

0 0
. . .

...
. . . . . . 0

0 0

0


, (Jm(0))m = 0

lO�(J�±wÑ, k (k ≤ m)zO\ 1, (Jm(0))k ¥ 1��Ò�mþ�£Ä

� ,Ý
��~��.Ïd·���e¡��ª

rank(Jm(0)k) =

{
m− k k ≤ m

0 k > m

¢Sþ,·��m©¿Ø��e�IO/J,XÛO�(J−λ I)k��Q?5¿

� A � J �q, Ké?¿ k ≥ 1, (A− λ I)k � (J − λ I)k �q(�Öö�y), l


krank(J−λ I)k = rank(A−λ I)k.Ïd,·��I�O�(A−λ I)k��Ò�±
.

~6.5.2. ¦�


A =


3 −2 1

2 −2 2

3 −6 5


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�e�IO/.

). Ý
 A�A�õ�ª�

pA(λ ) = |λ I−A|= (λ −2)3.

du A�k�� 3­�A�� λ1 = 2, A�e�IO/�U´±enö��

J1 =


2

2

2

 , J2 =


2 1

2

2

 , J3 =


2 1

2 1

2

 .

�´

rank(J−2I) = rank(A−2I) = rank


1 −2 1

2 −4 2

3 −6 3

= 1,

� A�e�IO/�J2.

~6.5.3. ¦Ý


A =



−2 4 1 0 2

−4 6 1 −1 0

0 0 3 0 0

0 0 2 3 0

0 0 1 0 3


�e�IO/.

). Ý
 A�A�õ�ª

pA(λ ) = |λ I−A|= (λ −2)2(λ −3)3.

éuA�� λ1 = 2,éA�e�¬�U�e��ö��

J11 =

(
2 0

0 2

)
, J12 =

(
2 1

0 2

)
.

éuA�� λ2 = 3,éA�e�¬�U�e�nö��

J21 =


3 0 0

0 3 0

0 0 3

 , J22 =


3 1 0

0 3 0

0 0 3

 , J32 =


3 1 0

0 3 1

0 0 3

 .
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�
A�e�IO/�J = diag(J1i,J2 j), i = 1,2, j = 1,2,38«�/��.drank(J−
2I) = rank(A−2I) = 4±9rank(J−3I) = rank(A−3I) = 3�, A�e�IO/�

J = diag(J12,J22) =



2 1

0 2

3 1

0 3

3


.

y3·��	?¿�
e�IO/�O�¯K.�n��
A�A�õ�ª

�

pA(λ ) = (λ −λ1)
n1(λ −λ2)

n2 · · ·(λ −λs)
ns ,

s

∑
i=1

ni = n,

Ù¥λ1, . . . ,λs�pØ���A��.P

ri
k = rank(A−λiI)k, k ≥ 0, Ù¥�½ r0 = n.

PA�e�IO/�J.·��	A���λi�e�¬¥,��e�¬��ê,

�p�e�¬�ê�δ i
p.K∑

ni
p=1 pδ i

p = ni,±9k

ri
1 = rank(A−λiI) = rank(J−λiI) = n−ni +

ni

∑
p=2

(p−1)δ i
p.

��/

ri
k = rank(A−λiI)k = rank(J−λiI)k = n−ni +

ni

∑
p=k+1

(p− k)δ i
p, k = 1,2, . . . ,ni.

dd

di
k := ri

k−1− ri
k =

ni

∑
p=k

δ
i
p.

?
J¥A��� λi� k�e�¬��ê�

δ
i
k = di

k−di
k+1.

~6.5.4. ­#�	~ 6.5.3.Ý
 Ak���­A��2Ú��n­A��3.

éuA�� λ1 = 2,O���

r1
0 = 5, r1

1 = rank(A−2I) = 4, r1
2 = rank(A−2I)2 = 3, r1

3 = rank(A−2I)3 = 3.
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Ïd

d1
1 = r1

0− r1
1 = 1, d1

2 = r1
1− r1

2 = 1, d1
3 = r1

2− r3
3 = 0.

¤±

δ
1
1 = d1

1 −d1
2 = 0, δ

1
2 = d1

2 −d1
3 = 1.

= A�A��� 2�e�¬�kXe�� 2��e�¬

(
2 1

0 2

)
.

éuA�� λ2 = 3,O���

r0 = 52, r2
1 = rank(A−3I) = 3, r2

2 = rank(A−3I)2 = 2, r2
3 = rank(A−2I)3 = 2.

Ïd

d2
1 = r2

0− r2
1 = 2, d2

2 = r2
1− r2

2 = 1, d2
3 = r2

2− r2
3 = 0.

¤±

δ
2
1 = d2

1 −d2
2 = 1, δ

2
2 = d2

2 −d2
3 = 1.

= A�A��� 3�e�¬k�� 2��Ú�� 1��(
3 1

0 3

)
(3)

¤± A�e�IO/� 

2 1

0 2

3 1

0 3

3


.

~6.5.5. �

A =


3 −2 1

2 −2 2

3 −6 5


¦�_Ý
 T ,¦� T−1AT � A�e�IO/.

). 3~ 6.5.2¥,·�®O�A�e�IO/�

J =


2 1

2

2

 .
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¦LÞÝ
 T ,Ò´)Ý
�§ AT = T J. XJò T ¥��w¤��ê,K

þãÝ
�
=z� 9���ê��5�§|.lnØþù,?Û�� n��


�§�e�IO/m�LÞÝ
Ñ�±ù�¦Ñ:)¹ n2 ���ê��5�§

|.¦+��ê n'���,ù��{´�1�,�´� né��,ù��O�þ

é�,ØX·�e¡ò�æ^��{{ü.

� T = (T1,T2,T3),Ù¥ T1,T2,T3���þ.K

A(T1,T2,T3) = (T1,T2,T3)


2 1

2

2


¤±

AT1 = 2T1, AT2 = T1 +2T2, AT3 = 2T3.

= 
(A−2I)T1 = 0

(A−2I)T2 = T1

(A−2I)T3 = 0

dcüª�

(A−2I)2T2 = 0.

du (A− 2I)2 = 0, � T2 ��?Û��÷v(A− 2I)T2 6= 0��þ, Ø�� T2 =

(1,0,0)T . �\1��ª� T1 = (1,2,3)T . 2)1nª, 5¿ T3 �� T1,T2 �5

Ã',~X� T3 = (−1,0,1)T .u´��LÞÝ


T =


1 1 −1

2 0 0

3 0 −1

 .

5¿,·�´kÏL1o�ªf¦Ñ T2,2�\1��ªf)� T1. @o�

Öög�´Ä�±kÏL1��ªf)� T1,2�\1�ª) T2Q?

e¡·�5we�IO/�ü�A^.

~6.5.6. y²:n��
A÷vA2 = A�¿�^�´A�quOé�
diag(Ir,0), ù

pr = rank(A).
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y². ¿©5.b�A�qudiag(Ir,0),=�3�_�
T¦�A= T diag(Ir,0)T−1.K

´�y, A2 = A.

7�5.��
A÷vA2 = A, A�e�IO/�J, KJ2 = J.�Ji´J�A��

�λi�e�¬,KJ2
i = Ji.dd, λ 2

i = λi,=λi = 0½λi = 1,�Ji7�1�e�¬.l
,

J = diag(Ir,0).

~6.5.7. � x,y,zÑ´ t�¼ê,¦)~�©�§|

dx
dt

= 3x−2y+ z

dy
dt

= 2x−2y+2z

dz
dt

= 3x−6y+5z

). ��§|��¤

d
dt


x

y

z

=


3 −2 1

2 −2 2

3 −6 5




x

y

z

 ,

½
dx
dt

= Ax,

Ù¥ x = (x(t),y(t),z(t)),Ý
 AT�~ 6.5.2¥�Ý
. � T �~ 6.5.2¥�LÞÝ


,��5�� x = T x∗,Ù¥x∗ = (x∗(t),y∗(t),z∗(t)),K T
dx∗

dt
= AT x∗,=

dx∗

dt
= T−1AT x∗.

�Ñ�A��§|,Ò´ 

dx∗

dt
= 2x∗+ y∗

dy∗

dt
= 2y∗

dz∗

dt
= 2z∗

)d�§|�

z∗ = c1e2t , y∗ = c2e2t , x∗ = (c2t + c3)e2t .

2|^ x = T x∗,= 
x

y

z

=


1 1 −1

2 0 0

3 0 −1




x∗

y∗

z∗

 ,
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��Ï)´ 
x(t) = (c2t + c2 + c3− c1)e2t

y(t) = (2c2t +2c3)e2t

z(t) = (3c2t +3c3 + c1)e2t

Ù¥ c1,c2,c3�?¿~ê.

ù�~fw�·�,|^e�IO/,���)û~Xê�5�©�§|�

¦)¯K.

SKÊ

1. �äe¡¤½Â�C�A ,=
´�5�,=
Ø´�5�.

(1) 3 R2¥, A (x,y)T = (x+ y, x2)T ;

(2) 3 R3¥, A (x,y,z)T = (3x−2y+ z, 0, x+2y)T ;

(3) 3 R3¥, A (x,y,z)T = (x− y, z, x+1)T .

2. �½ R2þ��5C�A (x,y)T = (2x−y,x+y)T .±�ã/,*	Aòo>/�

�C¤�oã/?òü �C��oã/?

3. 3²¡���IX¥,¦'u��sin(θ)x− cos(θ)y = 0�é¡C�.

4. ¦ R2¥Xe�5C�A : A÷��(2,1).�2�,÷��(1,−2)Ø 2�.

5. y²: R2þ��_�5C��±©)�'u�I¶�� !��9^=C

��EÜ.

6. 3n�AÛ�m����IX¥,¦'u²¡x+2y+3z = 0�é¡C�.

7. 3n�AÛ�m����IX¥,¦'u��z = 2y = 3x�é¡C�.

8. 3n�AÛ�m����IX¥, ¦7ü �þe = (1,−1,1)T_��^

=30◦��C�.

9. ¦ R3¥Xe�5C�A : A÷��(1,1,0).�2�, ÷��(1,−1,1)Ø 2�,

÷��(1,−1,−2).�3�.

10. y²:n�AÛ�m¥��_�5C�ò²¡C�²¡,²1²¡C�²1

²¡.
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11. �½R3¥��5C�A (x,y,z)T = (2x+ y− z,x+ 2y+ z,4x+ 5y+ z)T . ¦A��

�m�Ø�m��ê9�|Ä.

12. y²:lp�ê|�m�$�ê|�m�ÝKC�Ø´�_C�.

13. ¦e�Ý
��ÜA��ÚA��þ

(1)

(
0 a

−a 0

)
; (2)

(
cosθ −sinθ

sinθ cosθ

)
; (3)


0 0 1

0 1 0

1 0 0

 ;

(4)


3 −2 1

2 −2 2

3 −6 5

 ; (5)


2 1 1

1 2 1

1 1 2

 ; (6)


1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 1 −1 1

 .

14. �½R2þ��5C�A (x,y)T = (3x+2y,2x+ y)T . Aòü �CN��ý�C′.

¦ý�C′��á�¶����Ý,±9ý��¡È.

15. � A´�_�
.y²:e λ ´ A���A��,K λ−1´ A−1�A��,�

éA�A��þ�Ó.

16. � A��
, f (λ )�õ�ª.y²:XJ λ0´ A�A��,K f (λ0)´ f (A)�

A��;�XJ x´áu λ0�A��þ,K x �´Ý
 f (A) �áuA��

f (λ0)�A��þ.

17. �n��
A�A�õ�ª�pA(λ ) = (λ −1)2(λ −2).¦�
3A+2I�A��

�1�ª.

18. (1) e A2 = I,y²:A�A���U´ ±1¶

(2) � n�¢�
 A÷v AT =−A,y² A�A���"½XJê.

19. � λ1, λ2 ´�
 A �ü�ØÓ�A��, x1, x2 ´©Oáu λ1, λ2 �A��

þ.y²:x1 +x2Ø´ A�A��þ.

20. � n��
 A = (ai j)��ÜA��� λi (i = 1,2, · · · ,n),y²

n

∑
i=1

λ
2
i =

n

∑
i, j=1

ai j a ji.
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21. �ä±eÝ
A,B´Ä�q?�`²nd.

(1) A =


1 2 3

0 1 0

0 0 1

 , B =


1 2 0

0 1 3

0 0 1

 ;

(2) A =


1 2 0 0

0 1 3 0

0 0 1 0

0 0 0 1

 , B =


1 2 0 0

0 1 0 0

0 0 1 3

0 0 0 1

 .

22. ¦n��_�
P¦�P


1 0 0

0 2 0

0 0 3

P−1 =


3 0 0

0 1 0

0 0 2

.

23. �A,B�Ó��
,�A�_.y²; A�B�q.

24. �A�B�q, C�D�q.y²: diag(A,C)�diag(B,D)�q.��´Ä¤á?

25. ��
 A� B�q,y²:

(1) éz���ê k, Ak�qu Bk¶

(2) éz�õ�ª f , f (A)�qu f (B).

26. �Ý
 A =


0 0 1

x 1 y

1 0 0

kn��5Ã'�A��þ,¦ xÚ yA÷v�^�.

27. �Ý
 A� B�q,Ù¥

A =


−2 0 0

2 x 2

3 1 1

 , B =


−1 0 0

0 2 0

0 0 y

 .

(1) ¦ xÚ y��¶

(2) ¦�_Ý
 T ,¦�T−1AT = B.

28. � n��
 A 6= 0,÷v Am = 0,Ù¥ m≥ 2���ê.

(1) ¦ A�A��¶

(2) y²:AØU�qué�
¶
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(3) y²:|I +A|= 1.

29. �äe�Ý
 A´Ä�é�z?e�±, Á¦C�Ý
 T , ¦� T−1AT �é

�
.

(1) A =


−2 0 0

3 1 1

2 2 0

 ; (2) A =


1 −1 1

2 4 −2

−3 −3 5

 ;

(3) A =


3 0 1

4 −2 −8

−4 0 −1

 ; (4) A =


2 1 1

1 2 1

1 1 2

 .

30. � A,Bþ� n��
, Ak n�pÉ�A��� AB = BA.y² B�qué�


.

31. � n��
 A÷v A2 = I,y² A�qu

(
Ir 0

0 −In−r

)
,Ù¥ 0≤ r ≤ n.

32. � A� 3�¢�
,e AØ¢�quþn�
,¯ A´Ä�½E�qué�


?

33. �n�E�
A��ÜA���λ1,λ2, . . . ,λn, f (λ )�õ�ª. y²: f (A)��Ü

A��� f (λ1), f (λ2), . . . , f (λn),dddet( f (A)) = f (λ1) f (λ2) · · · f (ln).

34. �n��
A�A�õ�ª�pA(λ ) = (λ −1)2(λ −2).¦õ�ªÝ
A3−2A+

3I�A���1�ª.

35. �äe¡¤½Â�C�,=
´�5�,=
Ø´�5�.

(3) �½ A, B ∈Mn(F),éz� x ∈Mn(F), A (x) = Ax−xB;

(4) 3�5�m V ¥, A (x) = α,Ù¥ α � V ¥����½��þ.

36. ¦e��5C�3¤�½�Äe�Ý


(1) 3 Fn[x]¥, A (P(x)) = P′(x),3Ä e0 = 1, e1 = x, · · · ,en−1 =
xn−1

(n−1)!
e¶

(2) ±o��5Ã'�¼ê

α1 = eax cosbx α2 = eax sinbx

α3 = xeax cosbx α4 = xeax sinbx

�Ä�o��m¥,�5C���©C�¶
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(3) �½ 2�¢�
 A,¦ 2�¢�
�¤��5�mþ��5C� A (x) =

Ax−xA3Ä

e1 =

(
1 0

0 0

)
, e2 =

(
0 1

0 0

)
, e3 =

(
0 0

1 0

)
, e4 =

(
0 0

0 1

)
.

e�Ý
.

37. 3 R3¥½Â�5C�

A (x,y,z)T = (x+2y, x−3z, 2y− z)T .

¦ A 3Ä e1 = (1,0,0)T , e2 = (0,1,0)T , e3 = (0,0,1)T e�Ý
.

38. � R3¥��5C� A ò

α1 = (0,0,1)T , α2 = (0,1,1)T , α3 = (1,1,1)T

C��

β1 = (2,3,5)T , β2 = (1,0,0)T , β3 = (0,1,−1)T .

¦ A 3g,ÄÚ α1,α2,α3e�Ý
.

39. ��5C� A 3Ä α1 = (1,−1), α2 = (1,1)e�Ý
�

(
2 3

0 1

)
,¦ A 3Ä

β1 = (2,0), β2 = (−1,1)e�Ý
.

40. � A 3Ä α1,α2,α3e�Ý
�

A =


1 2 3

−1 0 3

2 1 5

 ,

¦ A 3Ä β1,β2,β3e�Ý
:

(1) β1 = α3, β2 = α1, β3 = α2;

(2) β1 = α1, β2 = α2 +α3, β3 = α2−α3.

41. 3 R3¥�½ü|Ä:

α1 = (1,0,1)T , α2 = (2,1,0)T , α3 = (1,1,1)T ;

β1 = (2,3,1)T , β2 = (7,9,5)T , β3 = (3,4,3)T .

½Â�5C� A (αi) = βi (i = 1,2,3).
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(1) ¦ A 3Ä α1,α2,α3e�Ý
¶

(2) ¦ A 3Ä β1,β2,β3e�Ý
.

42. � V � n��5�m, A : V →V ��5C�.e�3 α ∈V ,¦� A n−1α 6= 0,

�´ A n(α) = 0,y²: A 3,|Äe�Ý
�

0 1 0 · · · 0

0 1
. . .

...
. . . . . . 0

0 1

0


43. � α1,α2, · · · ,αn ��5�m V ��|Ä,y²:éu?¿ β1,β2, · · · ,βn ∈ V,�

3�5C� A ,¦� A (αi) = βi (i = 1,2, · · · ,n).

44. � V �gêØ�L 2�õ�ª�¤��5�m,�5C� A : V →V ÷v

A (1) = x2 + x+3, A (x) = 2x+1, A (x2) = 2x2 +3.

¦ A �A��ÚA��þ.

45. �V = Fn×n.

(1) y²: V�C�A : x→ xT´�5C�;

(2) ¦A�A���A��þ. A´Ä�é�z?

46* ¦e�Ý
�e�IO/

(1)


2 −2 3

1 1 1

1 3 −1

 (2)


4 −9 −4

6 −12 −5

−7 13 5



(3)


1 2 3 4

0 1 2 3

0 0 1 2

0 0 0 1

 (4)



0 1 0 · · · 0 0

0 0 1 · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1

1 0 0 · · · 0 0


n×n

47* � A =


2 −2 3

10 −4 5

5 −4 6

,¦�
 T ,¦ T−1AT �e�IO/.



§6.5 e�IO/{0
∗

217

48* ��
A÷vA2 = A.^Ý
�e�IO.y²:Tr(A) = rank(A).

49* � x = x(t), y = y(t), z = z(t),¦)~�©�§|

dx
dt

= 2x−2y+3z

dy
dt

= 10x−4y+5z

dz
dt

= 5x−4y+6z



218 18Ù �5C�



1ÔÙ SÈ�m9C�

31oÙ·�Ú?
�5�m�Vg.���5�m���äN�.–n�

AÛ�mR3,Ù¥�þ��Ý!Y��AÛ5�3�5�m¥vk���N.


ù«�N�þ�m�Ýþ�AÛ5���m3ÔnÚAÛ�Nõ¯K¥äk�

©­���^.Ïd,�Ù�Ì�8�´3�5�m¥Ú\SÈ/¤äkÝþ�

�5�m–SÈ�m. ·�Ì��Äü�ê�þ�SÈ�m: 3¢ê�þ�SÈ

�5�m–îAp�(Euclid)�m9Eê�þ�SÈ�m–j�m. ·�k0�î

Ap��m({¡î¼�m),AO/,·�lê|�mþ�SÈ�mm©0�.

§7.1 ê|SÈ�m�½Â�5�

l)ÛAÛ¥·���,éuR3¥?¿ü��þaÚb,�|a|Ú|b|©O´§�
��Ý, θ´§��m�Y�,KÙSÈ(k�q¡�êþÈ½:¦)½Â�

(a,b) = |a||b|cosθ . (7.1)

��,�þa��Ý±9�þaÚb�m�Y���dSÈL«

|a|=
√

(a,a), (7.2)

θ = arccos
(a,b)√

(a,a)(b,b)
. (7.3)

Ïd,3���5�m¥,XJ·�½ÂÐ
SÈ,K�þ�m��ÝÚY

��Ò�±dSÈ5½Â,l
�±Ú?Ýþ. e¡,·�k3¢ê�Rþ�n�

ê|�mRn¥Ú\SÈ.

½Â7.1.1. �Rn´¢ê�Rþ�n�ê|�m. é?¿(�)�þa,b ∈ Rn,½Â§�

�SÈ�

(a,b) := aT Gb (7.4)

Ù¥G ∈ Rn×n¡�ÝþÝ
, §´÷vé?¿0 6= a ∈ Rn, aT Ga > 0�n�¢é

¡�
, ¡�¢é¡�½�
. ½Â
SÈ (7.4) �ê|�mRn¡�îAp

�(Euclid)�m,{¡î¼�m.

·�wA�~f.

~7.1.1. �ÝþÝ
G�n�ü 
. Ké?¿0 6= a ∈ Rn, aT Ga = aT a > 0,�ü 


´¢�½�
.ù�SÈ½Â�

(a,b) = a1b1 +a2b2 + . . .+anbn = aT b, (7.5)

219
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ùpa = (a1,a2, . . . ,an)
T ∈ Rn, b = (b1,b2, . . . ,bn)

T ∈ Rn.·�¡TSÈ�IOSÈ.

~7.1.2. -G = diag(λ1,λ2, . . . ,λn),ùpλi > 0, i = 1,2, . . . ,n. éua = (a1,a2, . . . ,an)
T

6= 0,

aT Ga = λ1a2
1 +λ2a2

2 + . . .+λna2
n > 0.

Ïd, G´é¡�½�
.ù�SÈ�

(a,b) = λ1a1b1 +λ2a2b2 + . . .+λnanbn.

~7.1.3. 3R2¥,�G =

(
1 1

1 2

)
.duéua = (a1,a2)

T 6= 0,

aT Ga = a2
1 +2a1a2 +2a2

2 > 0,

ÏdG´é¡�½�
.ù�SÈ�

(a,b) = a1b1 +a1b2 +a2b1 +2a2b2.

�Ù¥,Ø�AO�²,î¼�mRn¥�SÈþ�IOSÈ.

Ón�AÛ�m�þ�SÈ��,î¼�m�SÈ÷v±e5�:

(1) é¡5:=é?¿ü��þa,b ∈ Rn,k

(a,b) = (b,a) (7.6)

(2) �55:=é?¿��¢êλÚ?¿n��þa,b,c ∈ Rn,k

(λa,b) = λ (a,b) (7.7)

(a+b,c) = (a,c)+(b,c) (7.8)

(3) �½5: =éu?¿���þa ∈ Rn,Ñk(a,a)≥ 0,��Ò¤á��=�a =

0.

dþã5�,é´N��:é?¿¢êλi,µ jÚ?¿�þai,b j ∈ Rn,k(
l

∑
i=1

λiai,
m

∑
j=1

µ jb j

)
=

l

∑
i=1

m

∑
j=1

λiµ j (ai,b j) . (7.9)

AO/

(a,0) = 0.

Öö�±gC�yþã5�.

½Â
SÈ,·�Ò�±½Â�þ�Ý.
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½Â7.1.2. �a ∈ Rn,¡

|a|=
√
(a,a) (7.10)

��þa��Ý½�.

w,, |a|= 0�¿©7�^�´a�"�þ.�|a|= 1�,¡a�ü �þ.éu

?¿���"�þa,�þ 1
|a|a�ü �þ.ÏdÏLù���ª�±r?Û��

�"�þ/Ø 0(½/��0)���ü �þ,ù�L§¡��þ�ü z.

�
½Â�þ�m�Y�,·�kÚ\e¡�

½n7.1.1. [Cauchy-SchwarzØ�ª]éü�?¿�þa,b ∈ Rn,þk

|(a,b)| ≤ |a| · |b|. (7.11)

�Ò¤á��=�a�b�5�'.

y². XJa½öbk���"�þ,K(Øw,¤á.ÄKé?¿¢êλ ,k

0≤ (λa+b,λa+b) = (a,a)λ 2 +2(a,b)λ +(b,b).

þªmà´λ��gõ�ª,Ù�o´�K�,�Ù�Oª÷v

4(a,b)2−4(a,a)(b,b)≤ 0.

dd�Ø�ª (7.11)¤á.

�Ø�ª (7.11)¥��Ò¤á�,-λ =−(a,b)/(a,a),K

(λa+b,λa+b) = (a,a)λ 2 +2(a,b)λ +(b,b) = 0.

l
λa+b = 0,=a�b�5�'.��,la�b�5�',´��ª¤á.

òCauchy-SchwarzØ�ªA^uIOSÈ (7.5)=�Í¶�CauchyØ�ª:

(a1b1 +a2b2 + . . .+anbn)
2 ≤ (a2

1 +a2
2 + . . .+a2

n)(b
2
1 +b2

2 + . . .+b2
n).

dCauchy-SchwarzØ�ª,·��?�Úy²e�'u�Ý�n�Ø�ª

|a+b| ≤ |a|+ |b|. (7.12)

¢Sþ,

|a+b|2 = (a+b,a+b) = (a,a)+2(a,b)+(b,b)

≤ |a|2 +2|a||b|+ |b|2 = (|a|+ |b|)2
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Ïd,

|a+b| ≤ |a|+ |b|.

|^�Ý��Ñî¼�m¥?¿ü��þaÚb�m�/ål0:

d(a,b) = |a−b|.

ÖöØJ�y,�þ�m�ål÷v

• é¡5: d(a,b) = d(b,a);

• �½5: d(a,b)≥ 0,�Ò¤á��=�a = b;

• n�Ø�ª: d(a,b)≤ d(a,c)+d(c,b).

dCauchy-SchwarzØ�ª��±��

−1≤ (a,b)
|a||b|

≤ 1.

dd�±½Âü�þ�Y�.

½Â7.1.3. éuRn¥ü��"�þaÚb,½Â§��m�Y��

θ = arccos
(a,b)
|a||b|

. (7.13)

AO/,�(a,b) = 0�,¡�þaÚb��½R�,P�a⊥ b.

éuIOSÈ,�þa��Ý�

|a|=
√

a2
1 +a2

2 + · · ·+a2
n, (7.14)

ü��þa�b�Y��

θ = arccos
a1b1 +a2b2 + · · ·+anbn√

a2
1 +a2

2 + · · ·+a2
n

√
b2

1 +b2
2 + · · ·+b2

n

. (7.15)

duÏLSÈ�±Ú?�þ��Ý9�þ�m�Y�,Ïd,î¼�mØ�

äk�5$�(�,Ó��äk
AÛ(�.

éu�pR���þ,·�ke¡���½n

·K7.1.2. �a,b ∈ Rn,Ka⊥ b��=�

|a+b|2 = |a|2 + |b|2.
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y². du

|a+b|2 = (a+b,a+b) = (a,a)+2(a,b)+(b,b) = |a|2 + |b|2 +2(a,b),

·K(Øw,.

��,·�J�eî¼�m�f�m. �W ⊂ Rn´Rn��5f�m. ��î

¼�mRn, ÙSÈg,��^3Wþ. Ïd, D�
SÈ��5f�mW�¤�

��î¼�m,¡�î¼�mRn�f�m.

§7.2 IO��Ä

�Xn�AÛ�m¥k��Ie,3î¼�m¥��±½Âaq���I

e–��Ä.

½Â7.2.1. 3n�î¼�mRn¥,�|üü����"�þ¡����þ|.d�

��þ|�¤�Ä¡���Ä.dü �þ|�¤���Ä¡�IO��Ä.

d½Â,�þ|a1, . . . ,an�¤n�î¼�mRn��|IO��Ä��=�

(ai,a j) = δi j, i, j = 1,2, . . . ,n. (7.16)

w,, Rn¥�ü �I�þ|ei, i = 1,2, . . . ,n3IOSÈ�e´IO��Ä.IO

��Ä´n�AÛ�m¥ü ���IX�í2.

·K7.2.1. �a1,a2, · · · ,ar�î¼�mRn¥����þ|,Ka1,a2, · · · ,ar�5Ã'.

y². ��3¢êλ1,λ2, . . . ,λr÷v

λ1a1 +λ2a2 + · · ·+λrar = 0,

é?¿1≤ i≤ r,ü>©O�ai�SÈ�

λi|ai|2 = 0.

Ï�ai´�"�þ,¤±λi = 0,=�þ|a1,a2, . . . ,ar�5Ã'.

þã·KL², Rn¥�n����þ|�¤Rn��|Ä.

n�î¼�m�IO��Äo´�3�.¢Sþ,l?¿�|ÄÑu,·��

±�EÑ�|IO��Ä,ÙL§¡�Schmidt��z.
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½n7.2.2. [Schmidt��z]ln�î¼�mRn�?¿�|ÄÑu,�±�E�|

IO��Ä.

y². �a1,a2, . . . ,an´î¼�mRn��|Ä.Äkòa18�z,-

u1 =
a1

|a1|
,

Kk(u1,u1) = 1�〈a1〉= 〈u1〉.,�3u1�a2¤Ü¤�f�m¥éÑ���u1��

��þ.

u1

a2
b2

-�
�
�
���6

þãéu·�ù���þ�a2~�a23u1þ�ÝK,Ù�êL«�

b2 = a2− (a2,u1)u1

ØJ�y, (b2,u1) = 0�b2 6= 0.òb28�z�

u2 =
b2

|b2|
.

w,, (u1,u2) = 0, (u2,u2) = 1�〈a1,a2〉= 〈u1,u2〉.
UYþ¡�L§, b�la1,a2, . . . ,ak−1®²�EÑ
ü z��

��þ|u1,u2, . . . ,uk−1, �〈u1,u2, . . . ,uk−1〉 = 〈a1,a2, . . . ,ak−1〉. ·�2

lakÚu1,u2, . . . ,uk−1¤Ü¤�f�m¥]À���u1,u2, . . . ,uk−1 Ñ���

�þbkXe

bk = ak−
k−1

∑
i=1

(ak,ui)ui.

w,§�½�",ÄKÒk

ak =
k−1

∑
i=1

(ak,ui)ui,

=ak´u1,u2, . . . ,uk−1��5|Ü, l
�´a1,a2, . . . ,ak−1��5|Ü, ù

�a1,a2, . . . ,ak�5Ã'gñ.

,��¡

(bk,u j) = (ak,u j)−
k−1

∑
i=1

(ak,ui)(ui,u j) = 0, j = 1,2, . . . ,k−1,
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�bk�¤ku1,u2, . . . ,uk−1��. òbk8�z�����¤ku1,u2, . . . ,uk−1Ñ��

�ü �þ

uk =
bk

|bk|
.

N´�y,

〈u1,u2, . . . ,uk〉= 〈a1,a2, . . . ,ak〉.

òþãL§��?1�k = n,ù�Ò��
�|IO��Äu1,u2, . . . ,un.

e¡·�Þ�~`²þã��zL§.

~7.2.1. re��þUIOSÈz�IO��Ä

α1 = (1,1,0,0)T ,α2 = (1,0,1,0)T ,α3 = (−1,0,0,1)T ,α4 = (1,−1,−1,1)T .

). kra18�z�

u1 =
1√
2
(1,1,0,0)T .

-

b2 = a2− (a2,u1)u1 =
1
2
(1,−1,2,0)T ,

28�z�

u2 =
1√
6
(1,−1,2,0)T .

UY��za3,a4�

b3 = a3− (a3,u1)u1− (a3,u2)u2 =
1
3
(−1,1,1,3)T , u3 =

1√
12

(−1,1,1,3)T ,

b4 = a4−
3

∑
i=1

(a4,ui)ui = (1,−1,−1,1)T , u4 =
1
2
(1,−1,−1,1)T .

Ku1,u2,u3,u4=��|IO��Ä.

3Schmidt��zL§¥,5¿�

ak =
k

∑
i=1

(ak,ui)ui, k = 1,2, . . . ,n.

Ïd

(a1,a2, . . . ,an) = (u1,u2, . . . ,un)


(a1,u1) (a2,u1) · · · (an,u1)

0 (a2,u2) · · · (an,u2)
...

...
...

...

0 0 · · · (an,un)

 . (7.17)



226 1ÔÙ SÈ�m9C�

Ù¥b�ai,uiþ���þ/ª,Kþª=�

A = QR, (7.18)

Ù¥A´��n��_¢�
, Q´��?¿ü�Ñ���ü �þ�¤��
,

R´��þn�
,Ùé����.¡þª�Ý
A�QR©).

N´�y

QT Q =


uT

1
...

uT
n

(u1, . . . ,un) =


(u1,u1) · · · (u1,un)

...
...

...

(un,u1) · · · (un,un)

= I. (7.19)

Ïd, QT Q = I = QQT .

½Â7.2.2. ¡÷v

QQT = QT Q = I (7.20)

�¢�
Q����
.

dc¡�?Ø,e¡�(Øw,.

½n7.2.3. n�¢�
Q���Ý
��=�Q�1(½�)�þ�¤Rn��|IO

��Ä.

y². �Q���u1,u2, . . . ,un.d (7.19), QT Q = I��=�(ui,u j) = δi j, i = 1,2, . . . ,n,

��=� u1,u2, . . . ,un �¤Rn �IO��Ä.Ón, QQT = I��=�Q�1�þ

�¤Rn�IO��Ä.

~X,^=Ý
Ò´��Ý
.2X

Q =


1√
3

1√
6

1√
2

1√
3

1√
6
− 1√

2
1√
3
− 2√

6
0


´��Ý
.

½n7.2.4. ��Ý
ke�5�:

(1) ü 
´���
.

(2) A,B�Ó����
,KAB�����
.

(3) �A´���
,KAT = A−1�´���
.
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(4) ���
�1�ª���1½−1.

(5) ���
�A������1.

y². ·��y(5),Ù§A^3�ÖögCy².

� Ax = λx,ü>=�� xT AT = λxT . ü>�E�Ý,du A�¢Ý
,·�

k x̄T AT = λ̄ x̄T .Ïd x̄T AT Ax = λ̄ x̄T ·λx = |λ |2x̄T x. l
 x̄T x = |λ |2x̄T x.

eP x = (x1,x2, · · · ,xn)
T ,K x̄T x =

n
∑

i=1
|xi|2 > 0,Ï�A��þØ´"�þ.¤±

|λ |2 = 1,= |λ |= 1.

k
IO��Ä,?¿�þ3Ùe��I�±ÏLSÈ�B¼�.

·K7.2.5. �u1, . . . ,un�Rn��|IO��Ä,K?¿a ∈ Rn,

a = (a,u1)u1 +(a,u2)u2 + . . .+(a,un)un. (7.21)

y². �

a = c1u1 + c2u2 + . . .+ cnun,

òþªü>�ui�SÈ,du1, . . . ,un�ü ��5�,

(a,ui) = c1(u1,ui)+ . . .+ ci(ui,ui)+ . . .+(un,ui) = ci.

·K�y.

e¡ïÄ��f�m.

½Â7.2.3. �W1,W2´î¼�mRn�f�m.é�þa∈Rn,ea⊥ bé?¿b∈W1¤

á, K¡a�f�mW1��, P�a ⊥ W1. eé?¿a ∈ W1, b ∈ W2Ñka ⊥ b, K

¡W1�W2��,P�W1 ⊥W2.

½Â7.2.4. �W1,W2´î¼�mRn�f�m.K�þ8Ü

W1 +W2 := {a+b |a ∈W1,b ∈W2}

�´Rn�f�m(�Öög1�y),·�¡��f�mW1�W2�Ú.XJW1,W2�

÷vW1∩W2 = {0},K¡ÚW1 +W2��Ú,P�W1⊕W2.

½n7.2.6. �W´î¼�mRn�f�m,K�þ8Ü

W⊥ := {a ∈ Rn |a⊥W}

´Rn�f�m,�kRn =W ⊕W⊥.¡W⊥�W���Ö�m.
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y². kyW⊥´f�m.¢Sþ,�a,b ∈W⊥9λ ,µ ∈R,Ké?¿c ∈W , (a,c) = 0,

(b,c) = 0.u´

(λa+µb,c) = λ (a,c)+µ(b,c) = 0,

=λa+µb ∈W⊥.Ïd, W⊥�f�m.

�e5y², W ∩W⊥ = 0.¢Sþ,�a ∈W ∩W⊥,K(a,a) = 0,l
a = 0.d=,

W ∩W⊥ = 0.

��`², Rn = W ⊕W⊥. �d�a1, . . . ,ar�W��|Ä. é?¿x ∈W⊥, K

k(ai,x) = aT
i x = 0, i = 1,2, . . . ,r.= 

aT
1
...

aT
r

x = 0.

W⊥=þã�5�§|�)8,Ïd´��n− r��f�m.�ar+1, . . . ,an�W⊥�

�|Ä,e¡·�y²a1,a2, . . . ,an�Rn��|Ä,l
 Rn = W ⊕W⊥. ¢Sþ,b

�

λ1a1 + . . .+λrar + . . .+λnan = 0.

K

λ1a1 + . . .+λrar =−λr+1ar+1− . . .−λnan ∈W ∩W⊥ = {0},

�

λ1a1 + . . .+λrar = 0, −λr+1ar+1− . . .−λnan = 0.

l
λi = 0, i = 1,2, . . . ,n,=a1,a2, . . . ,an�5Ã'.Ï
a1,a2, . . . ,an�Rn ��|Ä.

~7.2.2. �a = (1,0,1,0)T , b = (0,1,0,1)T , W = 〈a,b〉 ⊂ R4.¦W⊥��|Ä.

). �x = (x1,x2,x3,x4)
T ∈W⊥.Kda ·x = 0, b ·x = 0�{

x1 + x3 = 0

x2 + x4 = 0

±¦�þã�5�§|�ü��5Ã')�x = (1,0,−1,0)T9(0,1,0,−1)T ,§�

�¤W⊥��|Ä.

�e5ïÄ�þ3f�mþ���ÝK.

½Â7.2.5. �W´î¼�mRn�f�m, x ∈ Rn. XJ�þy ∈W÷vx−y ⊥W ,K

¡y��þx3Wþ���ÝK,P�y = Px.
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x

y

z

x

Px

O

ã 7.1 �þ���ÝK

ã 7.1�Ñ
�þ3f�mÝK�~f.w,,ex ∈W ,KPx = x.

½n7.2.7. �W´î¼�mRn�f�m, u1,u2, . . . ,ur´W��|IO��Ä.Ke

�(Ø¤á:

1. é?¿x ∈ Rn, x3Wþ���ÝK�3��,�

Px = (x,u1)u1 +(x,u2)u2 + . . .+(x,ur)ur. (7.22)

2. é?¿y ∈W,

|x−y| ≥ |x−Px|.

�Ò¤á��=�y = Px.

y². 1. kyÝK���5. �y1,y2 ∈W´x3Wþ���ÝK, Kx− y1 ⊥W ,

x−y2 ⊥W .u´y1−y2 = (x−y2)− (x−y1)⊥W .
y1−y2 ∈W ,�y1 = y2.

�Px = c1u1 + c2u2 + . . .+ crur.dx−Px⊥W ,�

(x−Px,ui) = 0, i = 1,2, . . . ,r.

=

(x,ui) = (Px,ui) = ci.

Ïd

Px = (x,u1)u1 +(x,u2)u2 + . . .+(x,ur)ur.
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• d��½n,

|x−y|2 = |(x−Px)+(Px−y)|2 = |x−Px|2 + |Px−y|2 ≥ |x−Px|2.

þª�Ò¤á��=�y = Px.

þã½nL²,é?¿�þx∈Rn, x3f�mWþ���ÝKPxÒ´x�W¥

ål����þ.

e¡·����~f.

~7.2.3. �W = 〈(1,1,0),(1,0,−1)〉´î¼�mR3�f�m.¦�þ(2,1,3)3Wþ�

��ÝK.

){�. ò�þ|(1,1,0),(1,0,−1)��z�u1 =
1√
2
(1,1,0), u2 =

1√
6
(1,−1,−2). §

��¤W��|IO��Ä.u´�þx = (2,1,3)3Wþ���ÝK�

Px = (x,u1)u1 +(x,u2)u2 =
3
2
(1,1,0)− 5

6
(1,−1,−2) =

1
3
(2,7,5) .

){�. -a1 = (1,1,0), a2 = (1,0,−1).��þx = (2,1,3)3Wþ���ÝK�Px =

c1a1 + c2a2,ùpc1,c2��½~ê.Kdx−Px⊥W�

(x− c1a1 + c2a2,a1) = 0, (x− c1a1 + c2a2,a2) = 0.

þª= (a1,a1)c1 +(a1,a2)c2 = (x,a1)

(a2,a1)c1 +(a2,a2)c2 = (x,a2)

òa1,a2,x�\þª)�c1 =
7
3 ,c2 =−5

3 .Ïd,�þx = (2,1,3)3Wþ���ÝK�

Px = c1a1 + c2a2 =
7
3
(1,1,0)− 5

3
(1,0,−1) =

1
3
(2,7,5) .

~7.2.4. �A ∈ Rm×n, b ∈ Rm, �A�÷�. ¦�5�§|Ax = b����¦), =

¦x ∈ Rn¦�|Ax−b|����.
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). e�5�§|Ax = bk)x,Kxw,´T�5�§|����¦). e��

5�§|Ax = bÃ),=b 6∈ C(A), ùpC(A)´Ý
A���m. e|Ax−b|���
�,d½n 7.2.79Ax∈C(A)�, Ax�´b3C(A)þ���ÝK,=Ax−b⊥C(A).u

´AT (Ax−b) = 0.=

(AT A)x = AT b.

duA�÷�, r(AT A) = r(A) = n. l
þã�5�§|k��)x = (AT A)−1AT b.

§Ò´�5�§|Ax = b����¦).

§7.3 Rnþ��5C�

duk
SÈ, î¼�mQ�3
�5�m��ê5�, qäkAÛ5�.

�!·�a,��´@
�Ýþ���'��5C�.·�Ì�?ØüaC�–

��C��é¡C�.

§7.3.1 ��C�

½Â
IOSÈ�n�î¼�mRnþ���C�Ò´d���
½Â��

5C�.�!¥, n�î¼�mRnþ�½Â
IOSÈ�¢ê|�m.

½Â7.3.1. n�î¼�mRnþ���C�½Â�A : x→ Ax,ùpx ∈ Rn, A�n��

�Ý
.

~X, ²¡þ�^=C�Ò´dÝ
A =

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
½Â���C

�.

��C�k±e�d`{.

½n7.3.1. �A : x→ Ax´n�î¼�mRnþ��5C�.Ke�·K�d:

1. A´��C�;

2. é?¿x ∈ Rn, |A x|= |x|;

3. é?¿x,y ∈ Rn, (A x,A y) = (x,y).

4. Aò�|IO��ÄC�,�|IO��Ä.

5. A3?�|IO��Äe�Ý
����
.



232 1ÔÙ SÈ�m9C�

Proof. 1⇒ 2.du

|A x|2 = (A x,A x) = (Ax)T Ax = xT AT Ax = xT x = (x,x) = |x|2

�|A x|= |x|.
2⇒ 3.��¡,

|A (x+y)|2 = (A (x+y),A (x+y))

= (A x,A x)+2(A x,A y)+(A y,A y)

= |A x|2 +2(A x,A y)+ |A y|2,

,��¡,
|x+y|2 = (x+y,x+y) = (x,x)+2(x,y)+(y,y)

= |x|2 +2(x,y)+ |y|2,

dA (x+y)|= |x+y|, A x|= |x|, A y|= |y|�,

(A x,A y) = (x,y).

3⇒ 4.�u1,u2, . . . ,un´Rn��|IO��Ä,Kd

(A ui,A u j) = (ui,u j) = δi j

�, A ui, i = 1,2, . . . ,n��Rn��|IO��Ä.

4⇒ 5.

�u1,u2, . . . ,un´Rn�?�|(�)IO��Ä, A3T|Äe�Ý
�Ã.K

(A u1,A u2, . . . ,A un) = A (u1,u2, . . . ,un) = (u1,u2, . . . ,un)Ã.

duA u1,A u2, . . . ,A un�´�|IO��Ä,�(u1,u2, . . . ,un)�(A u1,A u2, . . . ,A un)þ

����
.l


Ã =
(
A u1 A u2 . . . A un

)(
u1 u2 . . . un

)−1

�����
.

5⇒ 1.

Rn�ü �I�þ��|IO��Ä,ÏdA3ü �I�þe�Ý
A�

´���
,l
A´��C�.

dþã½n��,��C�Ò´�±Ýþ(SÈ!�Ý�Y�)ÑØC�C�,

�Ò´�«fNC�,X^=C�,��C��.
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½n7.3.2. ��C�ke�5�:

1. ðÓC�´��C�;

2. ü���C��EÜ´��C�;

3. ��C��_C�´��C�;

4. ��C��1�ª���1½−1;

5. ��C��A������1.

��C��5�d��Ý
û½,�ÖögC�¤þã½n�y².

e¡·�äNww���n�î¼�m¥���C�.

~7.3.1. (½R2þ���C�.

). �A´R2þ���C�: x→ Ax,Ù¥A������
.w,,

A =

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
½ A =

(
cos(θ) sin(θ)

sin(θ) −cos(θ)

)

�A =

(
cos(θ) −sin(θ)

sin(θ) cos(θ)

)
�, A´²¡^=C�.d�, det(A ) = 1,�A�A

���cos(θ)± sin(θ).

�A =

(
cos(θ) sin(θ)

sin(θ) −cos(θ)

)
�, det(A ) =−1, A�A���±1.N´�y,é?

¿a,C�Aò(a,0)C�(acos(θ),asin(θ)),¿ò(acos(θ),asin(θ))C�(a,0). Ïd,

A´'uL�:��x¶��Y��θ/2���l���C�.

�A���C�.edet(A ) = 1,K¡A�1�a��C�;edet(A ) =−1,K

¡A�1�a��C�.

~7.3.2. �A�R3þ�1�a��C�.y²: A´7L�:�,���^=C

�.

y². ��5C� A�x → Ax, Ù¥A�n����
. �A�n�A��©

O�λ1,λ2,λ3. duA´1�a��C�, �det(A ) = λ1λ2λ3 = 1. e¡y²,

λ1,λ2,λ3��k���1.

¢Sþ,dung¢Xêõ�ª7k¢�,Ïdλi, i = 1,2,3¥��k���

¢ê.·��Äü«�¹:
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1. λi, i = 1,2,3þ�¢ê. du|λi| = 1, i = 1,2,3�λ1λ2λ3 = 1,Ïd��k��λi

�1,Ø��λ1 = 1.ÄK, λ1λ2λ3 =−1.

2. λ1�¢ê, λ2,λ3��é�ÝEê,Kλ2λ3 = 1.l
, λ1 = 1.

�x1´éAA��λ1 = 1�A��þ,=A x1 = x1.u´AÒ´7x1�^=C�.

§7.3.2 é¡C�

�e5·�?Øé¡C�. Rnþ�é¡C�Ò´dé¡�
½Â�C�.

½Â7.3.2. n�î¼�mRnþ�é¡C�½Â�A : x→ Ax,ùpx ∈ Rn, A�n�¢

é¡�
.

é¡C�ke��d`{.

½n7.3.3. �A : x→ Ax´n�î¼�mRnþ��5C�.Ke�·K�d:

1. A´é¡C�;

2. é?¿x,y ∈ Rn, (A x,y) = (x,A y);

3. A3?�|IO��Äe�Ý
´¢é¡�
.

y². : 1⇒ 2.é?¿x,y ∈ Rn,

(A x,y) = (Ax)T y = xT AT y = xT Ay = (x,A y).

2⇒ 3.�u1,u2, . . . ,un�Rn��|(�)IO��Ä, A3T|Äe�Ý
�Ã =

(ãi j)n×n.K

(A u1,A u2, . . . ,A un) = A (u1,u2, . . . ,un) = (u1,u2, . . . ,un)Ã,

u´

Ã =


uT

1
...

uT
n

(A u1,A u2, . . . ,A un) =


(u1,A u1) (u1,A u2) · · · (u1,A un)

(u2,A u1) (u2,A u2) · · · (u2,A un)
...

...
...

...

(un,A u1) (un,A u2) · · · (un,A un)


d(A ui,u j) = (ui,A u j)=�, Ã�é¡�
.

3⇒ 1.

Rn�ü �I�þ��|IO��Ä,ÏdA3ü �I�þe�Ý
A�

´¢é¡�
,l
A´é¡C�.
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�e5·�wwé¡C��A5.�d,ky²ü�ý�(Ø.

·K7.3.4. ¢é¡�
�A��þ�¢ê.

y². �A�n�¢é¡�
, λ´A�A��, x´éAA��þ,KAx = λx. éT

ªü>��Ý=��x̄T A = λ̄ x̄T .éc�ªü>�¦x̄T ,é��ªü>m¦x�

x̄T Ax = λ x̄T x, x̄T Ax = λ̄ x̄T x.

u´(λ̄ − λ )x̄T x = 0. �x = (x1,x2, . . . ,xn)
T 6= 0, Kx̄T x = ∑

n
i=1 |xi|2 > 0. l
λ̄ = λ ,

=λ�¢ê.

·K7.3.5. ¢é¡�
�ØÓA��éA�A��þ*d��.

y². �A�n�¢é¡�
, λ1,λ2´A�ü�Ø�Ó�¢A��, x1,x2´éA�

A��þ,=

Ax1 = λ1x1, Ax2 = λ2x2.

u´

λ1(x1,x2) = (Ax1,x2) = (x1,Ax2) = λ2(x1,x2).

Ï�λ1 6= λ2,¤±(x1,x2) = 0,=x1Úx2�p��.

k
þ¡�ý��£,·��±y²¢é¡�
�±e­�(Ø.

½n7.3.6. éu?¿n�¢é¡
A, �3��n���
T , ¦�T−1AT =

diag(λ1,λ2, . . . ,λn).ùpλ1,λ2, . . . ,λn´A�A��.

y². éÝ
A��ên^êÆ8B{. �n = 1�,(Øw,¤á. yb�n− 1�

(Ø¤á.y3wn��/,d·K 7.3.4�A�A��Ñ´¢ê,�λ1´A���A

��.x1´áuλ1�ü A��þ.KdSchmidt��z��,�±òx1*¿¤Fn�

�|IO��Äx1,x2, · · · ,xn.

-Tn = (x1,x2, · · · ,xn),KTn´����Ý
.5¿�A´é¡
,KT−1
n ATn´é

¡�.|^Ax1 = λ1x1±9x1�xi(2≤ i≤ n)���5k

T−1
n ATn = (x1, . . . ,xn)

T (λ1x1,Ax2, · · · ,Axn) =

(
λ1 0

0 An−1

)
,

Ù¥An−1´n − 1�¢é¡
, d8Bb�, �3n − 1���
Tn−1, ¦

�T−1
n−1An−1Tn−1 = diag(λ2,λ3, · · · ,λn).
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-T = Tn

(
1 0

0 Tn−1

)
,w,TE,´��
,�k

T−1AT =

(
1 0

0 Tn−1

)−1

T−1
n ATn

(
1 0

0 Tn−1

)
=

(
1 0

0 T−1
n−1

)(
λ1 0

0 An−1

)(
1 0

0 Tn−1

)

=

(
λ1 0

0 T−1
n−1An−1Tn−1

)
= diag(λ1,λ2, · · · ,λn).

½ny..

e¡·�±��äN¢~`²é¡�
é�z��{.

~7.3.3. �A =


1 2 2

2 1 2

2 2 1

,¦��
T ,¦T−1AT�é�
.

). Ý
A�A�õ�ª�

pA(λ ) = det(λ I−A) =

∣∣∣∣∣∣∣∣
λ −1 −2 −2

−2 λ −1 −2

−2 −2 λ −1

∣∣∣∣∣∣∣∣= (λ −5)(λ +1)2.

�A�A���λ1 = 5, λ2 =−1(�­).

éuλ1 = 5,¦)

(5I−A)x = 0

�A��þx1 = (1,1,1)T ,r§ü z�e1 =
1√
3
(1,1,1)T .

éuλ2 =−1,¦)

(−I−A)x = 0

�A��þx2 = (−1,1,0)T , x3 = (−1,0,1)T .r§�IO��z�e2 =
1√
2
(−1,1,0)T ,

e3 =
1√
6
(−1,−1,2)T .

-

T = (e1,e2,e3) =


1/
√

3 −1/
√

2 −1/
√

6

1/
√

3 1/
√

2 −1/
√

6

1/
√

3 0 2/
√

6

 ,

KT�����Ý
,�k

T−1AT =


5

−1

−1

 .
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d½n 7.3.6,·�=���é¡C��Ì�A5.

½n7.3.7. �A´î¼�mRnþ�é¡C�.K

1. A�A��þ�¢ê;

2. A�ØÓA��éA�A��þ*d��;

3. �3Rn��|IO��Äu1,u2, . . . ,un, ¦�A3ù|Äe�Ý


�diag(λ1,λ2, . . . ,λn),ùpλ1,λ2, . . . ,λn�A�A��.

y². (Ø1, 2´·K 7.3.4�7.3.5�w,íØ.e¡·�y(Ø3.

�Ad¢é¡�
A½Â: x→ Ax.KA3g,Äe1,e2, . . . ,ene�Ý
�A,=

A (e1,e2, . . . ,en) = (e1,e2, . . . ,en)A.

d½n 7.3.6�,�3���
T¦�A = T ΛT−1,Ù¥Λ = diag(λ1,λ2, . . . ,λn).u´

A ((e1,e2, . . . ,en)T ) = (e1,e2, . . . ,en)T Λ.

-(u1,u2, . . . ,un) = (e1,e2, . . . ,en)T . duT´���
, Ku1,u2, . . . ,un ´Rn��|

IO��Ä,�k

A (u1,u2, . . . ,un) = (u1,u2, . . . ,un)Λ.

þã½nL², A ui = λiui, i = 1,2, . . . ,n. �Ò´`,é¡C�Ò´÷n�p�

���A����� (eλi > 0)\��(eλi < 0).

§7.4 ���î¼�m

�!·�òê|SÈ�m�(Jí2�����5�mþ.

§7.4.1 ��î¼�m�½Â�5�

�V´¢ê�Rþ��5�m, XJ·�3VþÚ?SÈÒ�±�����

î¼�m. Óê|�mRnØÓ,·�Ã{��3���5�mVþ�ÑSÈ�ú

ªL«,·��U�âSÈ¤äk�5�5½ÂSÈ.

½Â7.4.1. �V´¢ê�Rþ��5�m,XJV¥?¿ü��þαÚβÑU,�{

KéAu��¢ê,P�(α,β ),�÷v
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(1) é¡5:=é?¿ü��þα,β ∈V ,k

(α,β ) = (β ,α) (7.23)

(2) �55:=é?¿��¢êλÚ?¿n��þα,β ,γ ∈V ,k

(λα,β ) = λ (α,β ) (7.24)

(α +β ,γ) = (α,γ)+(β ,γ) (7.25)

(3) �½5:=éu?¿���þα ∈V ,k(α,α)≥ 0,�Ò¤á��=�α = θ .

K¡(α,β )��þαÚβ�SÈ, ½Â
SÈ�¢ê�Rþ��5�mV¡�îA

p�(Euclid)�m,{¡î¼�m.

w,, ���î¼�m´Rn�í2. �duüöSÈ5�����, Ï

dRnþ�k'nØÑ�±²1í2���î¼�mþ. e¡, ·���Qãk

'(Ø.

½n7.4.1. [Cauchy-SchwarzØ�ª]�V´î¼�m, (·, ·)´V�SÈ,KéV¥�

?¿ü��þαÚβ ,k

|(α,β )| ≤
√
(α,α)(β ,β ). (7.26)

½Â7.4.2. �V´î¼�m, (·, ·)´V�SÈ,éu?¿�α ∈V ,¡

|α|=
√

(α,α) (7.27)

¡�α��Ý½�.e|α| = 1, K¡α�ü �þ. éuî¼�mV¥ü��"�

þαÚβ ,½Â§��m�Y��

θ = arccos
(α,β )

|α||β |
. (7.28)

AO,�(α,β ) = 0�,¡�þαÚβ��½R�,P�α ⊥ β .

��î¼�m¥Ó�k��½n

|α +β |2 = |α|2 + |β |2⇔ (α,β ) = 0. (7.29)

d	,|^Cauchy-SchwarzØ�ª�±y²e�n�Ø�ª

|α +β | ≤ |α|+ |β |. (7.30)

e¡·��ÑA���î¼�m�äN~f.
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~7.4.1. éu¢ê�þ?Û��n��5�mV ,�½V��|Äα1,α2, . . . ,αn.é?

¿�þ

α = a1α1 +a2α2 + · · ·+anαn, β = b1α1 +b2α2 + · · ·+bnαn,

½Â§��SÈXe

(α,β ) = a1b1 +a2b2 + · · ·+anbn.

N´�y, þã½Â÷vSÈ�n^Ä�5�. 3þãSÈe, V¤���î¼

�m.

þã~f`²,¢ê�þn��5�mV�SÈ´�½�3�,l
�±�E

�A�î¼�m.

~7.4.2. �C[a,b]´4«m[a,b]þ¢�ëY¼ê��N, §´¢ê�þ��5�

m.éu?¿� f ,g ∈C[a,b],½Â

( f ,g) =
∫ b

a
f (x)g(x)dx.

N´�y,§÷vSÈ½Â¥�(1)Ú(2).XJ

( f , f ) =
∫ b

a
f 2(x)dx = 0,

KdëY¼ê�5��� f ≡ 0, ¤±(3)�÷v.Ïd, ( f ,g) ½Â
C[a,b]þ�S

È.éA�Cauchy-SchwarzØ�ª�∣∣∣∣∫ b

a
f (x)g(x)dx

∣∣∣∣≤
√∫ b

a
f 2(x)dx

√∫ b

a
g2(x)dx.

§7.4.2 IO��Ä

��î¼�m�SÈ¿vk��äNúª. ��·��½�m��|

Äα1,α2, . . . ,αn�,SÈ�±^Ý
/ªL«.¢Sþ,�

α =
n

∑
i=1

xiαi, β =
n

∑
i=1

yiαi,

K

(α,β ) =
n

∑
i=1

n

∑
j=1

xiy j(αi,α j) = xT Gy, (7.31)

Ù¥x = (x1,x2, . . . ,xn)
T , y = (y1,y2, . . . ,yn)

T , G = ((αi,α j))n×n´ÝþÝ
, �¡

�Gram 
. dSÈ��½5�, G ´¢é¡�½�
. 5¿�, þª�î¼�

mRn�SÈ½Â(7.4)��.
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AO/,�G = I,=(αi,α j) = δi j�,

(α,β ) = xT y. (7.32)

½Â7.4.3. �α1,α2, . . . ,αn�î¼�mV��|Ä,e(αi,α j) = δi j, i, j = 1,2, . . . ,n,K

¡α1,α2, . . . ,αn�V��|IO��Ä.

½n7.4.2. (Schmidt��z)ln�î¼�mV�?¿�|Äα1,α2, . . . ,αnÑu,�±

�E�|IO��Äβ1,β2, . . . ,βn¦�{α1, . . . ,αk} ∼ {β1, . . . ,βk}, k = 1,2, . . . ,n.

½Â7.4.4. �W1,W2´î¼�mV�f�m.é�þα ∈V ,eα ⊥ βé?¿β ∈W1¤

á, K¡α�f�mW1��, P�α ⊥W1. eé?¿α ∈W1, β ∈W2Ñkα ⊥ β , K

¡W1�W2��,P�W1 ⊥W2.

½n7.4.3. �W´î¼�mV�f�m,K�þ8Ü

W⊥ := {α ∈V |α ⊥W}

´V�f�m,�kV =W ⊕W⊥.¡W⊥�W���Ö�m.

½Â7.4.5. �W´î¼�mV�f�m, α ∈ V . XJ�þβ ∈W÷vα −β ⊥W ,K

¡β��þα3Wþ���ÝK,P�β = Pα .

½n7.4.4. �W´î¼�mV�f�m, α1,α2, . . . ,αr´W��|IO��Ä.Ke

�(Ø¤á:

1. é?¿α ∈V , α3Wþ���ÝK�3��,�

Pα = (α,α1)α1 +(α,α2)α2 + . . .+(α,αr)αr.

2. �α ∈V .Ké?¿β ∈W,

|α−β | ≥ |α−Pα|.

�Ò¤á��=�β = Pα .

~7.4.3. �C[−π,π]´~ 7.4.2¥½Â�î¼�m. -W = 〈1,cosx,sinx, . . . ,cos(nx),

sin(nx)〉�C[−π,π]�f�m.N´�y,

1√
2π

,
1√
π

cosx,
1√
2π

sinx, . . . ,
1√
2π

cos(nx),
1√
2π

sin(nx)
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�W��|IO��Ä.Ïd, f (x) ∈C[−π,π]3f�mWþ���ÝK�

a0

2
+a1 cos(x)+b1 sin(x)+ . . .+an cos(nx)+bn sin(nx),

Ù¥

ak =
1
π
( f (x),cos(kx))=

1
π

∫
π

−π

f (x)cos(kx)dx, bk =
1
π
( f (x),sin(kx))=

1
π

∫
π

−π

f (x)sin(kx)dx.

k = 1,2, . . . ,n.ù�ª f (x)�Fourier?ê�cn��Ú.

§7.4.3 ��C��é¡C�

�e5,·�ïÄ��î¼�mþ���C��é¡C�.ù��ÿ,·�

´lC����A�5½Â.

½Â7.4.6. �V´��n��î¼�m, A´Vþ����5C�,XJA�±V�

SÈØC,=éu?¿�ü��þα,β ∈VÑk

(A α,A β ) = (α,β ). (7.33)

K¡A´VS���C�.

½n7.4.5. �V´��n��î¼�m, A´Vþ����5C�, Ke�·K�

d:

1. A���C�;

2. A�±?¿�þ���ØC¶

3. AòIO��ÄC��IO��Ä;

4. A3?�|IO��Äe�Ý
���Ý
.

y². 1⇔ 291⇒ 3�½n 7.3.1�y²��.·�=y²3⇒ 494⇒ 1.

3⇒ 4.�α1,α2, . . . ,αn´î¼�mV�IO��Ä, A3T|Äe�Ý
�A=

(ai j), A��©O�A1,A2, . . . ,An.K

(A α1,A α2, . . . ,A αn) = (α1,α2, . . . ,αn)A

½

A α j = (α1,α2, . . . ,αn)A j =
n

∑
i=1

ai jαi, j = 1,2, . . . ,n
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u´

δi j = (A αi,A α j) =

(
n

∑
l=1

aliαl,
n

∑
k=1

ak jαk

)
=

n

∑
l,k=1

aliak jδlk =
n

∑
k=1

akiak j = AT
i A j,

=A´���
.

4⇒ 1.�α1,α2, . . . ,αn´V��|IO��Ä, A3T|Äe�Ý
A��.K

(A αi,A α j) = AT
i A j = δi j, i, j = 1,2, . . . ,n

u´éV¥?¿ü��þ

α =
n

∑
i=1

aiαi, β =
n

∑
i=1

biαi

k

(A α,A β ) =

(
A

(
n

∑
i=1

aiαi

)
,A

(
n

∑
i=1

biαi

))
=

n

∑
i, j=1

aib j(A αi,A α j)

=
n

∑
i, j=1

aib jδi j =
n

∑
i=1

aibi = (α,β ).

=A´��C�.

��î¼�mþ���C�äkRnþ���C����5�, ��½n

7.3.2.

�A´î¼�mVþ���C�,Kdet(A ) = ±1. edet(A ) = 1,K¡A�1

�a��C�;edet(A ) =−1,K¡A�1�a��C�;

·K7.4.6. �A´î¼�mVþ�1�a��C�,�V��ê�Ûê. KA�½

kA��1.

y². duA´1�a��C�,¤±§�¤kA��¦È�1. Ï�V��ê�

Ûê,�pA (λ )�Ûêgõ�ª,l
7k¢�.,��¡,dupA (λ )�E�¤é

�ÝÑy,�?�é�ÝE�µ, µ̄�¦È�µµ̄ = |µ|2 = 1,�pA (λ )�½kÛê�

¢�,�Ù¦È�1.l
7k��A���1.

�e50�é¡C�.

½Â7.4.7. �V´n�î¼�m, A´Vþ��5C�.XJA÷v

(α,A β ) = (A α,β ) (7.34)

éV¥?¿ü��þαÚβ¤á,K¡A´Vþ�é¡C�.
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½n7.4.7. �A´î¼�mþ��5C�, KA´é¡C��¿©7�^�

´A3?Û�|IO��Äe�Ý
A´¢é¡�
.

y². �α1,α2, . . . ,αn´V¥�IO��Ä, A= (ai j)´é¡C�A3ù|Äe�Ý


,=

(A α1,A α2, . . . ,A αn) = (α1,α2, . . . ,αn)A

½�¤

A α j = a1 jα1 + · · ·+an jαn =
n

∑
i=1

ak jαk.

Ïd,

(αi,A α j) = (αi,
n

∑
k=1

ak jαk) =
n

∑
k=1

ak j(αi,αk) = ai j,

(A αi,α j) = (
n

∑
k=1

akiαk,α j) =
n

∑
k=1

aki(αk,α j) = a ji.

±þüª���ai j = a ji.

��,XJA3IO��Äe�Ý
A = (ai j)÷vai j = a ji,K

(αi,A α j) = (A αi,α j).

Ïd,éu?¿ü��þ

α =
n

∑
i=1

aiαi, β =
n

∑
j=1

b jα j

k

(α,A β ) =
n

∑
i, j=1

aib j(αi,A α j) =
n

∑
i, j=1

aib j(A αi,α j) = (A α,β ).

=A´é¡C�.

½n7.4.8. �A´î¼�mVþ�é¡C�,KA�A��þ�¢ê,�ØÓA�

�éA�A��þ�p��.

y². d½n 7.4.7, A3�|IO��Äe�Ý
�¢é¡�
,l
ÙA��

�¢ê.ØÓA��éAA��þ���5�y²Ó·K 7.3.5.

½n7.4.9. �A´n�î¼�mVþ�é¡C�, K�3V��|IO��

Äα1,α2, . . . ,αn¦�A αi = λiαi, i = 1,2, . . . ,n.ùpλ1,λ2, . . . ,λn�A �A��.
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y². �β1,β2, . . . ,βn´V��|IO��Ä, A3T|Äe�Ý
�¢é¡

�
, P�A. d½n, �3�_�
T¦�A = T diag(λ1,λ2, . . . ,λn)T−1.

P(α1,α2, . . . ,αn) = (β1,β2, . . . ,βn)T ,K

A (α1,α2, . . . ,αn) = A ((β1,β2, . . . ,βn)T )

= A (β1,β2, . . . ,βn)T = (β1,β2, . . . ,βn)AT

= (β1,β2, . . . ,βn)T diag(λ1,λ2, . . . ,λn)

= (α1,α2, . . . ,αn)diag(λ1,λ2, . . . ,λn).

Ïd, A αi = λiαi, i = 1,2, . . . ,n.

§7.5 j�m*

îAp��m´¢ê�þ��5�mC�þSÈ(½ö`Ýþ)�/¤�.g

,¬¯,�Äòù
(Jí2�Eê�þ��5�m,/¤�«Eê�þ�Ýþ

�m?�Y´�1�.

§7.5.1 j�m�Ä�Vg*

�Cn�Eê�Cþ�n�ê|�m. XÛ3CnþÚ?SÈ¦�ÙäkÝþ?

��g,��{´^Rn���SÈ,=éa = (a1,a2, . . . ,an)
T ,b = (b1,b2, . . . ,bn)

T ∈
Cn,½Â

(a,b) = a1b1 +a2b2 + . . .+anbn.

K(a,a) = ∑
n
i=1 a2

i . d�,·�ØU�y(a,a) ≥ 0,l
Ã{½Âa��ê. Ïd,î

¼�m�SÈ½ÂØ·Üí2�Eê�þ��5�m. �XJ·�éþãSÈ

úª��:?U,Ò�±�y(a,a)≥ 0.¯¢þ,·�Ú\SÈ

(a,b) = ā1b1 + ā2b2 + . . .+ ānbn = a∗b, (7.35)

ùpa∗ = āT = (ā1, ā2, . . . , ān)L«�þa��Ý=�.K(a,a) = ∑
n
i=1 |ai|2 ≥ 0.���

/,·��±½Âü��þ�SÈ

(a,b) = a∗Hb, (7.36)

Ù¥�
H ∈ Cn×n÷v:

(1) H´Hermite�
,=H∗ = H.ùpH∗L«H��Ý=�H̄T .

(2) H�½,=é?¿x ∈ Cn, x∗Hx≥ 0,��Ò¤á��=�x = 0.
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½Â7.5.1. ½Â
SÈ (7.36)�ê|�mCn¡�j�m.

w,SÈ (7.35)´SÈ (7.36)�AÏ�/(H = I).·�¡ (7.35)�IOSÈ.X

ÃAO`²,j�mCn¥�SÈÑ�IOSÈ.

§7.5.2 j�m�Ä�5�*

j�m�SÈ5��î¼�mSÈ�5�k�q5,��k
ØÓ.

½n7.5.1. j�mSÈäk±e5�

(1) �Ýé¡5:=é?¿ü��þa,b ∈V ,k

(a,b) = (b,a). (7.37)

(2) �Ý�55:=é?¿��EêλÚ?¿n��þa,b,c ∈V ,k

(a,λb) = λ (a,b), (a,b+ c) = (a,b)+(a,c) (7.38)

(λa,b) = λ̄ (a,b), (a+b,c) = (a,c)+(b,c). (7.39)

(3) �½5:=éu?¿���þa ∈V ,k(a,a)≥ 0,�Ò¤á��=�a = 0.

y². �ÖögC�¤y².

SÈ��Ý�5L²,SÈ'u1��Cþ´�5�,�'u1��CþØ

´�5�,
´¤¢��Ý�5�,=k

(λ1a+λ2b,c) = λ1(a,c)+λ2(b,c),

(a,λ1b+λ2c) = λ1(a,b)+λ2(a,c).

��/,·�k (
k

∑
i=1

λiai,
m

∑
j=1

µ jb j

)
=

k

∑
i=1

m

∑
j=1

λiµ j(ai,b j). (7.40)

aqî¼�m,k
SÈÒ�±½Âj�m¥�þ��Ý½�.

½Â7.5.2. �þa��Ý(�)½Â�

|a|=
√

(a,a). (7.41)
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,
éuj�m,du?Ûü��þ�m�SÈ(a,b)Ø2´��¢ê,¤±

Ã{½Âü��þ�m�Y�. ù´j�mÚî¼�m�m���­�«O�

¦+Xd,·�E,�±½Âj�m¥�þ�m�/��0½ö/R�0�Vg.

½Â7.5.3. j�m¥ü��þaÚb÷v(a,b) = 0, K¡a�b�p��½R�, P

�a⊥ b.

2grN,ùp�/��0½ö/R�0,==´�SÈ�u",
Ø´Y�

�u90◦,Ï�ùpvkY��Vg.�î¼�m¥��9��5�(Jþ�£�

�j�m¥.~X,�±�Äf�m��p��5±9f�m���Ö�m.

½n7.5.2. �Cn´n�j�m,K

(1) Cn¥üü����|�"�þ�½´�5Ã'�¶

(2) Cn¥�3IO��Ä,=�3�|Äu1,u2, . . . ,un,÷v

(ui,u j) = δi j, i, j = 1,2, . . . ,n

(3) lj�m¥?Û�|ÄÑu,�±ÏLSchmidt��zL§,���|IO�

�Ä.

Öö�±g1�¤þã½n�y².e¡, ·�^��~f`²j�m

�Schmidt��zL§. T��z�{�î¼�m�þ|���z����, �

´3SÈ�O���5¿^j�m�SÈ
Ø´î¼�m�SÈ.

~7.5.1. òC3��|Äa1 = (1, i,1), a2 = (−1,0,1)�a3 = (0,1, i)ü ��z.

). Äkòa1ü z�

u1 =
a1

|a1|
=

1√
3
(1, i,1).

-b2 = a2− (a2,u1)u1 = (−1,0,1),K(b2,u1) = 0.òb2ü z�

u2 =
b2

|b2|
=

1√
2
(−1,0,1).

-b3 = a3− (a3,u1)u1− (a3,u2)u2 =
1
2(i,2, i),K(b3,u1) = (b3,u2) = 0.òb3��z�

u3 =
b3

|b3|
=

1√
6
(i,2, i).

K u1, u2, u3�C3��|IO��Ä.
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�â 7.5.2½n,�u1,u2, . . . ,un´j�mVS��|IO��Ä,éuVS?¿

ü��þa,b

a = a1u1 +a2u2 + · · ·+anun, b = b1u1 +b2u2 + · · ·+bnun,

k

(a,b) =

(
n

∑
i=1

aiui,
n

∑
j=1

b ju j

)
=

n

∑
i=1

n

∑
j=1

aib j(ui,u j)

=
n

∑
i=1

n

∑
j=1

δi jaib j =
n

∑
i=1

aibi.

�Ò´`,3j�m��|IO��Äe,SÈ�L«�IOSÈ´���.

½Â7.5.4. �W1,W2´j�mCn�f�m.é�þx∈Cn,ex⊥ yé?¿y∈W1¤á,

K¡x�f�mW1��,P�x⊥W1.eé?¿x∈W1, y∈W2Ñkx⊥ y,K¡W1�W2

��,P�W1 ⊥W2.

½n7.5.3. �W´î¼�mCn�f�m,K�þ8Ü

W⊥ := {a ∈ Cn |a⊥W}

´Cn�f�m,�kCn =W ⊕W⊥.¡W⊥�W���Ö�m.

½Â7.5.5. �W´î¼�mCn�f�m, x ∈ Cn. XJ�þy ∈W÷vx−y ⊥W ,K

¡y��þx3Wþ���ÝK,P�y = Px.

½n7.5.4. �W´î¼�mCn�f�m, u1,u2, . . . ,ur´W��|IO��Ä.Ke

�(Ø¤á:

1. é?¿x ∈ Cn, x3Wþ���ÝK�3��,�

Px = (x,u1)u1 +(x,u2)u2 + . . .+(x,ur)ur.

2. é?¿y ∈W,

|x−y| ≥ |x−Px|.

�Ò¤á��=�y = Px.

eLÒ�
­�5��Ñ
î¼�mÚj�m�m�é'.



248 1ÔÙ SÈ�m9C�

î¼�m j�m

SÈ(a,b)�¢ê,÷v SÈ(a,b)�Eê,÷v

(a,b) = (b,a), (a,b) = (b,a),
(λa,b) = (a,λb) = λ (a,b) (λa,b) = λ (a,b), (a,λb) = λ (a,b)

�|a|=
√
(a,a)≥ 0 �|a|=

√
(a,a)≥ 0

�þa�ü z�þ a
|a| �þa�ü z�þ a

|a|

Cauchy-SchwarzØ�ª Cauchy-SchwarzØ�ª

(a,b)2 ≤ (a,a)(b,b) (a,b)(a,b)≤ (a,a)(b,b)
=|(a,b)| ≤ |a||b|, =|(a,b)| ≤ |a||b|,

��=�a,b�5�'��Ò¤á ��=�a,b�5�'��Ò¤á

�"�þa,b�Y�ϕ = arccos (a,b)
|a||b| Ã½Â

��½n:=(a,b) = 0⇔ ��½n:=(a,b) = 0⇒
|a+b|2 = |a|2 + |b|2 |a+b|2 = |a|2 + |b|2

n�Ø�ª¤á n�Ø�ª¤á

|a+b| ≤ |a|+ |b| |a+b| ≤ |a|+ |b|
ÝþÝ
G�¢é¡Ý
 ÝþÝ
G�Hermite


�a1,a2, . . . ,an�Ä, �a1,a2, . . . ,an�Ä,

σi j = (ai,a j) = σ ji σi j = (ai,a j) = (a j,ai) = σ ji

ÝþÝ
G = (σi j) = GT ÝþÝ
H = (σi j) = H∗

^Schmidt�{�ò?�|ÄUE ^Schmidt�{�ò?�|ÄUE

�IO��Äu1,u2, . . . ,un �IO��Äu1,u2, . . . ,un

(ui,u j) = δi j, i, j = 1,2, . . . ,n (ui,u j) = δi j, i, j = 1,2, . . . ,n

3IO��Äe, (a,b) =
n
∑

i=1
aibi 3IO��Äe, (a,b) =

n
∑

i=1
aibi

a'uî¼�m¥���C�Úé¡C�,e¡ò?Øj�m¥�üa­

�C�,=jC�ÚHermiteC�.

§7.5.3 jÝ
�jC�*

jÝ
Ò´���
3Eê�þ�í2,Ïd§�5�9y²����


aq.

½Â7.5.6. �U´��n�EÝ
,XJ§÷v

U∗U =UU∗ = I, (7.42)

K¡U�jÝ
.
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��jÝ
���/ªXe

A =

(
a b

−beiθ aeiθ

)
, |a|2 + |b|2 = 1

½n7.5.5. n�E�
U´jÝ
��=�U�1(½�)�þ�¤Cn��|IO�

�Ä.

½n7.5.6. jÝ
ke�5�:

(1) ü 
´j�
.

(2) A,B�Ó�j�
,KAB��j�
.

(3) �A´j�
,KĀ, AT�A−1�´j�
.

(4) j�
�1�ª����1.

(5) j�
�A������1.

k
jÝ
Ò�±½ÂCnþ�jC�.

½Â7.5.7. �U´j�mCnþ����5C�: x→Ux, x ∈ Cn. eU´jÝ
,K

¡U�jC�.

½n7.5.7. �U´j�mCnþ��5C�,Ke�·K�d

(1) U´jC�¶

(2) U�±SÈØC,é?¿x,y ∈ Cn, (U x,U y) = (x,y);

(3) U�±�þ���ØC,=é?¿�x ∈V ,k|U x|= |x|¶

(4) Urj�m�IO��ÄC�IO��Ä¶

(5) U3IO��Äe�Ý
´jÝ
.

½n7.5.8. �U(Cn)´n�j�mCn¥¤kjC���N¤/¤�8Ü,K

(1) ü C�E ∈U(Cn)¶

(2) XJU1,U2 ∈U(Cn),KU1 ◦U2 ∈U(Cn)¶

(3) XJU ∈U(Cn),KU −1 ∈U(Cn).
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=U(Cn)3C��¦{Ú_$��e´µ4�.

½n7.5.9. j�
þj�qué�
. =�A ∈ Cn×n�j�
,K�3j�
U¦

�U−1AU = diag(eiθ1 ,eiθ2 , . . . ,eiθn),ùpeiθ1 ,eiθ2 , . . . ,eiθn�A�A��.

½n7.5.10. �U´j�mCnþ��5C�, K�3Cn��|IO��

Äu1,u2, . . . ,un¦�U (u j) = λ ju j, j = 12, . . . ,n, ùpλ j = eiθ j , j = 1,2, . . .n´U

�A��.

þãü�½n�y²�Ñ�Ö��,a,��Öö�ë�[17].

§7.5.4 HermiteÝ
�HermiteC�*

HermiteÝ
´¢é¡�
3Eê�þ�í2.

½Â7.5.8. n�E�
H¡�HermiteÝ
,XJH÷vH∗ = H.

~X, H =

(
1 1+ i

1− i −1

)
Ò´Hermite
. Hermite
k±e5�.

·K7.5.11. Hermite�
�A��þ�¢ê.

·K7.5.12. Hermite�
�ØÓA��éA�A��þ*d��.

þãü�·K�y²Ó·K 7.3.4, 7.3.5�y²��.|^þã·K=�±�

�

½n7.5.13. �H´��HermiteÝ
,KHj�qu¢é�
,=�3jÝ
U¦�

U−1HU = diag(λ1,λ2, . . . ,λn),

Ù¥λi(i = 1,2, . . . ,n)´H�A��.

þã½n�y²Ó½n 7.3.6�y²aq.

~7.5.2. òHermite


H =


0 i 1

−i 0 0

1 0 0


j�qé�z.
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). H�A�õ�ª�PH(λ ) = λ (λ 2−2),�A���λ1 = 0,λ2 =
√

2,λ2 =−
√

2.

��O�, éAλ1 = 0�ü A��þ�u1 = 1√
2
(0,1,−i)T ; éAλ2 =

√
2�ü A��þ�u2 = 1

2(
√

2,−i,1)T ; éAλ3 = −
√

2�ü A��þ�u3 =
1
2(
√

2, i,−1)T .

-

U = (u1,u2,u3) =
1
2


0

√
2
√

2
√

2 −i i

−
√

2i 1 −1

 ,

Kk

U−1HU = diag(0,
√

2,−
√

2).

e¡·�0�HermiteC�.

½Â7.5.9. �H´Cnþ��5C�: x→ Hx, x ∈ Cn. eH´HermiteÝ
, K¡H

�HermiteC�.

½n7.5.14. �H´n�j�mCnþ��5C�.Ke�·K�d:

1. H´HermiteC�;

2. é?¿x,y ∈ Cn, (H x,y) = (x,H y);

3. H3?�|IO��Äe�Ý
´Hermite�
.

y². 1⇒ 2.

(H x,y) = (Hx)∗y = x∗H∗y = xHy = (x,H x).

2⇒ 3.

�HermiteC�H3j�m��|IO��Äu1,u2, . . . ,une�Ý
�H =

(hi j),=

H u j =
n

∑
k=1

hk juk, j = 1,2, . . . ,n

K��¡k

(ui,H u j) = (ui,
n

∑
k=1

hk juk) =
n

∑
k=1

hk j(ui,uk) = hi j,

,��¡k

(H ui,u j) = (
n

∑
k=1

hkiuk,u j) =
n

∑
k=1

hki(uk,u j) = h ji.
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d(ui,H u j) = (H ui,u j)�hi j = h ji, i, j = 1,2, . . . ,n.u´H = H∗.

3⇒ 1.

dug,Ä�Cn��|IO��Ä, C�H3g,Äe�Ý


H�Hermite
,l
H�HermiteC�.

½n7.5.15. �H´j�mCnþ�HermiteC�.K

1. H�A��þ�¢ê;

2. H�ØÓA��éA�A��þ�p��;

3. �3Cn��|IO��Äu1,u2, . . . ,un¦�H ui = λiui, i = 1,2, . . . ,n, ù

pλ1,λ2, . . . ,λn´H�A��.

��·�{üJ�eXÛòj�mlCní2����5�m. aqu��

î¼�m,��j�m¥�SÈI�^5�½Â.

½Â7.5.10. �V´Eê�þ��5�m,XJVS?¿ü��þαÚβÑU,�{

KéAu��Eê,P�(α,β ),�÷v

(1) �Ýé¡5:=é?¿ü��þα,β ∈V ,k

(α,β ) = (β ,α). (7.43)

(2) �Ý�55:=é?¿��EêλÚ?¿n��þα,β ,γ ∈V ,k

(α,λβ ) = λ (α,β ), (α,β + γ) = (α,β )+(α,γ) (7.44)

(λα,β ) = λ (α,β ), (α +β ,γ) = (α,γ)+(β ,γ) (7.45)

(3) �½5:=éu?¿���þα ∈V ,k(α,α)≥ 0,�Ò¤á��=�α = 0.

K¡(α,β )�αÚβ�SÈ,½Â
SÈ�Eê�Cþ��5�mV¡�j�m.

·��Ñ����j�m�~f.

~7.5.3. ^C[a,b]L««m[a,b]þëYE¼ê�N�¤��5�m. 3C[a,b]þ½

ÂSÈ

( f (x),g(x)) :=
∫ b

a
f (x)g(x)dx
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N´�y,þãSÈ÷v�Ýé¡59�Ý�55.,��¡,

( f (x), f (x)) =
∫ b

a
| f (x)|2 dx≥ 0,

��Ò¤á��=� f (x) = 0. Ïd,þãSÈ÷v�½5. l
C[a,b]�¤��

j�m.

�α1,α2, . . . ,αn´j�mV��|Ä, é?¿�þα = x1α1 + x2α2 + . . .+ xnαn,

β = y1α1 + y2α + . . .+ ynαn,

(α,β ) = (
n

∑
i=1

xiαi,
n

∑
j=1

y jα j) =
n

∑
i=1

n

∑
j=1

x̄iy j(αi,α j) = x∗Hy, (7.46)

Ù¥x = (x1,x2, . . . ,xn)
T , y = (y1,y2, . . . ,yn)

T , H = ((αi,α j)). Ïd,�½�|Ä�,j

�m¥�SÈL«� (7.36)ª´���.

du��j�m¥�SÈ�Cn�SÈ5���,k'(Ø�Ä���,3d

Ø2KQ.

SK8

1. ®�α1 = (1,2,−1,1), α2 = (2,3,1,−1), α3 = (−1,−1,−2,2).

(1) ¦α1,α2,α3��Ý9*dm�Y�.

(2) ¦�α1,α2,α3Ñ����þ.

2. �x,y,z´î¼�mRn¥��þ,y²±eØ�ª:

(1) |x−y| ≥ |x|− |y|;

(2) |x−y|+ |y− z| ≥ |x− z|.

3. �x,y´î¼�mRn�ü��þ,§��m�Y��θ .y²:

(1) ({u½n) |x−y|2 = |x|2 + |y|2−2|x||y|cosθ .

(2) (²1o>/½n) |x+y|2 + |x−y|2 = 2(|x|2 + |y|2).

(3) (!/é��½n)e|x|= |y|,K(x+y)⊥ (x−y).

4. �a1,a2, . . . ,an�Rn��|Ä, a ∈ Rn. y²: a = 0��=�(a,ai) = 0, i =

1,2, . . . ,n.

5. ^Schmidt��z�{�EIO���þ|:
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(1) (0,0,1),(0,1,1),(1,1,1);

(2) (1,1,1,2),(1,1,−5,3),(3,2,8,−7).

6. �3R3¥,Äa1,a2,a3�ÝþÝ
´
1 0 −1

0 2 0

−1 0 2


Á¦R3¥da1,a2,a3L«��|IO��Ä.

7. y²:n��þ�m¥?�����þ|ÑU*¿¤�|��Ä.

8. �ye��|�þ´���,¿V\�þUE�IO��Ä:

(1) (2,1,2),(1,2,−2);

(2) (1,1,1,2),(1,2,3,−3).

9. Xb�a1,a2, . . . ,anÑ��,y²:b�a1,a2, . . . ,an�?¿�5|Ü���.

10. �e1,e2,e3´R3��|IO��Ä.-

a1 =
1
3
(2e1 +2e2− e3),

a2 =
1
3
(2e1− e2 +2e3),

a3 =
1
3
(e1−2e2−2e3),

y²:a1,a2,a3�´R3��|IO��Ä.

11. �e1,e2, . . . ,en´Rn�IO��Ä, x1,x2, . . . ,xk´Rn¥?¿k��þ, Á

y:x1,x2, . . . ,xküü���¿©7�^�´

n

∑
s=1

(xi,es)(x j,es) = 0, i, j = 1,2, . . . ,k, i 6= j

12. �a1,a2, . . . ,an´Rn�IO��Ä.y²:

(1) é?¿a,b ∈ Rn, (a,b) = ∑
n
i=1(a,ai)(b,ai).

(2) é?¿a ∈ Rn, |a|2 = ∑
n
i=1(a,ai)

2.
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13. y²����Ý
7�e¡ü«/ª��:(
cosθ sinθ

−sinθ cosθ

)
,

(
cosθ sinθ

sinθ −cosθ

)
, −π ≤ θ < π

14. �Ñ¤k3���Ý
,§���´0½1.

15. XJ����
¥z���Ñ´ 1
4½−

1
4 ,ù���
´A��?

16. ea´Rn�ü �þ,y²: Q = In− 2aaT´����
. �a = 1√
3
(1,1,1)T�,

äN¦ÑQ.

17. 3�o^�e,é�Ý
´��Ý
?

18. �A,BÑ�n���
,y²:

(1) A���Ý
A∗�´��
;

(2) AB����
;

(3) A−1����
.

(4) A�1�ª�1½−1.

19. �½n�Ý
A =


1 2 0

0 1 2

2 0 1

.¦A�QR©).

20. �W´d(1,1,0), (1,−2,1))¤�R3�f�m.

(1) ¦W��|IO��Ä.

(2) ¦W⊥�IO��Ä.

(3) ¦�þ(0,0,2)3W���ÝK.

21. 3n��m���IX¥, ®�:A,B,C,D��I©O´ (1,1,0), (3,1,2),

(0,1,3), (2,2,4).¦o¡N�º:A�.¡BCD�p.

22. ¦�5�§| 
2x− y = 1

x+2y = 1

x+ y = 1

����¦).
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23. y²:n��m¥7L�:�,^���^=C�´��C�.

24. �a�Rn¥�ü �þ. ½Â�5C�: A b = b− 2(a,b)a. y²: A���C

�,¿éRn��|IO��Ä,¦�A3T|Äe�Ý
�é�
.

25. y²:1ÊÙSK4, 9�Ñ��5C�´é¡C�.

26. �

A =


1 −2 0

−2 2 −2

0 −2 3

 ,

¦��Ý
P,¦P−1AP�é�
.dd¦Ak, k´g,ê.

27. y²:e�n�^�¥��k��¤á,,���7¤á.

(1)A´é¡�¶(2)A´���¶(3)A2 = I.

28. ¦��
T ,¦T−1AT�é�Ý


(1)A =

(
2 1

1 2

)
(2)A =


0 −1 −1

−1 0 −1

−1 −1 0


(3)A =


1 2 4

2 −2 2

4 2 1

 (4)A =


3 −2 0

−2 2 −2

0 −2 1


29. �A�n�¢é¡�
, �A2 = A. y²: �3���
T¦�T−1AT =

diag(Ir,O).ùpr = rank(A).

30. �A�n�¢é¡�
. y²: max06=x∈Rn
xT Ax
xT x = λmax, ùpλmax´A���A�

�.

31* �V´n�¢�
�N�¤��5�m.éA,B ∈V ,½Â(A,B) = Tr(ABT ).

(1) y²: (A,B)�¤SÈ,l
V3TSÈe¤�î¼�m.

(2) �A = (ai j)n×n ∈V ,¦A���.

(3) Ä�Ý
Ei j´Ä�¤V��|IO��Ä?�`²nd.

32 �α1,α2, . . . ,αn´n�î¼�mV��|�þ. ½ÂÙGramÝ
G = ((αi,α j)) ∈
Rn×n.

(1) y²: α1,α2, . . . ,αn�¤V��|Ä��=�det(G) 6= 0.
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(2) �αi3�|IO��Äe��I�xi, i = 1,2, . . . ,n. PX = (x1, . . . ,xn) ∈
Rn×n.Kdet(G) = det(X)2.

33 �Rn[x]´gêØ�Lng�¢Xêõ�ª�N�3SÈ( f (x),g(x)) =∫ 1
−1 f (x)g(x)dxe�î¼�m.-

P0(x) = 1, P1(x) = x, Pn(x) =
2n+1
n+1

xPn−1(x)−
n

n+1
Pn−2(x), n≥ 2.

y²: P0(x),P1(x), . . . ,Pn(x)´Rn[x]��|��Ä.¡Pn(x)�Legendreõ�ª.

34 �Rn[x]´gêØ�Lng�¢Xêõ�ª�N�3SÈ( f (x),g(x)) =∫ 1
−1

f (x)g(x)√
1−x2 dxe�î¼�m.-

T0(x) = 1, T1(x) = x, Tn(x) = 2xTn−1(x)−Tn−2(x), n≥ 2.

y²: T0(x),T1(x), . . . ,Tn(x)´Rn[x]��|IO��Ä.¡Tn(x)�Chebyshevõ�

ª.

35* �y

(1) A =


−(1

2 +
√

2
4 )i 1

2 i −(1
2 −

√
2

4 )i
1
2 i

√
2

2 i −1
2 i

(1
2 −

√
2

4 )i 1
2 i (1

2 +
√

2
4 )i

�j
;

(2) B =


1 1+ i i

1− i 2 −i

−i i 0

�Hermite
.

36* y²:jC��A�����u1.

37* y²:

(1) j
�ØÓA��¤éA�A��þ´üü���;

(2) Hermite
�ØÓA��¤éA�A��þ´üü���.

38* y²:

(1) �A��_Hermite
,KA−1��Hermite
;

(2) �A,BÑ´n�Hermite
, @oAB�´Hermite
�¿©7�^�´AB =

BA.

39* �A�Hermite
,y²:
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(1) I± iA��_
;

(2) I + iA�I− iA¦{���;

(3) U = (I + iA)(I− iA)−1�j
.

40* eAAH = 0,y²:A = 0.

41* �U�j
,�U−1AU = B,y²:

tr(AHA) = tr(BHB).

42* ®�Hermite


H =


0 −i 1

i 0 i

1 −i 0


¦j�
U¦�U−1HU�é�
.
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3�«ó§�¢SA^¥,2�/�3?nõ��gõ�ª�¯K.~X,ê

â[Ü����¦{����õ��gõ�ª�4��¯K.2X,�g­�(½

�g­¡)�©a¯KÒ´�(½õ��g�§¤û½�AÛã/�a.�/

G.�kÙ§Nõ¯K,Xõ��gõ�ª��5(�K5)��O,��. 3$/,

�5�ê�óäéþãù
¯K�Ñ
��{ük��?n�{.

�?nõ��gõ�ª,'�´�?nÙ�g�.Ù�g���N|¤��

�gàgõ�ª,·�¡���g..�Ù�8�Ò´�|^�5�ê�óäï

Ä�g.�Ä�nØ!5�!{z9ÙA^.�Ù�?ØXê�¢ê��g.—

¢�g..

§8.1 �g.�Ý
L«

½Â8.1.1. 3¢ê�þ,��¹n�C�x1,x2, . . . ,xn��g. Q(x1,x2, . . . ,xn)´��

àg��gõ�ª

Q(x1,x2, . . . ,xn) =
n

∑
i=1

n

∑
j=1

ai jxix j. (8.1)

ùpa ji = ai j, i, j = 1, . . . ,n�¢Xê.|^Ý
¦{$�,þª�±L«¤

Q(x1,x2, . . . ,xn) = xT Ax, (8.2)

ùpA�n�¢é¡�


A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · ann



x�n���þ

x = (x1,x2, . . . ,xn)
T .

¡¢é¡Ý
A��g.Q(x1,x2, . . . ,xn)�Ý
, A��¡��g.��.

z���g.ÏL(8.2)���¢é¡Ý
ïá
��éA'X, 
ù�´

|^Ý
ïÄ�g.�Ä:.~X,

Q(x1,x2,x3) = x1x2 + x2x3 + x1x3 = (x1,x2,x3)


0 1

2
1
2

1
2 0 1

2
1
2

1
2 0




x1

x2

x3


259
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éA�¢é¡Ý
Ò´

A =


0 1

2
1
2

1
2 0 1

2
1
2

1
2 0

 ,


���¹²����g.

Q(x1, . . . ,xn) = λ1x2
1 +λ2x2

2 + · · ·+λnx2
n

éA�¢é¡Ý
´é�Ý


A = diag(λ1,λ2, . . . ,λn) =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λn

 .

�g.���Ä�¯K´,XÛéCþ��_(�òz)��5C�,¦�C

����g.¦þ{ü.äN5`,�½�g.Q(x) = xT Ax,éCþx��_�5

C�x = Py,Ù¥P´�_Ý
,KC����g.�

Q̃(y1,y2, . . . ,yn) := Q̃(y) = Q(x)|x=Py = (Py)T A(Py) = yT (PT AP)y := yT By, (8.3)

ùpB = PT AP.·��8I´,é�½�é¡Ý
A,éÜ·��_�
P¦�B =

PT AP¦þ{ü.

w,Ý
B�´é¡�.
Ý
B = PT AP�Ñ
C�c��g.éAÝ
�

m�'X,ù«'XÒ´¤¢��Ü'X.

½Â8.1.2. éu¢ê�þü�n�Ý
A,B,XJ�3���_�¢Ý
P¦�

B = PT AP, (8.4)

K¡AÚB´�Ü�,½ö`B�ÜuA,Ý
P¡��ÜC�Ý
.

5¿�Ý
�m��Ü'X´�«�d'X,=§äk5�

(1) ��5:A = IT AI,ùpI´n�ü Ý
,=g��g��Ü¶

(2) é¡5:XJB = PT AP,KA = (P−1)T BP−1,=XJB�ÜuA,KA�ÜuB¶

(3) D45:XJC = QT BQ, B = PT AP,KC = (PQ)T A(PQ),=XJC�ÜuB, B�Ü

uA,KC�ÜuA.
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�âÝ
�m�Üù«�d'X,�±ò¤kn�¢é¡Ý
?1©a,=

Ó�a¥�Ý
´*d�Ü�,ØÓa�Ý
�m*dØ�Ü.'uÝ
�Ü,·

�k±eÄ�¯K

1. ü�Ý
�Ü�¿�^�´�o?

2. 3z���Üa¥,é����{ü�Ý
���L�,=¤¢��ÜIO

/.

du¢é¡Ý
�¢�g.�m´��éA�,Ïd,¢é¡Ý
3�Üe

�©a�z{,éA
�g.�©a�z{.

§8.2 �g.�IO/

�½���g.,·�F"����_�5C�¦�C�¦�C����

g.¦þ{ü. ùp¦þ{ü�¿g´,�g.¥¦þØ�Ñy���,�k²

��.e¡0��g.{z��²�{.·�±ü�~f5`².

~8.2.1. zn���g.Q(x1,x2,x3) = 2x2
1 + x1x2 + x2

3�¦þ{ü�/ª.

). éCþx1���

Q(x1,x2,x3) = 2(x1 +
1
4 x2)

2− 1
8 x2

2 + x2
3.

- 
y1 = x1 +

1
4 x2

y2 = x2

y3 = x3

½


x1 = y1− 1

4 y2

x2 = y2

x3 = y3

Bk

Q̃(y1,y2,y3) = Q(x1,x2,x3)
∣∣∣
x=Py

= 2y2
1− 1

8 y2
2 + y2

3.

^Ý
�óLãÒ´,Ý


A =


2 1

2 0
1
2 0 0

0 0 1


²L�ÜC�


P =


1 −1

4 0

0 1 0

0 0 1


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��ÜC���é�


PT AP =


2 0 0

0 −1
8 0

0 0 1

 .

þã~f¥,z{���g.Q̃(y1,y2,y3)vk���.

~8.2.2. zn���g.Q(x1,x2,x3) = 2x1x2−6x2x3 +2x1x3�¦þ{ü�/ª.

). ��òzC� 
x1 = y1 + y2

x2 = y1− y2

x3 = y3

�

Q(x1,x2,x3) = Q̃(y1,y2,y3) = 2y2
1−2y2

2−4y1y3 +8y2y3.

l
��x1Úx2����.2|^����Ù¦����,=-
y1 = z1 + z3

y2 = z2 +2z3

y3 = z3

K

Q(x1,x2,x3) = 2z2
1−2z2

2 +6z2
3.

nÜügC��

x = Pz, P =


1 1 3

1 −1 −1

0 0 1


÷v

PT AP =


2 0 0

0 −2 0

0 0 6

 ,

Ù¥

A =


0 1 1

1 0 −3

1 −3 0

 .
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þã~f¿Ø´A~.¢Sþ·�k

½n8.2.1. ?Û��d (8.1)ª½Â�¢�g.Q(x1,x2, . . . ,xn)þ�ÏL�²�{

é��_C�x = Py,ò§z�

Q̃(y1,y2, . . . ,yn) := Q(x1,x2, . . . ,xn)
∣∣∣
x=Py

= µ1y2
1 +µ2y2

2 + · · ·+µny2
n. (8.5)

¡Q̃(y1, . . . ,yn)��g.Q(x1, . . . ,xn)�IO..

y²(�²�{). éCþ��ê�8B{.éun = 1, Q(x1) = a11x2
1,(Ø´w,�.

b�½nén−1���g.¤á,Kéun���/,©n«�/?Ø.

(1) a11 6= 0.XJa11 = 0,��3,�aii 6= 0,�Iòx1Úxié�,¦�g.¤�þã

/ª=�.ù�

Q(x1, . . . ,xn) = a11x2
1 +2

n

∑
j=2

a1 jx1x j +
n

∑
i, j=2

ai jxix j

= a11

(
x1 +

n

∑
j=2

a1 ja−1
11 x j

)2

−a−1
11

(
n

∑
j=2

a1 jx j

)2

+
n

∑
i, j=2

ai jxix j

= a11

(
x1 +

n

∑
j=2

a1 ja−1
11 x j

)2

+
n

∑
i, j=2

bi jxix j.

þª¥
n

∑
i, j=2

bi jxix j =−a−1
11

(
n

∑
j=2

a1 jx j

)2

+
n

∑
i, j=2

ai jxix j

´��¹n−1�C�x2,x3, . . . ,xn�¢�g..-

y1 = x1 +
n
∑
j=2

a1 ja−1
11 x j

y2 = x2

· · · · · ·

yn = xn

½



x1 = y1−
n
∑
j=2

a1 ja−1
11 y j

x2 = y2

· · · · · ·

xn = yn

ÙéA�C�Ý
´

S =


1 −a12a−1

11 · · · −a1na−1
11

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

 .
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²LC�x = Sy,��g.z�

Q(x1, . . . ,xn) = a11y2
1 +

n

∑
i, j=2

bi jyiy j.

d8Bb�, éun− 1����g.∑
n
i, j=2 bi jyiy j, �3���_��5C

�y = T z¦�
n

∑
i, j=2

bi jyiy j =
n

∑
i=2

µiz2
i .

-z1 = y1, µ1 = 1,K��g.z�IO/∑
n
i=1 µiz2

i .�A�C��x = Pz,ùp

P = S

(
1 0

0 T

)
.

(2) XJ¤k�aii = 0, i = 1,2, . . . ,n,���k��a1 j 6= 0, j > 1.Ø��a12 6= 0,-

x1 = y1− y2

x2 = y1 + y2

x3 = y3

· · · · · ·

xn = yn

§´�_��5C�,éA�C�Ý
�

P =



1 −1 0 · · · 0

1 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1


u´

Q(x1, . . . ,xn) = 2a12x1x2 + · · ·= 2a12(y2
1− y2

2)+ · · ·

= 2a12y2
1−2a12y2

2 + · · ·

z�'uC�y1,y2, . . . ,yn��g., �²��y2
1�XêØ�", l
z¤�

/(1).
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(3) XJé¤k�aii = 0, i = 1,2, . . . ,n9a1 j = 0, j = 1,2, . . . ,n,Kdé¡5,�a j1 =

0, j = 1,2, . . . ,n.Ïd�g.{z�

Q(x1, . . . ,xn) =
n

∑
i, j=2

ai jxix j.

ù´��¹kn−1�C���g.,d8Bb�,§²L�5C��±z�

IO/.

o�,éu?�«/ª�¢�g.Ñ�3�_��5C�òÙz�IO/.

þã(Ø�±^Ý
�óL«Xe.

½n8.2.2. z��¢é¡Ý
AÑ�Üué�
. äN5`,�3Ð�Ý
P1,P2,

. . . ,Pr,¦�

PT
r PT

r−1 · · ·PT
1 AP1P2 · · ·Pr = diag(µ1,µ2, . . . ,µn). (8.6)

ùpµ1,µ2, . . . ,µn�¢ê.

y². d½n8.2.1,(Øw,.e¡·�^Ý
�óòy²­Q.

éÝ
A��ên?18B.�n = 1�,(Ø´w,�.b�éun−1�é¡Ý


,½n®¤á,Kén�é¡Ý
A = (ai j)n×n,©Xe�/?Ø

(1) XJa11 6= 0,�/r11�¦−ai1a−1
11\�1i�0�Ð�C�,Ó��/r111

¦−ai1a−1
11\�1i10�Ð�C�(i = 2,3, . . . ,n),duA´é¡Ý
,²Lþã

C�,Ý
Az�diag(a11,An−1),=�3�_Ý
P1¦�

PT
1 AP1 =

(
a11 0

0 An−1

)
.

ùpAn−1´��n− 1��¢é¡Ý
.�â8Bb�, An−1�^�ÜÐ�C

�
z¤é�Ý
, =�3�_�
P2¦�PT
2 An−1P2 = Λ, Λ�é�
.-P =

P1 diag(1,P2),K

PT AP =

(
a11 0

0 Λ

)
.

(2) �a11 = 0�, XJk��aii 6= 0, i = 2,3, . . . ,n, K��rA�1�1�1i1

p�, 2r11�Ú1i�p�, Ò¤1�«�/.ù�L§Ò´éA��ÜC

�S1iAS1i.
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(3) �aii = 0, i = 1,2, . . . ,n�,=A�¤ké��þ���Ñ�u",K1�1�Ù

¦����k��Ø�u".Ø��ai1 6= 0,K�Ð��ÜC�

T1i(1)AT1i(1)T =

(
2ai1 C

CT An−1

)
,

u´¯Kq8(�1�«�/.ù�Ò�¤
½n�y².

d½n 8.2.2��, éÝ
�1��Ð�1C�, Ó��éÝ
��g�A

��C�, ±�yzgC�����Ý
Ú�Ý
�Ü. �
¦�C�Ý
P,

Lòzg¤��C��3e5.äN�{´, òü 
�3�C�Ý
e¡, �

¤2n× nÝ
(A, I)T ,éTÝ
z��g�C�,Ó�=éA��g�A�1C�,

= (
A

I

)
éA�¤é�Ð�1�C�
éI��Ð��C�

(
PT AP

P

)

�PT AP´é�
�, IÒ¤
P.�,,��éÝ
(A, I)¢�aq�C�,�éI��

1C�.

~8.2.3. ^Ð�C�{ò�g.

Q(x1,x2,x3) = x2
1− x2

2 + x2
3 +4x1x3 +2x2x3

z¤IO/.

). �g.Q�Ý
´

A =


1 0 2

0 −1 1

2 1 1

 .

éA�Ð��ÜC�z�é�


(
A

I

)
=



1 0 2

0 −1 1

2 1 1

1 0 0

0 1 0

0 0 1


−2c1→c3−→



1 0 0

0 −1 1

2 1 −3

1 0 −2

0 1 0

0 0 1


−2r1→r3−→



1 0 0

0 −1 1

0 1 −3

1 0 −2

0 1 0

0 0 1


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c2→c3−→



1 0 0

0 −1 0

0 1 −2

1 0 −2

0 1 1

0 0 1


r2→r3−→



1 0 0

0 −1 0

0 0 −2

1 0 −2

0 1 1

0 0 1


u´��g.�IO.�

Q̃(y1,y2,y3) = y2
1− y2

2−2y2
3.

�A�C�Ý
�

P =


1 0 −2

0 1 1

0 0 1

 .

~8.2.4. ^Ð�C�{ò�g.

Q(x1,x2,x3) = 2x1x2 +4x1x3

z¤IO/.

). �g.�Ý


A =


0 1 2

1 0 0

2 0 0

 .

òA�1��\�1��,2ò1�1\�1�1,Ò�¦Ý
�1�11��

���C��".·�^1�/ª5P¹PT .

(A, I) =


0 1 2 1 0 0

1 0 0 0 1 0

2 0 0 0 0 1

−→


1 1 2 1 1 0

1 0 0 0 1 0

2 0 0 0 0 1

−→


2 1 2 1 1 0

1 0 0 0 1 0

2 0 0 0 0 1



−→


2 1 2 1 1 0

0 −1
2 −1 −1

2
1
2 0

0 −1 −2 −1 −1 1

−→


2 0 0 1 1 0

0 −1
2 −1 −1

2
1
2 0

0 −1 −2 −1 −1 1



−→


2 0 0 1 1 0

0 −1
2 −1 −1

2
1
2 0

0 0 0 − −2 1

−→


2 0 0 1 1 0

0 −1
2 0 −1

2
1
2 0

0 0 0 0 −2 1

= (D,PT ).
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-

P =


1 −1

2 0

1 1
2 −2

0 0 1

 ,

��_�5O�x = Py,K

Q(x1,x2,x3) = yT diag(2,−1
2
,0)y = 2y2

1−
1
2

y2
2.

Ø
��{�Ð�C��{�	,þ�Ù�½n 7.3.6¢Sþ�Ñ
¢é¡

�
���Üué�
��{.

½n8.2.3. �A�n�¢é¡�
,K�3���
P¦�

PT AP = diag(λ1,λ2, . . . ,λn),

ùpλ1,λ2, . . . ,λn´A�A��.

y². duP���
,�P−1 = PT .d½n 7.3.6,(Øw,.

§8.3 �ÜØCþ�©a

3þ!¥,·�·�y²
¢�g.�±z�IO/,½ö�d/,¢é¡

Ý
�±ÏL�X�Ð�C�¦��Üu¢é�Ý
. ��g.�IO.Ø´

���.¢Sþ,�

Q̃(y1,y2, . . . ,yn) = µ1y2
1 +µ2y2

2 + . . .+µny2
n

´�g.Q(x1,x2, . . . ,xn)�IO..��_C�

y1 = c1z1, y2 = c2z2, . . . , yn = cnzn, ci 6= 0, i = 1,2, . . . ,n

��#��g.IO.

˜̃Q(z1,z2, . . . ,zn) = µ1c2
1z2

1 +µ2c2
2z2

2 + . . .+µnc2
nz2

n.

duci, i = 1,2, . . . ,n�?¿5,Ïd�g.�IO.Ø��,½ö`��¢Ý
Ï

LØÓ��ÜC��±z�ØÓ�é�Ý
.�´Xd,·��?�ÚïÄ�x

�g.3�_�5C�e���5�.

.
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½n8.3.1. �A´��n�¢é¡Ý
,K�3�_Ý
P,¦�

PT AP =


Ir

−Is

0

 , rankA = r+ s≤ n (8.7)

Ù¥, r´IO/¥����ê, s´K���ê.þªm>�é�Ý
¡�Ý


A�5�/.�d/,�½¢�g.Q(x1,x2, . . . ,xn),�3�_�
P¦�

Q(x1,x2, . . . ,xn)
∣∣∣
x=Py

= y2
1 + . . .+ y2

r − y2
r+1− . . .− y2

r+s. (8.8)

þª¡��g.Q(x1,x2, . . . ,xn)�5�/.

y². l½n8.2.2�, �3�_Ý
P1¦�PT
1 AP1´é�Ý
.òé�Ý
¥�é

��©¤na:��!K�Ú".Ø��

PT
1 AP1 = diag(µ1, . . . ,µr,−µr+1, . . . ,−µr+s,0, . . . ,0),

ùpµi > 0, i = 1,2, . . . ,r+ s,ÄK�ÏLÐ��ÜC�òé��þ���N��

þã�/.-

P2 = diag
(

1
√

µ1
, . . . ,

1
√

µr
,

1
√

µr+1
, . . . ,

1
√

µr+s
,1, . . . ,1

)
,

KP = P1P2÷v

PT AP = (P1P2)
T AP1P2 = PT

2 (P
T
1 AP1)P2 =


Ir

−Is

0

 .

w,,�ÜC�ØUCÝ
A��,=¢é¡Ý
(�g.)��´�ÜC�e

�ØCþ,ÏdrankA = r+ s.Ø=Xd,·���±y²,½n8.3.1¥�þrÚs,=

�g.�IO/¥���êÚK�ê�´�Ü¿Âe�ØCþ.

½n8.3.2. ¢�g.

Q(x1, . . . ,xn) = xT Ax

�5�/¥��êrÚK�ês´d�g.Q(x1, . . . ,xn)��(½�,½ö`´d¢

é¡Ý
A��(½�.
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y². bXkü«ØÓ��_C�x = P1yÚx = P2z,¦��g.z�e�ü«5

�/

Q(x1, . . . ,xn)
∣∣∣
x=P1y

= y2
1 + · · ·+ y2

r − y2
r+1−·· ·− y2

r+s

Ú

Q(x1, . . . ,xn)
∣∣∣
x=P2z

= z2
1 + · · ·+ z2

p− z2
p+1−·· ·− z2

p+q.

ùpr+ s = p+ q = rankA.b�r 6= p,Ø��r < p. PP−1
1 = (bi j)n×n, P−1

2 = (ci j)n×n.

-

y1 = b11x1 +b12x2 + · · ·+b1nxn = 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

yr = br1x1 +br2x2 + · · ·+brnxn = 0

zp+1 = cp+1,1x1 + cp+1,2x2 + · · ·+ cp+1,nxn = 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

zn = cn1x1 + cn2x2 + · · ·+ cnnxn = 0

K����'un�Cþx1, . . . ,xn�àg�5�§|. �§|¥�§��ê´r+

(n− p) = n− (p− r)< n,Ïdk�")x = (x1,x2, . . . ,xn)
T .ù�)éA�

y = P−1
1 x = (0, . . . ,0,yr+1, . . . ,yn)

T , z = P−1
2 x = (z1, . . . ,zp,0, . . . ,0)T .

w,, yr+1, . . . ,yr+s, . . . ,ynØ��"¶z1, . . . ,zp�Ø��".u´k

Q(x1, . . . ,xn)
∣∣∣
X=P1Y

=−y2
r+1−·· ·− y2

r+s ≤ 0,

Q(x1, . . . ,xn)
∣∣∣
X=P2Z

= z2
1 + · · ·+ z2

p > 0.

þ¡ü�ªf´�pgñ�.Ïdr = p,l
ks = q.½ny..

·�¡½n8.3.2�.5½n, r��.5�ê, s�K.5�ê.§��ÚÒ´

�g.��(=éA�¢é¡Ý
A��r+s = rankA).§���r−s = r−(rankA−
r) = 2r− rankA¡��g.(½Ý
A)�ÎÒ�.

½n8.3.2`²,3�Ü¿Âe,ü�¢�g.(¢é¡Ý
)´ÄáuÓ��

�da�ûu¢�g.(¢é¡Ý
)��±9�.5�ê.�k���.5�ê

���¢�g.(¢é¡Ý
)â´�p�d�, §��duÓ��5�/.ùÒ

´¢�g.(¢é¡Ý
)�©a.
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§8.4 �g­��­¡�©a

�g.�IO.9©a�����A^´ò�g­��­¡z�IO/,

¿dd�Ñ�g­��­¡�©a.

�½²¡�g­���§

a11x2 +2a12xy+a22y2 +2b1x+2b2y+ c = 0. (8.9)

��O§L«�­�a., ·�kò§z�IO..�d, Äk����§

¥����xy.�	�§��g�

a11x2 +2a12xy+a22y2 = (x,y)

(
a11 a12

a12 a22

)(
x

y

)
:= (x,y)A

(
x

y

)
.

��é�����Ý
P¦PT AP�é�
diag(λ1,λ2),KC�(
x

y

)
= P

(
x′

y′

)

ò��§������,
��±�±­��/G.

5¿�����Ý
�±äk/ª

P =

(
cosθ −sinθ

sinθ cosθ

)

Ïd,·��I��^=C�(
x

y

)
=

(
cosθ −sinθ

sinθ cosθ

)(
x′

y′

)

Ò�±���§¥�xy�.òþª�\��§����Xê����

(a22−a11)sinθ cosθ +a12(cos2
θ − sin2

θ).

-þª�"�

cot2θ =
a11−a22

2a12
.

ù���§C�

λ1(x′)2 +λ2(y′)2 +2b′1x′+2b′2y′+ c′ = 0.

Ù¥λ1,λ2´�
A�A��.
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λ1,λ2¥��k���".Ø��λ1 6= 0.��I¶�²£

x̃ = x′+b1/λ1, ỹ = y′+b2/λ2

(eλ2 = 0,K-ỹ = y′).����§z�IO/ª

1. ý�. (λ1λ2 > 0)

λ1x̃2 +λ2ỹ2 +λ3 = 0.

2. V­. (λ1λ2 < 0)

λ1x̃2 +λ2ỹ2 +λ3 = 0.

3. �Ô/ (λ1 6= 0,λ2 = 0, b̃2, c̃¥�����".)

λ1x̃2 +2b̃2ỹ+ c̃ = 0.

éu�g­¡,·�aq?n.�½�g­¡��§

a11x2 +a22y2 +a33z2 +2a12xy+2a13xz+2a23yz+2b1x+2b2y+2b3z+ c = 0. (8.10)

P

A =


a11 a12 a13

a12 a22 a23

a13 a23 a33


·�é��
P¦PT AP�é�
diag(λ1,λ2,λ3), Ù¥λ1,λ2,λ3�A�A��. u´

��C� 
x

y

z

= P


x′

y′

z′


ò��§�¤k�����.=��§C�

λ1(x′)2 +λ2(y′)2 +λ3(z′)2 +2b′1x′+2b′2y′+2b′3z′+ c′ = 0.

3��I¶�²£�,��§�±z¤IO/ª

• ý¥¡. (λ1,λ2,λ3 > 0)

λ1x̃2 +λ2ỹ2 +λ3z̃2 +λ4 = 0.
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• V­¡. (λ1,λ2,λ3ØÓÒ, λ4 6= 0).

λ1x̃2 +λ2ỹ2 +λ3z̃2 +λ4 = 0.

• �Ô. (λ1,λ2,λ3¥kü��",���", b̃3 6= 0).

λ1x̃2 +λ2ỹ2 +2b̃3z̃ = 0.

• I¡ (λ1,λ2,λ3ØÓÒ).

λ1x̃2 +λ2ỹ2 +λ3z̃2 = 0.

• Î¡ (λ1,λ2,λ3¥�����", b̃2, c̃��k��").

λ1x̃2 +λ2ỹ2 +2b̃2ỹ+ c̃ = 0.

e¡·��Ñü�¢~.

~8.4.1. (½±e�g­��a.!/G� �.

4x2 +8xy+4y2 +13x+3y+4 = 0.

). ·�k��IX�^=C�¦�­��§¥����xy��.�ò�IX_

��^=θ�,Ù¥θ÷v

ctg2θ = (4−4)/16 = 0.

�θ = π

4 ,��IC�úª (
x

y

)
=

(√
2

2 −
√

2
2√

2
2

√
2

2

)(
x′

y′

)

òþª�\��§�

8(x′)2 +8
√

2x′−5
√

2y′+4 = 0.

���

8

(
x′+

√
2

2

)2

−5
√

2y′ = 0.

�£¶

x̃ = x′+

√
2

2
, ỹ = y′,
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K��§z�

ỹ =
4
√

2
5

x̃2.

Ïd,¤¦�g­���Ô�,m��y′¶,�ëêp = 5
√

2
16 .

o��IC�úª�(
x

y

)
=

(√
2

2 −
√

2
2√

2
2

√
2

2

)(
x̃−

√
2

2

ỹ

)

~8.4.2. �½�g­¡3���IXe��§

x2 +4y2 + z2−4xy−8xz−4yz−1 = 0,

ò§z�IO�§,¿�Ñù´�o�g­¡.

). ò�½�§�¤Ý
/ª

(x,y,z)


1 −2 −4

−2 4 −2

−4 −2 1




x

y

z

−1 = 0.

�±é���Ý


P =


√

5
5

4
√

5
15

2
3

−2
√

5
5

2
√

5
15

1
3

0 −
√

5
3

2
3


¦�PT AP = diag(5,5,−4).���C�(x,y,z) = (x̃, ỹ, z̃)PT ,K��§z�IO/ª

5x̃2 +5ỹ2−4z̃2 = 1.

§L«��ü�V­¡.

§8.5 �½�g.

318Ù¥, ·��ÑdSÈ(½�ÝþÝ
Gäk5�:é?¿�"�

þx ∈ Rn, xT Gx > 0.äkù«5��Ý
¡��½�
,�A��g.xT Gx¡�

�½��g..
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½Â8.5.1. n�¢�g.

Q(x1,x2, . . . ,xn) =
n

∑
i, j=1

ai jxix j = xT Ax

¡�´�½�g.,XJé?¿�"�þx ∈ Rn,

Q(x1,x2, . . . ,xn)> 0.

�½��g.éA�Ý
A¡��½Ý
.Ý
A�½{P�A > 0.

��½�g.Q(x1,x2, . . . ,xn)��K.5�ê©O�r�s, =�3�_C

�x = Py¦�

Q(x1,x2, . . . ,xn)
∣∣∣
x=Py

= y2
1 + . . .+ y2

r − y2
r+1− . . .− y2

r+s.

e¡·�`², s = 0�r = n,=

Q(x1,x2, . . . ,xn)
∣∣∣
x=Py

= y2
1 + y2

2 + . . .+ y2
n,

½ö`A�Üuü 
.

¢Sþ,XJr < n,�x = P(0, . . . ,0,1)T ,K

Q(x1,x2, . . . ,xn) = y2
1 + . . .+ y2

r − y2
r+1− . . .− y2

r+s ≤ 0,

ù�Q��½5gñ�

þ¡�(Ø�L5�¤á,=er = n,K�g.Q(x1,x2, . . . ,xn)�½. ù´Ï

�é?¿�"�þx, y = P−1x��",l
Q(x1,x2, . . . ,xn) = y2
1 + y2

2 + . . .+ y2
n > 0.Ï

d,·�k

½n8.5.1. n�¢�g.

Q(x1,x2, . . . ,xn) = xT Ax

�½�¿�^�´, Q��.5�ê�n.�d/, ¢é¡�
A�½�¿�^�

´A�Üuü 
.

du�g.�¢é¡�
��éA,e¡·�=ïÄ¢é¡�
��½¯

K.

�½Ý
k±e5�

½n8.5.2. �A�n�¢é¡�
.
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1 �P�n�¢�_�
, B = PT AP.KB > 0��=�A > 0.

2 �A = diag(λ1,λ2, . . . ,λn).KA > 0��=�λi > 0, i = 1,2, . . . ,n.

3 eA > 0,Kdet(A)> 0.

y². 1. eA > 0,Ké?¿¢�þx 6= 0, xT Ax > 0.duPx 6= 0,u´xT (PT AP)x =

(Px)T A(Px)> 0,=B > 0.��½,.

2. eA > 0, �x = ei, ùpei�ü �I�þ, KxT Ax = λi > 0. ��, �λi > 0,

i = 1,2, . . . ,n.Ké?¿x = (x1,x2, . . . ,xn) 6= 0,

xT Ax = λ1x2
1 +λ2x2

2 + . . .+λnx2
n > 0.

=A�½.

3. d½n 8.5.1,�3�_�
P¦�PT AP = I.ü>�1�ª�det(P)2 det(A) = 1.

l
det(A)> 0.

e¡,·��ÑÝ
�½�eZ�d^�.

½n8.5.3. �A�n�¢é¡Ý
,Ke�·K�d

1. A�½.

2. A�A��þ��.

3. �3�_�
P¦�A = PT P.

4. A���^SÌfªþ��,=

a11 > 0,

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣> 0, · · · ,

∣∣∣∣∣∣∣∣
a11 · · · a1n

... · · ·
...

an1 · · · ann

∣∣∣∣∣∣∣∣= detA > 0. (8.11)

y². 1⇔ 2.

d½n 8.2.3,�3��
P¦�

PT AP = diag(λ1,λ2, . . . ,λn),

Ù¥λ1,λ2, . . . ,λn�A�A��.d½n 8.5.5,

A > 0⇔ PT AP > 0⇔ diag(λ1,λ2, . . . ,λn)> 0⇔ λi > 0, i = 1,2, . . . ,n.
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1⇔ 3.

d½n 8.5.1, A�½��=��3�_�
Q¦�QT AQ = I, ��=�A =

(Q−1)T (Q−1),��=��3�_
P¦�A = PT P.

1⇔ 4.

ky1⇒ 4. �A�½, K�g.Q(x1,x2, . . . ,xn) = xT Ax�½. -xr+1 = xr+2 =

· · ·= xn = 0,K

Qr(x1,x2, . . . ,xr) = Q(x1,x2, . . . ,xr,0, . . . ,0) =
r

∑
i, j=1

ai jxix j

´��rC���g..éu?¿Ø��"�x1,x2, . . . ,xr,k

Q1(x1,x2, . . . ,xr)> 0.

¤±Q1(x1,x2, . . . ,xr)´���½��g.,ÙéA�Ý
Ar��½. d½n 8.5.5,

det(Ar)> 0.
det(Ar)�´A�1r�^SÌfª.

2y4⇒ 1. é¢é¡Ý
��ên�8B{.�n = 1�,(Øw,¤á. b�

�n−1�¿©5¤á,dué¡Ý


An−1 =


a11 · · · a1,n−1

... · · ·
...

an−1,1 · · · an−1,n−1


���^SÌfªþ�u",�â8Bb�,Ý
An−1´�½�.Ïd�3�_Ý


Pn−1¦�

PT
n−1An−1Pn−1 = In−1.

éun�é¡Ý
A�Xe©¬

A =

(
An−1 C

CT ann

)
,

Ù¥C = (a1n,a2n, . . . ,an−1,n)
T .-

R =

(
Pn−1 −A−1

n−1C

0 1

)

KR�_,�

RT AR =

(
PT

n−1 0

−CT A−1
n−1 1

)(
An−1 C

CT ann

)(
Pn−1 −A−1

n−1C

0 1

)

=

(
In−1 0

0 ann−CT A−1
n−1C

)
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Pa = ann−CT A−1
n−1C,3þªü>�1�ª�

det(A)det(R)2 = a.

ddet(A)> 0�a > 0.-

P = R

(
In−1 0

0 1√
a

)

Bk

PT AP = In.

¤±A´�½Ý
.½ny..

e¡·��A�~f.

~8.5.1. y²:é?¿¢êx,y,

f (x,y) = x2 +2xy+2y2 +2x+6y+6 > 0.

y². �Ä�g.

Q(x,y,z) = x2 +2y2 +6z3 +2xy+2xz+6yz,

ÙéA�Ý
�

A =


1 1 1

1 2 3

1 3 6



^SÌfª÷v

1 > 0,

∣∣∣∣∣1 1

1 2

∣∣∣∣∣= 1 > 0,

∣∣∣∣∣∣∣∣
1 1 1

1 2 3

1 3 6

∣∣∣∣∣∣∣∣= 1 > 0,

¤±Q(x,y,z)�½.u´ f (x,y) = Q(x,y,1)> 0.

~8.5.2. n�î¼�mR3¥,´Ä�3�þa1,a2,a3÷v

(a1,a1) = 4, (a2,a2) = 9, (a3,a3) = 4,

(a1,a2) = 9/2, (a1,a3) =−1/2, (a2,a3) = 9/2.
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). b��3�þa1,a2,a3÷vþã^�,-a = xa1+ya2+za3.Ké?¿¢êx,y,z,

(a,a) = (a1,a1)x2 +(a2,a2)y2 +(a3,a3)z2 +2(a1,a2)xy+2(a1,a3)xz+2(a2,a3)yz

= 4x2 +9y2 +4z2 +9xy− xz+9yz≥ 0.

Pþã�g.�Q(x,y,z),ÙéA�Ý
�A =


4 9/2 −1/2

9/2 9 9/2

−1/2 9/2 4

.dudet(A) =

−81/2 < 0, ÏdAØ�½. ù�þãØ�ªgñ� Ïd, ÷v^���þ

|a1,a2,a3Ø�3.

~8.5.3. �½¢�g.Q(x,y,z) = λ (x2 + y2 + z2) − 2xy − 2yz − 2zx. λ�Û��,

Q(x,y,z)�½?

). Q(x,y,z)éA�Ý
�

A =


λ −1 −1

−1 λ −1

−1 −1 λ


KQ(x,y,z)�½��=�

λ > 0,

(
λ −1

−1 λ

)
= λ

2−1, det(A) = (λ −1)2(λ +2)> 0.

Ïd, Q(x,y,z)�½��=�λ > 1.

~8.5.4. ��þ|a1,a2, . . . ,am ∈ Rn. K�
G = ((ai,a j)m×m�½��=

�a1,a2, . . . ,am�5Ã'.

y². :é?¿x = (x1,x2, . . . ,xm) ∈ Rm,

xT Gx =

(
m

∑
i=1

xiai,
m

∑
i=1

xiai

)
≥ 0.

¿�xT Gx > 0��=�∑
m
i=1 xiai 6= 0.ÏdG�½,��=��þ|a1,a2, . . . ,am�5

Ã'.

du�g.��Ú�.5�ê´�ÜØCþ,·��±�â§�é�g.

?1©a.�½�g.Ò´Ù¥­���a.,�a­���g.´��½�g

..
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½Â8.5.2. n�¢�g.

Q(x1,x2, . . . ,xn) =
n

∑
i, j=1

ai jxix j = xT Ax

¡�´��½�g.,XJé?¿�þx ∈ Rn,

Q(x1,x2, . . . ,xn)≥ 0.

��½��g.éA�Ý
A¡���½Ý
.Ý
A��½{P�A≥ 0.

Ó�½�g.(Ý
)aq,N´y²e�(Ø.

½n8.5.4. n�¢�g.

Q(x1,x2, . . . ,xn) = xT Ax

��½�¿�^�´, Q�K.5�ê�0.�d/,¢é¡�
A��½�¿�^

�´A�Üudiag(Ir,0),ùpr´Ý
A��.

��½Ý
k±e5�

½n8.5.5. �A�n�¢é¡�
.

1 �P�n�¢�_�
, B = PT AP.KB≥ 0��=�A≥ 0.

2 �A = diag(λ1,λ2, . . . ,λn).KA≥ 0��=�λi ≥ 0, i = 1,2, . . . ,n.

3 eA≥ 0,Kdet(A)≥ 0.

½n8.5.6. �A�n�¢é¡Ý
,Ke�·K�d

1. A��½.

2. A�A��þ��K.

3. �3¢�
P¦�A = PT P.

4. A���Ìfªþ��K.

5¿3þ¡��d·K4¥,Ó�½Ý
ØÓ,/A���^SÌfª0C¤


/A���Ìfª0.

~8.5.5. �A,B,C�n�/ABC�n�S�.y²:é?¿¢êx,y,z,

x2 + y2 + z2 ≥ 2xycos(A)+2yzcos(B)+2zxcos(C).
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y². �Iy²�g.

Q(x,y,z) = x2 + y2 + z2−2xycos(A)−2xzcos(B)−2yzcos(C)

��½.¢Sþ,�g.Q(x,y,z)éA�Ý
�

A =


1 −cos(A) −cos(B)

−cos(A) 1 −cos(C)

−cos(B) −cos(C) 1

 .

A���Ìfª�

1 > 0,

∣∣∣∣∣ 1 −cos(A)

−cos(A) 1

∣∣∣∣∣= sin2(A)≥ 0,∣∣∣∣∣ 1 −cos(B)

−cos(B) 1

∣∣∣∣∣= sin2(B)≥ 0,

∣∣∣∣∣ 1 −cos(C)

−cos(C) 1

∣∣∣∣∣= sin2(C)≥ 0,

det(A) = 1− cos2 A− cos2 B− cos2C−2cos(A)cos(B)cos(C) = 0.

Ïd, A��½,l
Q(x,y,z)≥ 0.

Ø
�½���½�g.(Ý
),��±½ÂK½!�K½�g.(Ý
).{

ü5`, Q(x)K½��=�−Q(x)�½; Q(x)�K½��=�−Q(x)��½.Ïd,

K½��K½�g.(Ý
)Ñ�±z��½���½�g.(Ý
)?n.o(å

5,éun�C���g.Q(x1,x2, . . . ,xn) = xT Ax,§�±©�±eaO

(1) �½�g.:r = n.

(2) ��½�g.:s = 0,r < n,Ù5�/�

y2
1 + y2

2 + · · ·+ y2
r , r ≤ n

½ö`é?¿�C�x1,x2, . . . ,xn, Q(x1,x2, . . . ,xn)≥ 0. ��½�g.�Ý
¡

���½Ý
,{P�A≥ 0.��½Ý
�Üué�
J = diag(Ir,0).

(3) K½�g.:r = 0, s = n,Ù5�/´

−y2
1− y2

2−·· ·− y2
n.

½ö`é?¿�Ø��"�x1,x2, . . . ,xn,kQ(x1,x2, . . . ,xn)< 0. K½�g.�

Ý
¡�K½Ý
,{P�A < 0,§�ÜuK�ü Ý
.
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(4) �K½�g.:r = 0, s < n,Ù5�/�

−y2
1− y2

2−·· ·− y2
s , s < n,

½ö`é?¿�x1,x2, . . . ,xn, kQ(x1,x2, . . . ,xn) ≤ 0.�K½�g.�Ý
¡�

�K½Ý
,{P�A≤ 0.§�Üué�
J = diag(−Is,0).

(5) Øþã4a�	,Ù§¢�g.Ñ¡�Ø½..

���½���½Ý
�ü�­�A^,·��ÑÝ
�ÛÉ�©)�õ

�¼ê��4�(4�)���¿©^�.

½n8.5.7. (Ý
�ÛÉ�©))�A ∈Rm×n,K�3m���
U9n���
V¦

�

A =U

(
Λ O

O O

)
V, (8.12)

Ù¥Λ = diag(σ1,σ2, . . . ,σr), σ1 ≥ σ2 ≥ . . .≥ σr > 0¡�Ý
A�ÛÉ�.

y². w,AAT ≥ 0.u´�3m���
U¦�

AAT =U diag(σ2
1 , . . . ,σ

2
r ,0, . . . ,0)U

T

Ù¥σ1 ≥ σ2 ≥ . . .≥ σr > 0.-B =U−1A,K

BBT = diag(σ2
1 , . . . ,σ

2
r ,0, . . . ,0).

PB = (bT
1 ,bT

2 , . . . ,bT
m)

T ,Kk

(bi,b j) = 0, 1≤ i 6= j ≤ r, |bi|= σi, 1≤ i≤ r, bi = 0, r+1≤ i≤ m.

-ci =
1
σi

bi, i = 1,2, . . . ,r,Kci, i = 1,2, . . . ,r�Rn�IO���þ|,ò§�*

¿�Rn��|IO��Äci, i = 1,2, . . . ,n.-V = (cT
1 , . . . ,cT

n )
T .K

B =

(
Λ O

O O

)
V.

Ïd

A =U

(
Λ O

O O

)
V.

AO5¿, σ1, . . . ,σr´AAT��"A���²��.
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XJ^uiL«Ý
U���þ, i = 1,2, . . . ,m, ^vT
i L«Ý
V�1�þ, i =

1,2, . . . ,n.Kúª (8.12)�±U��

A = σ1u1vT
1 +σ2u2vT

2 + . . .+σrurvT
r . (8.13)

3¢SA^¥,�σs+1, . . . ,σr(s < r)'���,·��±^Ý


B = σ1u1vT
1 +σ2u2vT

2 + . . .+σsusvT
s

�ÑÝ
A���ûÐ�$�%C.ù�(Ø3¢S¥k2��A^.

~8.5.6. (õ�¼ê�4�) �Ω ⊂ Rn´k.«�, x0 = (x0
1, . . . ,x

0
n)´Ω S�:,

f (x) ∈C2(Ω), x = (x1, . . . ,xn).�
∂ f
∂xi

(x0) = 0, i = 1,2, . . . ,n, H(x0) =
(

∂ 2 f
∂xi∂x j

(x0)
)

n×n
> 0.

K f (x)3x0�4��.

y². dTaylorÐm,

f (x) = f (x0)+∇ f (x0) · (x−x0)+
1
2

n

∑
i=1

n

∑
j=1

∂ 2 f
∂xi∂x j

(x0)(xi− x0
i )(x j− x0

j)+o(||x−x0||2)

= f (x0)+
1
2
(x−x0)T H(x0)(x−x0)+o(||x−x0||2)

dH(x0)> 0�,�3���
P¦�

PT H(x0)P = diag(λ1,λ2, . . . ,λn),

Ù¥λ1 ≥ λ2 ≥ . . .≥ λn > 0.-x−x0 = Py,K||x−x0||= ||y||.u´

(x−x0)T H(x0)(x−x0) = yT diag(λ1,λ2, . . . ,λn)y

= λ1y2
1 +λ2y2

2 + . . .+λny2
n ≥ λn(y2

1 + y2
2 + . . .+ y2

n)

= λn||y||2 = λn||x−x0||2.

ù�

f (x)≥ f (x0)+
λn

2
||x−x0||2 +o(||x−x0||2).

Ïd,�3δ > 0¦�||x−x0||< δ�, f (x)≥ f (x0),= f (x)3x = x0��4�.

aq�y,�H(x0)< 0�, f (x)3x = x0��4�.

SKÔ

1. òe��g.L«¤Ý
/ª
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(1) Q(x1,x2,x3) =−x2
1 + x2

2 +2x2
3 +4x1x2 +3x1x3 +4x2x3;

(2) Q(x1,x2,x3) = 2x2
1 +2x1x2− x2x3;

(3) Q(x1,x2,x3,x4) = x1x2 +3x1x3 +5x1x4 +6x2x3 +7x2x4 +10x3x4;

(4) Q(x1,x2, · · · ,xn) =
n−2
∑

i=1
(xi− xi+2)

2.

2. �Ñe�é¡Ý
éA��g.

(1)A =


1 3 5

3 2 6

5 6 4

 (2)A =


a b 0

b a b

0 b a



(3)A =


0 −1 2 −3

−1 0 3 −2

2 3 0 2

−3 −2 2 0


3. ^��{òe��g.z�IO/,¿¦�A��_�5C�

(1)Q = x2
1 + x2

2 + x2
3 + x1x2 + x1x3 + x2x3

(2)Q = x2
1 + x2x3

(3)Q = x1x2 + x2x3 + x3x4 + x4x1

(4)Q = x2
1 +5x2

2−4x2
3 +2x1x2−4x2x3

4. ^Ð�C�{òe��g.z¤IO/,¿¦�A��_�5C�

(1)Q = xT


2 1 1

1 3 2

1 2 1

x (2)Q = xT


0 −1 0

−1 1 1

0 1 1

x

(3)Q = xT


0 1 1

1 0 −1

1 −1 0

x (4)Q = xT


0 1

2 0 1
2

1
2 0 1

2 0

0 1
2 0 1

2
1
2 0 1

2 0

x

5. ¦��C�ze�¢�g.�IO/

(1)Q = x2
1 +4x2

2 +4x2
3−4x1x2 +4x1x3−8x2x3

(2)Q = x2
1 +7x2

2 + x2
3 +8x1x2 +8x2x3−16x1x3

(3)Q = 6x1x2 +6x1x3 +6x2x3

(4)Q = 2x1x2−2x3x4

6. Áy:3¢ê�þ,é¡Ý


(
1 0

0 1

)
Ú

(
1 0

0 −1

)
Ø�Ü.



§8.5 �½�g. 285

7. y²:��ur�é¡Ý
�±L¤r���u1�é¡Ý
�Ú.

8. �A´��n��
,y²:

(1)A´�é¡
,��=�é?��n��þX ,kxT Ax = 0¶

(2)XJA�é¡
,�é?��n��þx,kxT Ax = 0,@oA = 0.

9. ¦SK5¥�g.�5�/.

10. �A´n�¢é¡
,�A2 = I,¦A��Ü5�/.

11. (½±e�g­��a.!/G� �.

(1) 3x2 +4xy+2y2 +8x+4y+6 = 0;

(2) x2 + xy−2y2−11x− y+28 = 0;

(3) 4x2−4xy+ y2−2x−14y+7 = 0.

12. ò�g�§z��{/ª,¿�ä­¡a..

(1)4x2−6y2−6z2−4yz−4x+4y+4z−5 = 0.

(2)x2− 4
3 y2 + 4

3 z2− 16
3

√
2yz+4x+ 8

3

√
3z−1 = 0.

13. 3n��m���IX¥,�½­¡�§

2x2 +4y2 +5z2−2xy+4xz+6yz−20 = 0.

|^��C�òÙz�IO..T�§L«�o­¡?

14. �äe��g.´Ä´�½�g.

(1)Q(x1,x2,x3) = x2
1 +2x2

2 +4x2
3 +2x1x2−4x2x3¶

(2)Q(x1,x2,x3) =−5x2
1−6x2

2−4x2
3 +4x1x2 +4x1x3¶

(3)Q(x1,x2,x3) = 7x2
1 + x2

2 + x2
3−2x1x2−4x1x3¶

(4)Q(x1,x2,x3) = x2
1 +5x2

2 +9x2
3 +4x1x2−6x2x3 + x1x3.

15. �äe�Ý
´Ä´�½Ý


(1)


2 1

2 2
1
2 2 −2

2 −2 4

 (2)


1 −1 1

−1 2 0

1 0 1


16. ¯ëêt÷v�o^��,e��g.�½?

(1)Q(x1,x2,x3) = 2x2
1 + x2

2 + x2
3 +2x1x2 + tx1x3

(2)Q(x1,x2,x3) = x2
1 +2x2

2 +3x2
3 + tx1x2 + tx1x3 + x2x3
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17. y²:é?¿¢êx,y,���gõ�ª f (x,y)= 2x2+3y2+4z2−2xy+2xz−6yzð

�u".

18. �Q = ax2
1 +bx2

2 +ax2
3 +2cx1x3,¯a,b,c÷v�o^��, Q��½?

19. Áy:�g.Q(x1,x2, . . . ,xn) = xT AxK½�¿©7�^�´A�Ûê�^SÌ

fª��u",óê�^SÌfª��u".

20. �kn�¢�g.

Q(x1,x2, · · · ,xn) = (x1 +a1x2)
2 +(x2 +a2x3)

2 + · · ·+(xn−1 +an−1xn)
2 +(xn +anx1)

2

Ù¥ai(i = 1, · · · ,n)�¢ê,Á¯:�a1, · · · ,an÷vÛ«^��, Q(x1, · · · ,xn)��

½�g.?

21. 3Q = λ (x2 + y2 + z2)+2xy+2xz−2yz¥,¯

(1)=
λ��¦�Q��½?

(2)=
λ��¦�Q�K½?

(3)�λ = 2Úλ =−1�, Q��oa.?

22. �A�n�¢é¡
,y²:eA�½,Ké?¿��êk, Ak��½.

23. �A�n��_¢é¡
,y²:

(1)eA�½,KA−1½�½.

(2)eA�½,KA���Ý
A∗�´�½Ý
.

24. �A�n�¢é¡Ý
,eA2 = I,y²A+ I��½Ý
½��½Ý
.

25. �A,B´ü�n�¢é¡�½Ý
,y²:

(1)A+B½�½¶ (2)AB�½�¿©7�^�´AB = BA.

26. �A,Bþ�n�¢é¡
,Ù¥A��½
,y²:�¢êt¿©��, tA+B½�

½.

27. A´¢é¡�½Ý
,y²:�3en�
P,¦�A=PPT .?�Úy²,�3e

n�
L,Ùé����þ�1,±9é�
D,Ùé��þ��¦�A = LDLT .

28. �A�n�¢é¡
,�A > 0.¦y:det(A)≤
(1

n Tr(A)
)n.

29. y²:eA = (ai j)´n��½Ý
,Kdet(A)≤ a11a22 · · ·ann.

30. �A�n�¢é¡�
,y²e�·K�d
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(1) A���½�
.

(2) A = PT P,Ù¥P�n�¢�
.

(3) A���Ìfª��K.

31. 3�g.Q = xT Ax¥,¢é¡
A = (αi j)n×n,e∣∣∣∣∣∣∣∣
a11 · · · a1k

· · · · · · · · ·
ak1 · · · akk

∣∣∣∣∣∣∣∣> 0, k = 1,2, . . . ,n−1, detA = 0

y²:Q���½.

32. �A ∈ Rm×n, A = U

(
Λ O

O O

)
V´A�ÛÉ�©), X½n 8.5.7 ¤ã. -A+ =

V T

(
Λ−1 O

O O

)
UT ,¡A+�Ý
A�2Â_.y²:

AA+A = A, A+AA+ = A+, (AA+)∗ = AA+, (A+A)∗ = A+A.

33. �A ∈ Rm×n. y²: |A| := maxx6=0
|Ax|
|x| = σmax,ùpσmax´Ý
A���ÛÉ�.

¡|A|�Ý
A�Ì�ê.
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