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8.1 [EIE5%FRA

8.1.1  UEMIMENR 2: M EHGRM S BCEAMSS S
R (A, )

8.1.2  UEWIMEST 4: [n)HE SORIEE G, ARTEM /- ACtE.
BER (RN, )

8.1.3  FIWr MAILE LR AL, FHA85 -

% a-b=0la=05b=0.

2) ¥ axc=axb, MLEH c=0b.

3) WAL BB EMDLSET 1, MERLE T 314 mE.

4) (a-b)c=a(b-c).

5)la-b” = |a|*- |b[".

6) (a+b)x(a+b)=axa+2axb+bxb.

R (2) AL, BUEEHME a,b, c W/2: |a| - |b|sind, = |a|-|c|sinf, Haxbtaxc
[AH), A 6, = 0(a,b), 0, =0(a,c),0 < 0, < b < g M a,b,c i/ axc=axb, HE
SR b+ c. Bln, =408 F, Bl a = (1,0,0),b = (v3,1,0),¢ = (0,1,0).

(6) WARFZERN. AR AILL (WA 0) KFE a,b, W

(
(
(
(
(
(

(a+b)x(a+b)=0, axa+2axb+bxb=2axb#0,

W AN ST

814 FH:axb-c=bxc-a=cxa-b.
WERA (1) HMEEHETHER, 4

a; o das b1 bg b3 Ci1 C2 C3
a,><b~C: bl b2 b3, bxca[: C1 02 03, CXa~b=a1 a,2 a,3,
€1 Cy C3 a; Gz as by by b3

1
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Hrp

ay ag as b1 b2 b3 Ci Co C3
71472 71472

by by by —=|c1 ¢ c3| —|a1 ax ag|,
ro4>r3 T242T3

1 C2 C3 a; az as by by b3

HATFI B, Bk 3 MTAI M EARSE, i)

axb-ec=bxc-a=cxa-b.

O
WERR (2) FRERA M s U & X
EER axb-cKRFAE a,b, c TKBIFAT /S HARFRTR, HAAFUAAR, #
axb-c=bxc-a=cxa-b.
O

8.1.5 & AM = J\ﬁ, WER: SHMEE— L O,

1
OM = 5(@1“7%).

WEE (AN, )

8.1.6 Wa,bcraEHifatbtc=0MEfHE AKa-b+b-c+c-a ME.
% K c=—a— bR AE:

a-b+b-c+tc-a=a-b+b-(—a—b)+(—a—->b)-a
=a-b-—a-b-b"—-a*—a-b

=—-2—-a-b,

o e 1.
Rc%$4zrti@:>(a+b)2:1:>a2+2a.b+b2:2+2a,~b:1:>a,-b:—§4t
A 15

a-b+b-c—|—c-a:—;.

WA FSL b, AMERIL, MR a,b, c LERAERMAZNIZKY 1 MIE=/AE.

8.1.7 HAIE a+3b FEEHTHE Ta—5b, AE a—4b EH T & Ta — 2b, RFH&E
a 1 b A HIIEA.

2 ¥ oa,b I N O(c0,7)).

(1) % a,b F177E 0 ME, Il a = b= 0, KA NTEEE.
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(1) %5 a.b YR N 0, Hifl27A:

(a+ 3b) - (Ta — 5b) = 0, 7a’ + 16a - b — 15b* = 0,
—
(a —4b) - (Ta —2b) =0 7a® —30a - b+ 8b* =0

:|b”

15, 7 7,8 al
— a b=—b— _a’=_—a’t+ b —
=% T 16" T30 T30 ab— Ll
2

a-b Lal* 1 i
= cosf = =2 =—- = 0=—.
lal -6l a* 2 3
O
8.1.8 THIME a Ml b HAHEH, H |a| = 3,|b| = 4, KiTH:
(1) [(a + b) x (a —b)|;
(2) [(3a — b) x (a —2b)|.
B (1) H IR SO 3 LA
(a+b)x(a—b)=axa—axb+bxa—-bxb=2bxa
— |[(a+b) x (a—0b)|=2|bxal=2]b||a|] =24.
(2) FIBERTAS:
(3a—b)x(a—2b)=3axa—6axb—bxa+2bxb=-5axb
= [(3a —b) x (a —2b)| =5|a x b| =5]a||b| = 60.
0
8.1.9 E%uﬁiaﬂlbﬂ*ﬁéﬁae_—R|a|—1|b|—2ﬁh+ﬁ
(1) |a x b (2) |(a + 3b) x (3a — b)[*.
8.1.10 CHla+b+c=0,lif: axb=bxc=cxa.
WA He=0-a—-b15:
bxc=bx(—a—b)=-bxa—-bxb=axb,
cxa=(—a—-b)xa=—-axa—-bxa=axb,
— axb=bxc=cxa.
O

8.1.11 B4l a,bc Mtk Haxb=bxc=cxa, RiF: a+b+c=0.
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Z =20

WERH HRIEE. it a+b+ec=t #0. H a,bc AL A& a b AL ¥

c=t—a—bRAS:
{axbbxcbx&awbxtbxm {bxtQ
—

axb=cxa=(t—-a—-b)xa=txa—-bxa txa=0,

XU M E bt L2k, t,a FE2k, Wi a, b R, X 5K TE! fla+b+c=0.

8.1.12 KifF: |a x b]* = |a*|b]” — (a - b)*.
la x b] = |a| - |b|sind,
o

MERR (1) id a,b AN 0(c [0,7]). H {
a-b=|a|-|b|cosb

la x b]> = |al” - |b|*sin? 0 = |a|* - |b|* (1 — cos? ) = |a|* |b]” — (a - b)>.

2R (2) EAIE 8.1 At BHE AR & = ERERIER.

axb-c=bxc-a=cxa-b,

MERR (2) 5
(axb)xc=(a-c)b—(b-c)a

laxb]>=(axb)-(axb)=(bx(axb)- a
=((b-bla—(a-b)b)-a=|al*|b]> - (a-b)>.

]

8.1.13 {HUREa=p—3q+r,b=2p+q—3r,c=p+2q+r NEKFIT/NIH

RHIAR, X p, q, v & AT B S ) B

(1) iLa=(1,-3,1),b=(2,1,-3),c=(1,2,1). W a x b= (8,5,7). “FAT/NH MM

R
V=l(axb) el =(857)-(1,21)] =2.

Rr (2) WAl ULEEA AT A FIR G 2R .
2 (2 ida=(1,-3,1),b=(2,1,-3),c=(1,2,1). WAT/NHEEAR

1 -3 1
V=12 1 =3 =25
1 2 1

8.1.14

8.1.15
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8.1.17 VI OA = 2 + 4§ + k, OB = 3i + 7j + 5k, OC' = 43 + 10§ + 9%, il A, B,C =
me i HRR?

MR (1) TEEFLEt=—1, W2 OC = tOA+ (1 - OB, # A, B,C =pttsk. O

R (2) TEREFH], AB = OB — OA — i +3j + 4k, AC — 2i+ 6§ + 8k —> AB x AC = 0,
0 A B,C =53t O

8.1.18

8.1.19

8.1.20

8.1.21  RME a = (52,5) fFF&E b= (2,-1,2) LK, MREE a - e
5.

a- ey W = ? =6

]

8.1.22 CMIME a=(3,-1,-2) fl b= (1,2, —1), iR F o &R ALFE:

(1) a x b; (2) (2a —b) x (2a +b).

(1)

axb=(3-1,-2)x(1,2,—-1) = (5,1,7).
(2)
(26 —b) x (2a+b)=4axa+2axb—2bxa—bxb=4a xb=(20,4,28).

O

8.1.23

8.1.24 TSN A2,—1,1),B(5,5,4),C (3,2, —1), D(4, 1, 3) YT & AT
fi# (1) Sib®E ABOD W S

BC = (~2,-3,-5),
S W —BOxBD- C17,3,5) — Sanen — = |n| = ~/323.
BD = (~1,-4,-1) 2 ™M=
FUFHE S A 2P BCD BIFEES d.
AB-n

d:

B '(3,6,3) - (~17,3,5) 18
V323 323’

n|
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T U T A A g
VZESABCD'CZ:?).
3
]
1A %*iuﬁ&gﬂﬁﬁZ@Zﬁ%%&%@ﬁ%%ﬁﬁﬁf*ﬁAﬁ%%$ﬁé
AT LLRGEAS S S R FE R (2). (PFREA R R, )
W (2) CPEREIERBCY V. G
AB = (3,6,3), 1
! V= |(AB x a8 - aD
AC = (1,3,—2), = AB x AC = (~21,9,3) —> ?) |
ﬁ:(222) :6|( 21,9,3)-(2,2,2)|:3.
]
8.1.25
8.1.26

8.1.27 AR Ala,b,c), 3K:

(1) KT =A AR TN PR A AR A

(2) KT = A AR FR LR AR PR

(1) XT Oyz W (—a,b,c), KT Oza XFK: (a,—b,c), KT Oxy MFR: (a,b, —c);
(2) KT o BIXNFR: (a, —b, —c), KT y HIXNFR: (—a,b, —c), KT z BIXFR: (—a, —b, c). O

8.1.28

8.1.29 ff Oyz Vil F>R— P, e 5=0%14 A(3,1,2), B(4, -2, -2),C(0,5,1) %
R

BT R B D T

7 ﬁAB¢ﬁAﬁG—éﬁ)H%ﬁ%ﬁﬁﬁnpﬁ@—ﬂ;&—@%?ﬁﬁ%%

27
7 1
<x—§)—3<y—|—§)—4z:0, (8.1)
. 3 3 . N .
ﬂAc¢ﬁm@G35)a&@Eﬁmﬁn2‘? 1) B RN
—3($——)+4(y—3)—<z——):0, (8.2)
Oyz P A REN
z =0, (8.3)

Bearal (8.1)(8.2)(8.3) 5: P(0,1,-2). O
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8.2 FTE5EZ

8.2.1

8.2.2 SR A My(2,—1,3) F1 My(3,1,2) HFAT FHE v = (3, —1,4) M FHET

" B 0w = MM = (1,2, 1), MPHEIAEERE n = u x v = (7,7, -7), X Pl
M (2,-1,3), MOTREN T(z - 2) - T(y+1)—=7(2—-3) =0,z —y — 2 =0. O

8.2.3

8.2.4

8.2.5 ki sl M(3,—1,1) HFRINEETHAFE 20 — 24+ 1=0 Ml y =0 BFH T
" B OPFHERE SN n = (2 ) = (0,1,0), AT EE K (T T 3% ) =
n=mn xny = (1,0,2), XHBELAHE M ( ) WHFEN (2 —3)+2(2—1) = 0, B
z+22—5=0. O

8.2.6

8.2.7

8.2.8

8.2.9

8.2.10

8211 KREWFH a4+y—2:—1=0Ma+y—22+3=0%HEHFH.

R EEIFTFEAERRELAN n = (1,1, -2), BUS A(1,0,0), B(—3,0,0) 2> 546 F #-F
I b, SRS AB H s M(—1,0,0), EREFA n, OFRITTERN (2+1)+y—22 =0,
Bl o +y—2:41=0. O

8.212  SRWIVIH 20 —y+2—T7=0fl 2 +y+2z — 11 = 0 ORI (A 195
T
SRR UK RS R 6 B, PR S A0 = e, KR AT 514 0 R
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R H 2GR AT
R ERFPFEHAEREES N ny = (2,-1,1),ny = (1,1,2), |ny| = |ng|, #HF2 1
FEHED A n=n, +ny = (3,0,3),n' =n; —ny = (1, -2, -1).

o 20 —y+2—T7=0, y X
IR { 4 2z =015: ‘Pl P(6,5,0), 80 RS 50A
r+y+22—-11=0,

3(x—6)+32=0, —(x—6)4+2(y—5)+2=0
— r+2—-6=0, z—2y—2+4=0.

8.2.13

8.2.14  /illd& TS A& RF T T 2.
(1) “FoPis A(1,2,3) F1 B(2,—1,4) RIMLB HEE T4 AB;
(2) 5 62+ 3y 4+ 22+ 12 = 0 “FAT, M &L (0,2, —1) R PP 1 5H 2 AH 55
(3) @I = i, H A (5,4,13) BIXAFHIFIEE RN 8 ANHAL;
(4) 2t M(0,0,1) K N(3,0,0) 35 Oxy Pk g .
M (1) (AR, )
(2) (z|: . )
(3) Pz Bl WK 2 =0 AFFEEE, MIEHTTEN y+k2=0 (k€ R). & (5,4,13)
FI°F 1 PR S

|4 + 13k| )
= =8 = 105k*+ 104k —48 =0
V1+ k2
12 4
Sof TR T FEN 35y + 122 =0 5 3y — 42 = 0. O

(4) WP HEREAN n, WHS Oy Vi 2z =0 FEN &
no = (0,0,1) KI5 H g Rk n = (,y,1) := OP, i
P WBFE 2 =1 F L, L M(0,0,1) NEL, r =3 RERK
[ E (tan ZMOP = Z—]\g = tang — r=PM =+/3). #{&E

W n=(rcosf,rsind, 1) (0 <6 < 2m). *FH M(0,0,1), z Y,

HEAN V3cosOz++/3sinfy+(z—1) = 0, ¥ N(3,0,0) FEA z

, 1 26

#: 3v3cos ~1=0 = cosf = _—,sinf = 13—@- 4O Figure 8.1 SI#H 8.2.14(4)
NI | 2

M EN gxiggﬁ—z—l =0, Bl 24+v26y+32—3=0. O

8.2.15 /il i & N A S HFZM I EL T
(1) i (0,2,4) MEWFH « +22 =1,y — 32 = 2 “FAT;
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(2) MAT (-1.2,1) BPA7THA

r4+y—2z—1=0,
r+2y—z+1=0;

(3) i (2, -3,4) HA 2 fhaf B IHFAA;
(4) 155 (=1, -4,3) 5 FHMNELZ

r =24 4t,
20 —dy+z2=1,

y:_l_ta
T+ 3y =-5

z=—=3+2

HIEH.
2 (1) (2) (3) (A, )
(4) P 20 —dy + 2z = 1,2 + 3y = =5 WEAMED A ny = (2,-4,1),n, = (1,3,0), A

20 — 4y + z =1, . o
[[INERES W5 AN v = ny x ny = (—3,1,10).
T+ 3y =—5
r =2+ 4t,
N x_2 +1 Z+3 N =N
B y=—1—1t BN 1 zy_l = = HRMAEN v, = (4,-1,2).
z=—-3+2t

BURMBEZS FAWHASEE, NTTHTTRRIEN v =1, x v, = (12,46, —1), X &
(—1,—4,3), MIELTTFEN

r+1 y+4 =2-3
12 46 @ -1

8.2.16
8.2.17
8.2.18
8.2.19
8.2.20
8.2.21

8.2.22
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8.2.23 IFEMI FAIRHBELRFH AL, HREMNMER WHELAEL LK)
(1)x—9_y—|—2__$ni_y+7_z—2‘
4 -3 -2 9 27

r+y—z—1=0, r+2y—z—2=0,
Y Fil Y

(2)
2x4+y—2—2=0 r+2y+22+4=0.

WERR (1) WEZLRK AR HEESNN v = (4,-3,1),v2 = (=2,9,2),v = v; X vy =
(~15, —10,30) Wi B2k 4 B 5 A(9, —2,0), B(0,~7,2), it u = AB = (—9, -5,2).
HH [ B vy, vg, w SR AIPAT 7S AR AR R

= |y X vy - u| = |(—15,—10,30) - (=9, —5,2)| = 245 > 0,

W B AT ELZ. FTHITFEREARL K.
NFLTTIN v = (—15,—10,30), KEHN

. 245
lu - v| _45

d=
|v| 35

Q) WP e +y—2-1=020+y—2-2=0KIEAESHAN n = (1,1,-1),n, =
(2,1,-1) = HZLKTTRFEN v, =ny x ny = (0,—1,—1), Him A(1,0,0);
FIEEATA, “FH 242y—2—2 = 0,2+2y+2z+4 = 0 BHERIE D HIN my = (1,2, —1),my =
(1,2,2) = HZLMTHBEEN vy = my x my = (6,-3,0), Hid 5 B(0,0,-2).
it w = AB = (—1,0,-2),0 = v, X vy = (—3,-6,6). IR v1, vy, u WK HTAT AT
RN
= |vy X vy - u| =1[(-3,-6,6) - (—1,0,—2)| =9 > 0,

MW BEZARMEL. THIHEREARLZ K.
AL TN v = (-3,-6,6), KEH

_u- v 9
d= o] =5=1L
O
8.2.24
8.2.25
| b —11z2+T7=0,
8.2.26 T H VE B AHEE ELIP 1. Horh—Priad s (4, —=3,1), 3K
oYy +7z—4=0
I 1T
i BT HAEN v, = (5,0,—11) x (0,5,7) = (55, —35,25), ;M v = (11,-7,5). H

emaA(_ggo) BEC R (4, —3.1) P EIEIRN ny = (a,b,1), WETEN
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a(x+g)+b<y—§)+220, ES)

27 19
—a——b+1=0, 27a — 190+ 5 =0, a= —3,
5775 . — — ny = (—3,-4,1).

y = ! 1 / N7 r = [m]
Sy PIHIAFIR nfy = v x g = (13,-26,-65), np = o) = (1, -2, —5), W T 593 )
e

7 4 7 4
—3<x+5)—4<y—g)+z—0, (x+g)—2(y—g>—52—0,

1
r+4dy—2+1=0, —-2y—52+3=0.
O
8.2.27
8.2.28
8.2.29
8.2.30
8.2.31
8.2.32
8.2.33
8.2.34
5 r—>5 y—2 z+1 e
8.2.35 RHRMIIEL -3 - 3 (1) HE 2L 5 2.
r =5+ 4t,
R HLMNSHEITHERN y=2+3t, HPteR MELLE SRR M(5+4t,2+
z=—1-—2t,
3t,—1—2t). HE&MHFFPEN v =(4,3,-2).
\ 28
YW OMlv — OM-v =0 — 28420 =0 — = —— — OM =

29
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33 26 27 o
(2—9, —2—9, 2—9) y E&ﬁ%ﬁ%ﬂij\j
r_ ¥y _ =
33 —26 27
O
8.3 )XEHE
8.3.1 IR NHI AR R AR, X e i, e B4R,
(1) (5)
(2) (6)
(3) (7)
(4) (8)
BER (1) hesE ek (5) SR X T
(2) BKIHI; (6) Jieds Xk X T
(3) AFBRI; (7) hEkE T
(4) Jie % B I XS g T (8) XU
8.3.2
8.3.3 SR NI i i a fE, HEHE eI AR
ﬁ—fﬁ:l
(1) Hhizk 4 7 58 HhErs— )
r=20
y=sinz (0 <z < m), .
(m%%{ . ¢ x Wikt —
z =
422 4 9y® = 36,
)z { ; Y Lo o Bl ERE— .
z =
R (1) (AHRg. )
(2) y? =sin®z = W TN
'+ 22 =sinz (0< 2 < ).
("E I AFRIEE...AY AT FE” W] 277 )
(3) (Afng. ) 0

8.3.4

8.3.5
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8.3.7

8.3.8 —Bil P(x,y,z) BIE SMEEEE T E 2V 2 = 4 MRS, WK A P L
5, e A4

iR RS
2, .2, .2 2 z? + 5
Val+ 2 +22=z-4] = 2" +y" +2°=2"-82+16 — = —(2—2),

KA eI . O

8.3.9

8.3.10

2

8.3.11  F T I X T f_é i ?JZ _
B £ T RE.
23 VA

.132 y2 22
T ! 2 2 3\ 2
{16 45 :5(x—+y——1):z2:<x+ ) — (- 12)% + 20y> = 250,

22
5

=1 5FVH z—22+3 =0 WL Oxy T

r—22+3=0 2

XA Oxy 1 BRI, St 207 FE 0y

(z — 12)% + 20y* = 250,
z=0.

8.3.12
8.4 T HEEEALIRA

8.4.1

8.4.2

8.4.3  IASKRNERE, LM HTHE 5a? — 3y? + 322 + 8yz — 5 = 0, FEAEHUE A4 T
R (1) A ARAR A
(1) IZFHARKR RIONEREAS S, M2 gz T B R Oxyz 48 o MIVSIRRS &7 [ et
0 (o <6< g), U357 I A 2R AR bl 2 18 F e A U F 3 s
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1 7 k
Jj|5 0 |5+0
E|Z|5-0] 0
TARHT IHARAR I AL H 0 R N
x cos 0 cos 3 cos 5 x’ r=a,
y| =|cosg cos 6 cos(——@) Y| = < y=1vcost+ 2 sind,
z cosZ cos (% +0) cos 0 2! 2= —y'sinf + 2 cosé.
RNIETTHE, £ 'z T RECN 0, 15
2tan 6 4 1
19w 20 20y _ _ = - _ -
12sin 6 cos + 8(cos” @ — sin“0) = 0 —> tan 20 T tad — 3 tan ¢ 2 or 5
B tan 6 L
nf = -
WrES
1 (x:x',
sinf = —, 9 1
o / /
— \/25 - y‘%erﬁZ? — 2 -y =1,
cost) = — 1 92
Vb z=——y +—=7
\ V5T VB
IX ST A iz B P XA T O

18R (2) el i,
R (2) FHREWRM Q(w,y,2) = 52 — 3y* + 32 + Syz.

5 T
Qtayy@=:(x y z) 3 4| |y | =2"Ax,
4 3

Zi A MLT X A HEE diag(h, 5, —5), BIAFIE T IEL B © = Pxy, 15 Q(v,y,2) =
Q1(x1,y1,21) = 5$% + 5yf — 52%, A S 7 A N

573 +5y; — 52 —5=0 <= 2] +yi — 21 —1=0,

XA e B X O

8.4.4 W NHNIT AR ERAMARNE B AL He

(1) 2° — y* = 25 3 AL T AL bR 2R 5 FEFIERTH AL R 2 7 72

(2) 2%+ y* + 42% = 10 e sAETH AL AR 3 07 FEFIBR AL AR 22 75 2
(3) 22% + 2y — 42° = 0 B IR AL R OTHE;

(4) 2 — y* — 2% = 1 FeAH BRI AL bR R 7 FE;
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5) r? + 22% = 4 B BRI AL b3 27 7%
6) p = 2cos ¢ FEH AT T A BR 2R T 2

T) x4y — 4 FEHR A TASKR R T

8) &4y + 2 — 1 H R AT 2 T
9) r = 2sin 0 FeA il B AR R TTHE;
(10) 7% cos 20 = = ¥4 S F1 AAAR R 772
(11) psing = 1 B R E M ABIR R ITFE.

x = pcosb,

— p?cos?f — p?sin?f =25 = p?cos20 = 25.
y = psinf

BRTH AL F

x = rsinf cos ¢,

y =rsinfsing, = r?sin’6cos’ ¢ — r’sin®fsin® ¢ = 25 = r’sin® 0 cos 2¢ = 25.

2z =rcost
(2)
(3)
(4)
(5)
(6) JFRBRARBR A,
x = psinfcos¢p, y=psinfsing, 2z = pcosb,
1 —tan?¢ 4
=2 >=4cos’p=2(cos20+1)=2 | ———— +1| = ————
p cosp = p cos® ¢ = 2(cos2¢ + 1) [1+tan2¢ } T Ftan’g’

FERE AR A

xr =rcosb,
‘ s o A4r?cos’f
y=rsinf, — r°+2z°=

=2z

HiE TR E AR RTHIRR A
V2 4+ y? + 22 = 2cos (arctan %) ,

Rl FEAE AR R R IR R A
V124 22 = 2cosb.
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x = rsinf cos ¢,
y =rsinfsin¢, == rsinfcos¢ + rsinfsin¢g +rcosf =1
z =rcosf
—> r(sinf(cos ¢ +sin¢) + cosf) =1
(9)
(10) KET A4
xr =rcosb,
y = rsinf, — 22—y =2,
7(cos® § — sin* @) = 2
X e — AR A i
(11)

8.5 F 8 FELREIH

8.5.1 WO N ER, A B CAMEK=r. IEY: i M ATl ABC _ERI7E
WA FEAFAE SR ko, koo, s 45

()—]%21{710—154-]{'20?4—]@30?, Hkl—i-kg—l-k':g:l

OM =

SERR (1) (1) %4 O #£°F1 ABC L, W OA,0B,0C #1 Vi ABC Ik, O
kOA + kOB + ksOC SR MIETTH ABC L, Fo40tE B4R, Tl b3t
PL O AR, @A E AR R, & A, y1), B(ze, y2), Clw3, y3), M (20, yo) YITEFIH
ABC b, WHFZ 7 fe s
T1k1 + woko + w3ks = 0,
yik1 + y2ka + ysks = yo,
ki +ko+k3=1

SHERM (z0,10) € R? BEME — REIEFFLIETR

r1 T2 I3
= |y1 Yo y3| #0 = 1Yo+ Toys + T3y1 — Yoz — Y31 — Y172 # 0
1 1 1

= (23— 1)1 — o) + (22 —21)(y3 —91) #0
Y2 — 1 Ys —
To — I T3 — I

<

s AB,AC MR — A B,C Rt
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(2) %4 O RIEFH ABC E, W OA, OB, 0C J973 1 th A $ i i) = A fa &, 40 ple— 201
S, BILELESEHR ko, ko, by 1578 OM = k104 + kOB + ksOC.

NUE: & M EFH ABC b «— ki 4+ ky+ ks = 1.

MM e ABC -

<:>(M/1><MB) MC =0 < (OA—OM)x (OB — OM)(OC — OM) =0

= OAxOM-OC+OM x 0B -0C + OA x OB - OM =0, (8.4)
HrE 3
O—1>4><O? =0,

O_z)éle—]\)/[ O—]\)/[:O,
OMX@ O_M>:0.
H [ B VR S AR T S 4, 32X (8.4)

(OB x OC +0C x OA + OA x OB)-OM =0

(OB x OC + OC x OA + OA x OB) - (104 + ks0B + ks0C) = 0
klO?xO?~O—z>4+k2&>”x0—z>4-0?+k30—1>4x0?~0?:0

(kv + ks + k3) (OB x OC - OA) = 0

ko + kg + ks = 0.

|

HEI

rviee

O
MERR (2) JeiEBH . kA M AT ABC b H A, B,C AIEEA, SN u e R,

Z]\_/}:/\@nLuz@

A = AOB — OA) + w(OC — OA)
— 0M=(1—A—U)OA+AO-B>+N(%,

k’l =1—-)— M,

HU < ky = ), WE Ky + ko + kg = 1, DEPEHE.
kg =
FUERA 78 4 1.

O—]\>4:k10—1>4+k20?+k30? — O—]\>4:(1—/€2—k3)0—1>4+k20?+k30?
— m:k’y@—l—k’gﬁ,

s M AEFI ABC E. F 3 HEARIIE. O
8.5.2

8.5.3
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8.5.4

8.5.5

8.5.6 IEMZE: (axb)xec+(bxc)xa+(ecxa)xb=0.
WERR (1) AEZEEMBIRART, ® a = (21,91, 21),b = (22,2, 22), ¢ = (23,3, 23). WA

B (axb xc+(bxe)xa+(ecxa)xblE—NrEN

(Z2$3 - 23172)21 - (1‘293 - 95392)%
+ (2321 — 2123) 20 — (T3y1 — T1Y3)Y2

+ (2172 — 22w1) 23 — (T1Y2 — T2y1)y3 = 0.
FFAEE . =N EWMHN 0,

(axb)xc+(bxe)xa+(ecxa)xb=0.

O
MERR (2) HEREEH Z=HERRER, 715
(axb)xc+(bxec)xa+(cxa)xb
=(a-c)b—(b-c)a+(b-a)c—(c-a)b+ (c-b)a— (a-b)c
=0.
O
y2—|—z2: 1,
8.5.7 RIEZLN , REZETT RN (2,1, 1) ROAETH B — BT 2.
T = Y

ﬁg ?ﬁéﬂ%i{f%g,ﬁ Mo(xo,yo,ZO), ﬁ M() 'ﬂzﬁﬁy‘j (2, 1, 1) E‘JE‘A@Z, ﬁ\:jj%jlij‘j

r = 2t + xg,
T — 2o
2

=Y—Y=2—2 <= §y=1t+yo, teR,
z =1+ 2,

W (20,0, 20) = (x — 2ty — t, 2 — t) TEAEZE | B

o R

= 2?4+ 2% +22% — 20y — 202 — 20 +2y+ 22— 1=0.



Yava

Az R 8.5 B8 HLHIM 19
e V=1, . ‘ .
8.5.8  RIEZLN ) TS ABRR N (2,1,1) BIHET R — R T FE.
T = Y
ﬁg ‘(’iéﬁL{f%&\*ﬁ Mo(l'o,yo,ZO), ji Mg 5/@: (2, 1, 1) Eﬁﬁéﬂéﬁ?ﬂ%yy
x = (x9—2)t+2,
r—2 y—-1 z-1 B
%_2_%_1_%_1¢¢ y=(y—-1t+1, teR,
z= (20— 1t +1,
wi 1
(20,0, 20) = (x — 1)s +2,(y — 1)s+1,(z — 1)s + 1) 7EAELL |, H s = 7€ R. Hf
(y—Ds+1)°+((z— s+ 1) =1,
(x—2)s+2=1
= (y—1+2—-2)P2+(z-1+2—2)-2—-2)>=0
— 2?4+ 22— 20y — 2z +2y+22—2=0.
O
85.9 REHZL z-1=y=2z% ov=y=1REIEIREENZSEITEN—EITIE.
~ S Y 1 = +t7 Y N
R BH&r—1=y=zSEHEN { WOREFE T B S (2, y, 2) W2
y==z=1,
P4+t—-1)2=@@—-1>2%+(y—-1)>%
{ ( ) ( ) < ) — 2?24+ y? -2 -2 —2y+22+1=0,
z=1
XF NI Z BT R s
r=/t?+ (t —1)?cosf + 1,
y=+/t2+ (t—1)2sin0+1, (teR,0ecl02m)).
z=1
O

8.5.10
8.5.11

8.5.12  CLRIMABKIE A =FH K2 AN a,b, ¢, =26 XS FREh T FE 7 50

—:g:i’)—z,

y zZ
3— = - = —
T 2" 279

SRAEERIA ) — BT 2.
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B RSB RNREE AT RN 0(2,2,2), T7IAAE AN

ny = (_1’2’2)’ ny = (27 _172)7 ng = (2527 _1)7

.,(122) , (2 12) ,(22 1)
1 = T arearo | J = o) orao | k' = Y0 o |
33 3 37 33 3’3 3
TEAFR R (O 4, 5, k') T, BRERTIEI T2 R

2 2 2
! y/ P

B — 2 i 2k

(1) VEARFR RINIERE AR (O 4,5, K < (04,5, k] <= (2., ) « (2",y",2"), H

1 2 2\ [. / 1 2 2 "

t 3 3 3 [T xr 3 3 3| [7

rl=ls |l = (v]=|f ||

/ 2 2 1 / 2 2 101\ .
k 5 3 —3/) \k < 3 3 73

(2) TELLFR RIFREZH [O54,7, k] < [0;4,5,k] <= (2", y",2") & (2,y,2), WEH

" / 1 2

T r—2 T 3 3 3 T — 2
i _ / _ 2 1 2

v|l=lv-2| = v |=|35 —35 3 y—21,
" ! 2 2 1

z z—2 z 3 3 3 z—2

AR (55) ffife:
(—z + 2y + 22 — 6)? N (22 —y + 22 — 6)? N (22 + 2y — 2z — 6)?

942 92 92 =L
Hrf a,b, c AT PLECH. O
) iﬁzﬁﬁ ;%?&J: T AN AL bR AR He, 9] DAPE A B S5 . TR E S, R0 AR T R
oy

StEt '2—2 =1 W 2y, z 73 B IRRER ot 3 = AN A Al TG 10 ~F TH A R A, A R
R A 2, y, 2 BHIHEER E— 5 (2, y, 2) BUBEERA =N RRR-F I 4 2R 25 BT

8.5.13  WAEERMALFR RFHE A (p1,01,01) F1 (p2, 02, 2), d RIX P A2 18] ) B £k B
5. U

d= \/(,01 — pg)2 + 2p1p2[1 — cos(¢py — ¢2) sin b sin Oy — cos Oy cos bs].
WEBA (1) P9 RO B A AR AR N

r1 = (p1sin by cos ¢y, p1 sin by sin g1, py cosby), 1o = (g sin by cos Pa, pa sin by sin ¢g, pa cos 0s),

WO R TR B O

d= \/(Pl sin f1 cos ¢1 — po sin B cos <Z52)2 + (p1 sin 6y sin g1 — po sin Oy sin ¢2)2 + (p1 cosB; — pa cos 02)2

= \/p% + p2 — 2p1pa(sin 6y sin O2(cos @1 cos go + sin ¢y sin ¢hg) + cos O cos )

= \/(pl — p2)2 4 2p1p2[1 — cos(p1 — ¢2) sin By sin By — cos b cos O]
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R~ (2) HBIERZEH.
WERR (2) PR ELA AR N

r1 = (p1 8in by cos ¢y, p1 sin by sin @1, py cosby), 1o = (pa sin by cos Pa, pa sin Oy sin ¢o, pa cos 6s),

A AR 52 A, R TRV R

d=/ri+7ri—2r 19

= \/,0% + p3 — 2p1pa(sin by sin 6y cos(d1 — Pa) + cos b cos 6)

= \/(pl — ,02)2 + 2p1p2[1 — cos(py — @) sin b1 sin Oy — cos by cos b5].

8.5.14
8.5.15
8.5.16
8.5.17

8.5.18
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EIE ZTERBHNMIF

9.1 TR EEFESE

9.1.1 Uk (1) (AN B)* = A°UB% (2) (AUB)° = A°N B

WA (1) Xt Va € (ANB),\a¢ ANB = a¢ Aoraé¢ B = a€ A°ora€ B° =
a€ A°UB° = (AN B)* C A°U B

XfVa € A°UB®,a€ A°or B = a¢ Aora¢ B = a¢ ANB = a € (ANB)° =
A°U B C (AN B)-.

— (AN B)° = A°U B°.

(AN B)¢ C A°U B°,
A°UB°C (AN B)°

(2)a€e (AUB) <= a¢ AUB <= a¢ Aanda¢ B < ac€ A°and a € B° <
a€ A°NB° = (AUB)° = A°N B°. O

9.1.2
9.1.3

9.1.4 & lim M, = My, hm M = M}. RiE: lim p(M,, M) = p(My, M).

n—oo n—oo

WEER  VEER),
p(M0> M(/)) - p(Mna MO) - 10<M7/L7 Mé) g p(Mn7 M7/1) < p(Mna MO) + p(M07 M(;) + IO(Mr/w Mé)a
HH

lim (p(Mo, M) — p(M,,, My) — p(M},, M)

n—00

= lim (p(M, Mo) + p(Mo, My) + p(My, Mg)) = p(Mo, My)

n—o0

PRI I A, lim p(M,, M) = p(My, M}). O

9.1.5  EH: VWU A SRR .

23



24 9% BRI e300

JEBR 38 lim M, = M, W% e = 1,IN e N*, {34 n > N I,

n—oo

p(O, M,) — p(O, M) < p(M,, M) <1 = p(O,M,) < p(O, M) +1,

B pyr = max{p(O, My), p(O, Ma),-- -, p(O, My), p(O, M) + 1}, WXt ¥n € N*, F p(O, M,) <
pu, WS {M,} A5 H

9.1.6 FPHES F= {(x,y) y = smé 0<z< 2 } U{(0,y): 0 <y <1} ZIE@EMH
L B,

SERR A {(0,y) - yi&ﬁﬁ%A{( D iy=sint0<o<? }MﬁWﬁ;ﬁ
et BRI,

5y, A P AR 2

0, x=0
B, (HER, BIRAhZe A RS ILL, M S A2 TEHOEE M. O

9.1.7  HfiE LU BB E SO, FHR BN TR 2 Xk, A& 75 2 P XIS
1)z =z ty; (5)Z:1n(1_x_z_z_22>;
9) 2 = \/z — 22 a
2 = \/xzy—2,2 (6) 2 = +/coszsiny;
(3) » = YT TV L, s

20 — x% — y? (7) u = arcsin . Y ;

— Jein(z? + o2
(4) z = Vsin(2* + ¢7%) (8) u=+/2az — 2% — y% — 22 (a > 0)
@ LR E SN D
) 2 2 2 2
1—%—?;—2>0:D {(x,y)eRQ:%+Z—2<1},

KRG LTI, 22—k, HAZ A X
(8)

202 — 1 — P — 22> 0 = D= {(2,y,2) eR®*: 2 + > + (2 — a)* < a* a > 0},

Rt —AEL M(0,0,a) BRG, r = a AR, WEBRITAIERIE, 22— H X3 O
FHE PR T XA AR E 3, CAMR— iy HE?
(1) Bt BE (B
A AT SRR Y X, XA P B0 PR A X 33
(2) U Hr ik S (28 Z0h):
EE T RO T XS, ﬁl:ijiﬁﬁlﬂ@ PROAX ﬂﬁl:ijﬁﬂ A XIS RR N X 33
o, AT A X IE G TR bRz i RS
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T ERENEAR S —E . XA RedE “EBAES”, B8 X EOF AR ZEE
HIPIAE, PRIUEIX R AT REFR “OEIE AT BRI DX ORI P X S5

T URAT DA R B I8 Y P AR AN — 2 P XA, 38 8 FE AN A2 20 okt JE SIS (431 4
M AR IR I, 3 5 3T 8 AN RE ), XA 9T XA P XSk ) GE AR ;T AE SRAUA
R BUR T, IX A T DX ) 55 H B

T NTHAER: I A P IEAS — T A A X 45
H b MR MTFED={(z,y) e R*: 2 +y* < 1or (x,y) = (t,0),t € [1,2]}, B, D &
—/NEE KL, H D AR A X EOE N — AP X, 0 J00R I — ANl R 1
. (FI X il Xk <3 H)) O

9.1.8

9.1.9

9.1.10 W f(z,y) =
R HEAS

L) =1, fla) = 2 f<Ly>:_g@_

i R L. fa).f (1 2) o). Scostsine).

z? + y?’ ) 2?4 y?
2 ) 2 tsint .
f(u,v) = " :ivvz’ f(cost,sint) = % = sin 2t.
O
9.1.11
9.1.12
9.1.13 &% f(z,y) =2, 0(z,y) =2 +y,Y(x,y) =2z —y, K
flo(z,y), vz y)],  elf(z,y). (. y)l, Pl y), flzy)].
"
flo(zy), ¥(z,y)] = (x +y)",
@[f(%y)ﬂﬁ(l’,y)] = my +x— Y,
@b[(ﬂ(l',y), f(x,y)] =T+ y— xv.
OJ

9.1.14 W F 7% 8K R & BAAAE, A R, Sk H IR :



»
o
=

26 9% ZAERIUNHHD Y

2, .2 : (z
(1) lm% %; (7) IE{POO(:(;? + y)e~ @),

rz—0 | Yy Yy—+00

y—0
@1 sin 2y (8) lim In(z +e)

m ; ’
= SV
. xry

x? (9) lim ————;
(3) lim (—”“"y ) : o0 oy +1-1

z—4o0o \ 12 + y2
+00 Vi 1-1
" =2 (10) 1im VYT
1 Tty z—0 X —|— y
@ (H_) / " cosa £ 47)
Tr—r 00 €T J—
s s (11) lim QCOSQZ 2y2 5
(5) lim &Y. 2 (@ YTy
x 2 2’ . —_—
730" 2+y , (12) glelgcl)(lery)ziy.
Ty y—0
(6) i, o
Yy—00

R ()X Ve>0, M d=c¢c WY |z|<d |y <0 H (z,y) #(0,0) B, H

wROl By Sl o
y? <0yl || + [y] || + [y]
2 2
W lim Tty =
=0 |z] + |y]
. x =rcosb,
HiE W (0 <0 <2m), WA |cos| + |sinf| > 1.
y =rsinf

X Ve >0, 0=¢, M2 r=pO,(xy)<d N, H

2+ y? T

= <r<d=e,
lz| + ly|  |cos@| + |sin 6]

Holim ST o, 0

<2> E‘a%,ﬁl\%%d\%& i_—,’ 1‘_>O,y—>aﬁ‘j‘, I’y—)o — Sinl‘ywl’y (x_>0’y_>a)’ E&

. sinxy .oxy i
lim = lim — = limy = a.
z—0 xT z—0 I z—0
y—a y—a y—a
(3) A -
.’.EQ CEQ 1 2172
x? 4+ y? 2xy 2
x2 22
. 1 . LsE . 1 Ty
B lim (= =0 LMiAIEENAR: lim = 0.
z—+00 \ 2 ?aj:;i—g 1‘2 + y2

0< (2% +y?)e ) L (24 y)?e 1Y),

e lim (24 y)’e ) = lim o' =0 RFFLRENE: lim (@ +y?)e ) =0,

y—+oo Yy——+00



(8) (9) (10) (11)

(12) % y=2z, My —0(z—0),
lim(1 + zy)7 = lim(1 + 22)2 = lim (1 + 2?):2'3 =1, (9.1)
:5;)8 x—0 x—0

N&y=a" -z, FFEHLE y — 0 (z — 0), LIS

: 1
lim(1 4 2y)=+v = hm[l%—x(mZ—;p)]ﬁ _ L 0.3
z—0 z—0 e
y—0
i (9.1)(9.2) %0, lim(1 + )T RAEEE. .
y—0

9.1.15

9.1.16  IEBH: %R (z7y)lir(r;0’yo) f(z,y) = A TELERT,

(1) % y#yo W, lim f(z,y) #2E, W lim lim f(z,y) = 4;

(2) & x # o B, lim f(z,y) F4E, W lim lim f(z,y) = A.

‘R Xy # o, ‘%gy(iim flz,y) = l(y)%_mo o

MERR (1) id wlgﬁlo f(ff»‘;ZO) = 1(y) (y # vo). WX Ve > 0, H lim  f(x,y) = A HI,

(z,y)—(x0,y0)

|x — zo| < d1,
301 > 0, 5524 < |y —wol <6y, B, H
(z,y) # (w0, Yo)
Fey) = Al <5,
M lim f(z,y) =1(y) (y # yo) ¥, 30, > 0, Y 0 < |z — x| < 6 B, H

Fy) = 1w < 5,

4§ = min{dy, 0}, B 2’ = 2o + g Es
Fa'y) — A <
{ (= y) = 1Y)l

Y

AN IR

DO M

Uy) — Al < |f(2,y) = Al + | f(@y) = ly)] <e,
XIERZ
lim lim f(z,y) = A.

Y—Yo T—TQ

(2) [RIFEATE. 0

9.1.17 W T 5 R B
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([ ay 22y
’ —, (, 0,0),
FETES FET @) fay) @ e V700
S 0. @y =0y
( 1 \ y
rsin—, y#0, a4y 40,
(2) flz,y) = Yy (4) flz,y) =47 +y
(" y="0 0; z+y=0.

R (2) WK, BRETE y # 0 AbiEsE, 2 y =0 B,
1° @o # 0, M mli_g}oﬂismé AMFALE, BREL f(2,y) 15 (20,0) (wo # 0) LANELE;

y—0
22 =0, W lim f(r.y) = (m,yl)%mxsmi — 0= £(0,0), # f(x,y) 7E (0,0) kbi%
i b B flx,y) 1E (2,y) = (20,0) (xg # 0) AbIE]WT, 75 fAbESE.
(4) IR, BREAE (20,y0) € {(z,y) : x +y # 0} AIELE;
5+ g0 =0 I () = (0 2200+ )T ) = (z00) (0 o),
1° 0 2 g, W0 T £(o,3) = lim 202005 g

n—oo
2% zg =yo =0, W lim f(xn,yn) = lim

1

%

i f(z,y) £E (20, y0) (zo + yo = 0) KTJ@
Zi b, BREL f(x,y) FER (2,y) € {(=, )ER v +y # 0f IES, AR GUEENE. O

:_%f«)?()):()a

9.1.18

9.1.19 * ¥ f(x,y) /£ D C R* Lo RIXt o F1 y 4k, HXF TR v 280, iuE i
f(z,y) /£ D BIESE

AIE HBRET IR o,y BEEHN, X V(zo, y0) € D, X Ve > 0,35, > 0, 154 |2 — 20| <
6, H (z,y) e DW,FH

£ y) = flaoy)l < .
X 38y > 0, 1324 |y — vl < 02 H (x,y) € D B, FH

|f(z0,y) — f(20,90)| < 27

|z — xo| < 6,
o = min{(51,52}, NI |y - y0| < 0, HTJ‘, H
(z,y) € D

|f(z,y) — f(wo,90)| < |f(z,y) — f(@o, )| + | f (20, y) — f(z0,00)| <&,

(@,y)—(x0,y0)
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S HT U 6 = 61(v0,y), 5 y MIRGEA R, HETREHITL 6, — 0 (y — yo) MR, M
A AE— 5 — i) & 3 S M
B B AT f(,y) =

(z, yl)m%O )f(x ) RAFE.

2

“_W%Ef(mnkﬁ%xyﬁ%@ fH

2

Figure 9.1 f(z,y) = x4x+yy2 7E (0,0) &b

AL, A AR E 6 I, bR E, MRS 2 —2 15 (2, y0) FIEH K
) 6 H. XA T T EIE .

WERR  XF V(z0,v0) € D, FEIE f(z,y) 75 (20, y0) AIEZE.

Xf Ve >0, HT f(zo,y) £ yo ALIESE, NI 30, > 0, 43

| (@0, yo + 01) — f(x0, 40 — 61)| < Za (9.3)
MR f(z,y0 + 01) TE mo KEIELE, WL 36, > 0, 13 Y |2 — 3| < 62 B,
|f(z,y0 + 61) — f(zo,90 + 61)] < Z, (9.4)
[FIHE, 365 > 0, 4524 |2 — xo| < &5 B, A
|f(@, 90 — 61) — f(@o,yo — 01)| < Z, (9.5)
MHT flr,y) KTy B, NI [y — yo| < 61 B, A
|f(z,y) = flz,yo)| < [f(z,y0+ 1) — flz,yo — 1)l (9.6)
BeJa, BREL f(x,y0) T xo ABELE, T 36, > 0, (F3H |z — 20| < 64 I, H
7o) = f (o 0)| < 7. (9.7
|z — x0| <6,
B0 (9.3)~(9.7) %1, X Ve > 0, B 6 = min{d1, 6, 03,04} > 0, W { |y — yo| < 0, B, £
(z,y) € D

< |f(@y) = flayo)l + [f (@, 90) = f (@0, o)
< |f(m, 90 +61) — f(,90 — 1) + [f (2, 90) — f (20, %0)]
< |f(@ y0 + 01) = f(@o, yo + 61)| + [/ (@o, yo + 01) — [ (w0, Y0 — 61)]
+ [ f (0,90 — 61) = f(@, 90 — 01)[ + [ (2, 90) — f(20,90)| <&,
KIER f(x,y) 18 (w0, yo) MEIELE. O

|f(z,y) — f(w0,90)]
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WEA WA BRI

[f(z,y) = f (20, 40)| < max{[f(x,y0 +0) — f(x0,50)|, |f (2,90 — 0) — f (20, 0)},
| (%0, yo £ 01) — f(2o,90)| <,
|f (2,90 £ 61) — flzo, 90 + 61)| <&,
= [f(z,50 £ &) — f(zo,40)] < 2e.

BZ  HUeEo i SR YE X 18.2.45] 18.2.2.

9.1.20 & D C R’ XEE (v,y) C D, % f(v,y) =z, BMHA D 1E o M R AL
UER: SR BURIES R AL, F2 e — R PR WU AT .
AR i M = (2,y) € D, Xt My = (vo,40) € D, Xf Ve > 0, M 6 =&, M M € Bs(Mp)
I, A
|f(x,y) — f(xo,y0)| = | — 20| < p(M, My) < =¢,

W f(x,y) =z RIESLREL

1 N N
B D = {(q},y) y > E’xER”L}’ W D &—AWE&, i f(D) = (0,+c0) A& —4H
£, O
9.1.21
9.1.22 O
ulig} f(uv U) = A, :Cllgﬂl @(‘ray) = Uy, xll}n; ¢($7y) = Yo,
U—Wg y—>y8 y—>y8
s p(x,y) # uo, s
E EI50 > 07 /fi/fﬂ:éi (‘r7y> S B—<<x07y0>760) Hﬂ‘7 ﬁ }Eﬁ e—20 To alﬂflﬁt
w(%y #UO-
dm f(e(,y), d(x,y)) = A,
Yy—yo

|U—U0| < (51,
MEBR XF Ve > 0, 361 > 0, 8154 ¢ ju —w| < 6y, B, H f(u,v) € B(A,¢e), XFIXAEEL

(u’ U) 7é (u[)? UO)

0 ) - 57
<|p(z,y) — uol < & Wi

ER 6 >0, 36 >0, 152 (2,y) € B_((w0,50),0) B, H
0 < [i(x,y) — vo| < 6y,

flo(z,y),d(z,y)) € B(A,e),
X IE&
lim f(p(r,y),¢(z,y)) = A,

T—T0
Y—Yo
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9.1.23 X f(z,y) =
LS.

WERR 4G f(x,y) 76 D =1[0,1] x [0,1]\ {

Xt \V/(xo,yo) € D,Ve > 0, B 6 = min

1}@(@@6mﬂxmjumw#ﬂjﬁﬁﬁﬁﬁ@ﬁ@$*

1,1)} bBi#Est
71 1an:$_x0aAy:y_y07 IJI‘IJ\-—L—/’

—~

r—’H
= M

|Az| <6,
H (z,y) € DI, 7
|Ay| < §
(1 —zy) — (1 — zoyo)| = |ToAx + yoAy + AxAy| < |zoAx| + |yoAy| + |AzAy|
<2(Ax + Ay) < 46 < ¢,

[

lim (1 —2zy)=1-—zoyo

(,y)=(z0,90)

. I Fz,y) 1 1
1m x, = ; =
(,y)—=(x0,90) Y lim  (1—=zy) 1—zoyo
(z,y)—(z0,y0)

= f(ilfg, yO)v

M f(x,y) £ D _FiESE
ﬁEEITﬁI‘@i. ) 5
B ey = 5 > 0, X} V4§, = — > 0 (n € N*), BUA S, (1 — 0,,1),T, (1—3”,1) i

(S0 T) = 2 <5, {8

=9

’f(l—én,l) (—%1)' —=n>1>e,
W f(2,y) 76 [0,1] x [0, 1]\ {(1,1)} EA—S0ELE. 0

\s

9.2 ZELERHMMD

9.2.1

9.2.2 KT HIFRECT T4 3 AR B KRR

(1) z = x;;y, (5) u-arctani_z;

(2) =3+ (6) u = "V,

(3) z:smgcos ot (7) u=2a";

(4) z = In(x + /22 + y?); (8) u=ze™* +In(x + Iny)
(1)

0z e 0z eVy? —e¥ -2y  xe¥(y —2)
= T - .
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CREEZ S CEGh oo A2 M

R, % RIFLE, IR g—; RAUE, g

. < y))_l T Yy Yy . T .y
—Ssm -+ |\ ——-: ——COS—COS—+—281H—SID—,
y y X X y X

0z T T 1 1
— = CO0S — - (——) cosy+sin§ (—siny-—) :—%cosfcosg——sinzsiny.
Yy z Yy Y z

dy Yy Y r o z oy x
(4)
(5)
du 1 ‘ <_ 2y N _ Y
or - (x—y)?2/) 2249y
L ()
du 1 < 2 oz
oy ety \(z—y)?2/) a2+
1+ (55)
(6)
(7)
% = yPa¥ g—z =¥ Inx - 2”7, % =2V Inz-y*lny =2¥ y*Inzlny.
(8) =
X Y sint of of
9.2.3 = — 5
#fwy) = [ Tk G
%
of _ of d(x*y)  sinz?y N 2sin 2%y
or  O(x%y) Or %y wWeETy
af _ aof d(z*y)  sina’y 2 sin 2%y
dy  O(x%ry) Oy 2%y y
[
9.24

9.2.5 IEMEREL 2 = /a2 +y2 1ER (0,0) HESA W FEAAFLE.
WERR AR, lim z(z,y) = 0= 2(0,0), # » 7F (0,0) AbES: 1

(z,y)—(0,0)

0z .zl =0 ]
gy (0 0) = lm T =
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9.2.6 R 2= 2 Zy S y = 4 EEARTE S (2,4,5) A1 S O HHiIE ]
7 ) 8
o ; 1
Z
8_95(2’4) =37 le=2 =1,

WYL Oz I IER FTRIIAEN 0 = arctan 1 = %

9.2.7

9.2.8

9.2.9

9.2.10

9.2.11

9.2.12

9.2.13

(1) z =In(2® +y);

RNBIRELHI 5T, BAELE E R AT

(4) z = arctan g;

Ty ) T
(2) 2= 2 +y2; (5) z = sin(zy) £ (0,0);
3) u= "1 (6) z = a* + y* — 4oy FE 45 (0,0), (1,1).
s—t’

(1)
(2)

0z ylyP—a*) 9z x(@®—y?)

837 (xQ -+ y2)2 ’ 8y (.T2 + y2)2

0z 0z y(y? — 2?) x(2? —y?)
- dZ—a—dZE—i—a—ydy (:L‘2—|—y2)2 T + 2 2)2 dy.
(3) (4) (5
(6)
0z 0z 0z 0z

9.2.14

— dz(0,0) =0, dz(1,1) = —4(dz + dy).
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9.2.15  MRIE AT E SGIEY], BT f(x,y) = /|oy| LR RAEAS AT
WERR A SGIEEE. B f(x,y) = /|oy| FEESAL AT, R¥EE X, 3A, B € R, 15

\V|hk| = Ah+ Bk +o(Vh?> + k%), p=+vVh>+k>—0,
FRFL k=0 = 0=Ah+o(|h]) (h = 0) = A=0, AHEAE: B=0, %

VIFH = o VIETR), p=VEETRE 0,

Al = o(V21h]), p=V2|h| =0,

S BRI, 5P & TR RS, B3 F(o,y) = oyl EEAMRTE. O
WER L foy) 15 (0.0) KRGS a—if( 0,0) = g—fy“(o,m 0 WA, W R
A= B =0 RHRI.

Z'Qy 1'2 _l_yZ ?é 0
9.2.16  FMIEREL f(z,y) = { 2+ ¥ "R (0,0) 3ESE HR S KA, (H

0, 2+t =0
TEME AL
WERR id O(0,0), M (z,y).
Xf Ve >0, L6 =¢, MY p(M,0) <6 B, A

%y

x2 4 y?

ey 1
= —|z| < p(M,0) < e,

[f(z, )| < < Jaf -

o lim f(z,y) =0= f(0,0), BREL f(z,y) 7£ (0,0) AL,

(z, y)%(OO
BREL f(z,y) £ (0,0) AR S 3L

of 0-0  9f B
5.-(0,0) = lim ——= =0, ay(o,O) — 0.

B f(x,y) = V]xyl 75 (0,0) Abnl, WA

Ik _ 0L oy 2 0,00k + o VI = o VIETTE), p= VIETIE 50

h2+ k2  Ox oy ’ ’

L h =k 15

1
Sh=o(V2hl), h—0,

XL IR AL, WP &, IR RO, B2 f(z,y) 78 (0,0) AT O
(2% + y*) sin . iyt A£0,

9.2.17 * {EMEE f(x,y) = z? +y? FE 1 (0,0) E S
0 2?4+ y* =0

HAwm S HAFAE, (AW FEAE R (0,0) AANFESE, T f £ A (0,0) AL
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MERR R,
1

lim (2% + 3?) sin ————— = 0 = £(0,0),
ol @) sin e 0= J(0,0)
W f(x,y) 7E (0,0) AbiESE
(1) 4 2% +y* # 0 I,
8f( ) = 20 1 n 2z 1
——(z,y) = 2zsin Ccos :
Ox Y \/1;2 + 92 \/x2 + 92 (22 + 42
af( ) = 2ysi 1 N 2y 1
—(x,y) = 2ysin cos .
Jy Vi yr o 22+ y? /22 1 2
(2) 4 (z,y) = (0,0) B, FEZER,
0 x? sin% 1 ) y?sin
—f(0,0) =1li L~ lim zsin — = 0, f(0,0) = lim WL Jim y sin — = 0,
ox 20 T 0 || oy y—0 Y y—0 ly|

i m L(ey), lm 9L (e, y) BAAELE, HOR SRR (0,0) BRHELE
(z,y)—0 ox (z,y)—0 8y

TUERREL f(z,y) 7E (0,0) ZLTATH.

N, 1
AR Af = (h® + k%) sin N o(WVh2+k2) (p=Vh2+ k2 = 0).
HL L,
. (h2+k2)sinﬁ_ . 1
lim = lim psin — =0,
A R = L
R EL f (2, y) 1E (0,0) ALATHL O
9.2.18
9.2.19
9.2.20
9.2.21

"n s — 1 V3
9.2.22  REHE 2 = arctan £ EH 22 +y? =22 =0 FL—H P (—, V3
x

5 7) YOS IE
A5 1 T R
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\ 3. 1.
fi# (1) ﬂe:—iz——J,m\U
2 2
v3 _ 1y
2 2
l_@t_\/g
2 2
N N arctan ﬁ—lt
2 2 2 2 2"
- (1 V3 arctan—l_ﬁt arctan% 1+l—£t V3
Oe t—0+ t t—0t t
¢ t t
arctan
_ _ 1
= lim 2 \/gt:lim—2 \/gt:—
t—0t t t—0t t 2
]
BiR (2) BHE.
\ 3. 1. .. ..
iz (2) mae:—£ — =7, TEEH,
2 2
y x 1 V3 V3 1
= — — _ — = _—, =
vz ( x? + y? x2+y2) Vz<2, 2) ( 2727
NI}
9z (1 V3 _Vz-e 1
oe\2" 2 | le] 2
L]

9.2.23 KR u =2 +2¢° +32% Loy + 32— 2y — 62 1EA (1,1, —1) MBI K TT
EEDGER
R R

ou ou ou
g _y 3, Mogyra—2 =6:-6
o7 T +y+ 9, oy y+x—2 py z — 0,
— Vu=_2r+y+34dy+x—262—-6) = Vu(l,1,-1) = (6,3, —12),
: (6,3,-12) et rrm
a —_ ] ’|_ll N T
He=163 12 W35 K5 1A

% V(1 1,—1)] = |(6,3, —12)| = 3v/21.

9.2.24 W r=uxi+yj+zk,r=]|r|, fK:

(1) grad %; (2) gradIn .
r
) (1)
T2 CE'2 +y2 +22 (I2 +y2 +22)27 (12 +y2 +Z2>2’ ([L’Q +y2 +22)2

20 2y 2z 2
=\ ) T AT
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(2)
_ [r2 a2 2 t : Y , :
Vinr Vin e+ Yy +z $2+y2+22 x2+y2+22 x2+y2+22
_ <£ Y i) _r
o\ 2727 p2) 20
0
BT (2) AR LAAEER AL bR .
iR (2) fEERABARP, A
1 12 17
Vﬁ = —257" = —r4r, Vinr = rr =3
O
9.2.25
9.2.26
9.2.27
9.2.28
9.2.29 #H u=F(v,y), FALE_IRFIALE, Tl 2 =rcosp,y = rsinp. iEH:
00\, (10u\'_ (u\* | (oY
or rdp)  \Ox oy )
MERR AR A
%_%%+%@—%Cos¢+%$n¢
or  Ox0r Oyor Oz Ay ’
Ou Oudr Oudy Ou . ou
96~ 0c0p oyop  ox " omO) Tt 5, e%?
ou\? 10w\’ ou ou . 2 ou ou 2
(8 () - (o) (e
(ou 2+ du 2
-\ oz oy ) -
O

9.2.30
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pa o? 0? o?
9.2.31 Wk _u 2_u Cosx——usian——usinx =0 &% ¢ =r—sinx+
0xdy Oy? dy

=0, (P RS )

Yy, = +sinx —
IR HEEAS

aga

du  Ju (95 L ou ou 877 ou
or 85 o on or o0&
ou Oud Oudn Ou Ou

@ ~ 9oy “anoy o oy

—(1 —cosz) + g_:;(l + cosz),

0:1:2 -\ 020z 0LOn Oz o0&
0%u 06 0*udn ou
o5 LYY g
+ <8n8§8x + o 8x> (14 cosx) + 37]( sin z)
0%u 0%u 0*u ou u
1— 2% P ing — 22
852( cos ) 23§8 sin®z + on S(1+cosz)® + % sin x o sinz,

@_ @%+ 8%@ B 0%u %4_8%@ _82u_282u +82u
oy2  \ 020y 00Ny onoEdy  Ontoy)  O€? ocon  on?’

Pu  Pu 82u_82u (- )+ 8%_@ (14 )
Ozdy  oyor  \de oty T\ onoe o ot

0*u 0?u 0*u
2 1
8£2( —cosT) + 8g@ncosgﬂ o 5 (1 +cosz),
R B % AN T 1SS
0%u N 0*u 0%u ou u
e —(1 —cosz)” + 285877 sin z + W(l + cosx)? + 8—€sma: - a—nsmx
0*u 0%u 0*u
+2cosz (8_52(1 —cosx) + 285877 cosT — 8_772(1 + Cosx))
—sinz 02u_282u +82u —sinx Ou 8_u _482u =0
0&? 0c0n — On? & on)  Tocon
. Pu
ocon
0
U= — ’ 2 2 ot N N
0.2.32 WM W rpmrgr 622+ P2 0 gy 22—
v=1—+ay 0x?  0Oxdy Oy oudv

W a. (Fh B SR ES:)
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0: 0z 0
or Ou O’
0z 0z 0z
P _ 9%

0%z 0%z 0%z 0%z 0%z 0%z 0%z 0%z

ox2  Ou? + Oudv + dvou + n? ou? + 28u0v + o2’
Pz 0%z - %—1— 0z ‘e 0%z +8_22 ——2%—1—(@—2) 0z —i—a&
oxdy  Oydr ou?  Judv ovdu  Ov?) T Ou? Oudv ov?’
Do (G BN (0 o\ g
oy? ou? Oudv dvou o) ou? Oudv ov?’
¥ Bk % AARNTT AR
0%z 9?2 0%z 0%z 0%z 0%z 0%z 0%z , 0%z
0 (a— w00 a_> ~ 25t Vg5, tage - <4w A Tl av2)
0%z 0%z 0z ) 0%z
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10 + 5a # 0, a2,
—a*4+a+6=0 a=—2or3
[
v ey O - -
9.2.33 * KRJjf%E @_Z = 2% + 2y WM 2(x,2%) = 1 BIfR 2 = 2(z,y).
B 2oy B
Ay
2(w,y) = 2%y + y* + (),
RN z(x,2%) =1 15:
2w a?) =2+t te(r) =1 = cl@) =22 +1 = 2(2,y) = 22" + 2%y + > + 1.
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BE  HCEri I ERYE X 19.3 I 19.3.3.
N N 74 2 au NN 2 au
9.234 Wu=u(ry), Jy==x Hﬁﬁu:l,a—:x,ikély:x H]LE]/‘J(()—
T Y
R HEERS
du Ou ou
2y _ au _ ou . oy U 9y o,
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ou 9 1
14 8—y(:1:,x ) = —3 O
\

BE  HUEod SR 19.3. 4188 19.3.3.
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9.2.35 ¥ u=u(r.y) WL - - a7 =0 DARGRAE (e, 20) = @, u (2, 20) = 2%,
Ky, (x,20), 4l (x, 22), uy (v, 22). (Fh= Bﬁf/ﬁﬂhiﬁi@kﬂ:)
R HEA:
u(t, 2t) = t, du Ou dz Ou d 0 0
e — . — —_— y u —u p—
du s = = ax<t,2t) i +ay(t,2t) 5 ax(t,2t)—|—2ay(t,2t) 1
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ox
du ., Ou 1— ¢
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d [/ Ju d%u 0?
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O
9.2.36 R FHIEAHREIHS du
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O
9.2.37
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Jacobi 174150,
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fiE
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9.3 2R EIEF ST EIE

9.3.1 UEMI FAITTREAESRE RIS v A ME—fE, IR y X o fEiZ RV —Fr Al
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W Ty = f(z) £ o =2 MEEM K S5, T DL OR] B R 20w 2
FiIE i Gz, y,y) =2v +y+ay +2yy (BN F(x,y) = 0 WX o« KFWMA), B L

5 il G(2,1,—Z) =0, H
oG oG oG
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(1) sinzy — ™ — 2%y = 0, 3R %; (5)
dz
(2) (6) N
(3) (7) F(zz,yz) =0, 3K e 0_y
(4)

(1) &R ¢ RFE:
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9.3.3 * FHKHIHLEHFE 22 + 2oy +y? = 27 FIREL y = y(z) FIRKRME S /ME.
R Id Fa,y) = 2% + oy +y° — 27, 5 V(20, yo) W2 F(20,50) = 0,

2ty L it
_— = X —_— =X
o v % y

£ (1’0’3/0) b 3k 3% ?d;, i g (iﬂo,yo) =To+2y =0 = (9507y0) = (‘6 3) or (6 _3) e
(z0,y0) # (—6,3) H. (z0,y0) # (6,—3) I, HERERECE BN, 7E (20, yo) I, XI Vo, FAAEME—
y)

i y = f(z), 15 F(z,y) =0, B
oF
Do Fe . 2e+y o, 24y +2y) - Re+y)(1+2y)
y = [f(x) = - T y' = o) ,
2y =0, 15
2r+y =0, 5 5
= (z,y) = (3,-6) or (=3,6) = y"(3) = ¢ > 0,y"(-3) = — <0,
{a:2+a:y+y227 9 9
W oy(3) = —6 KB y = y(x) BIHR/ME, y(—3) = 6 KR y = y(z) FIBKLE. 0
9.3.4
9.3.5

9.3.6
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9.3 REFUE A E . 43

9.3.7 W z=z(zr,y) RHFTE plcx —az,cy — bz) = 0 FrifiE IR R AL, Wk A o
0 0
HNEFER R iR 3, #H a—Z ba—;—
WERA i £ = cr —az, n—cy—bz Xt p(cx — az, cy — bz) = 0 BIARMS, 15
dyp Oy Op 8 Op Op Oy B
do = 0a:d +0yd +a dz =% cdz +a77 cdy + 85( a)+8n< b) | dz =0
84,0 8<p
== dz:—‘% —877 dy = 0z dx+%dy
a2+ 022 ali i pZ Y T or oy
0: __ cg 0z 5
00 " T Oy I
E a%—i-b%—c
Jr Oy
OJ
. - o o " d
9.3.8 W z=2"+y° H y=ylx) NHFE 2> — 2y +y* = 1 FrE XL, K £
d?z
4 PR

W il Flr,y) = o —ay+y” — 1, % Y(zo,90) W F (o, y0)
F F
6—:2x—y, a—=—$+29
Ay

ox
TE (zo,yo) BHIEIESE, 4 (20, 40) # iz\/_ \/_

=0,

B, 78 (20, 90) Wﬁﬁ ($o,yo) # 0, H
B bR HE BREN, 7E (20, yo) P, X Vi, ﬁf”’ﬁ E’Jﬁﬁ y =y(x), 15 F(z,y ) =0, HA
oy 2r—y vy 2=y ) —-2y) - 2r—y)(1-2¢) —3y+ 3wy
=y VS (o207 @— 29

2w—y  2a?—y?
—Z:2x—|—2yy':2x—|—2y Y (v y),
dx r—2y T —2y
d*z

20 —y\°  6y(z? — zy + ¢?
=220y ) =2 1+ ARGl )
da? x—2y

(z —2y)?
2 — 2 6
- (” (=) <x—y2y>3>’

Hrp oy =y(z) NHETRE 2% -

zy +y? =1 FrE LIRS

9.3.9

9.3.10

9.3.11 & u=u(z,y),v

() B AR R W R ML, SR Ex y;.




44 9 FE AR S A5
u? ot 4yt =1, @) u= f(ux,v+y)
ut+v+x+y=0; v=g(u—xz,0%)
zu —yv =0,
yu + zv = 1;

()
(2) BT 2,y KIWT, 15:
n Ou  Ov 0 Ou @_0 Ou _ wr+wvy Ou _ wvr—uy
YT T Yor T $8y y@y_ or 224y Oy a2 +4y?’
—
Y or ox yay oy or  x2+y2’ Oy  a?+4y?
ou Ou
ou,v) |9z oy uz + vy’ vr —uy\’  (uz +vy)? + (v — uy)?
= =lov ov| =\ 22 T\ 2i2) T 2 .22
Nz,y) |2V v 2?4y x? +y (2% +y?)
ox 8y
(3) 38 € = um,y = v+ y, 0 = u— x, 1 = vy, WA 2,y KB, 75
ou Of ou 8f@v ou 8f ou Jdf [(ov
-z, - —+1
or  0¢ (“”ax) nox oy o “oy Tan \ay )
ov 89 ou dg ov  Ov ag ou 0g ov
o L)+ Y o v 2
or 0y (ax )+a¢ Wor oy g0y ou ( Yoy “’)
. Ou a1 bi|la; ¢ B o billar o
a(U,U)_ % ay B Co bg 0,2 6/2 b/2 as Co
ox 3y ;o
/\I:F',
a —xg—l b —g cr = — ﬁ
1 85 ) 1 877’ 1 — 857
_ 0Og ., Og _ 0Og
ag 8@7 b? QQU@#} 17 Co = 8@7
al—xg— b/ g C/ _a_f
1 aé- ) 1 an7 1 877’
/ ag /) ag / Qag
a2_a ) b2_2yaw 17 Co aw
L]
9.3.12
9.3.13 W u= f(r,y,2), 0% e 2) =0y =sing, HH f o #EE—IESLMm T,

Oy . du
Egﬂ).;ka.
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iR ide=a’n=c"C =2 1 pa? e 2) = 0 PIilXt = Rm S, 15

Op 2x+6§0 e*n? cos x
Op dp dp 0z 0z E)_§ 6_77
Zr.9 Zr | osinz e e
o€ x—i—an e COS:E+8C B 0 = B 8_@0
¢
8_@ 2x+a—(’0 e cos
de 0z Oy 0z Oy
¢
O]
9.3.14
9.3.15

9.3.16 PR u = u(x,y) WAL u = f(2,y,2,1),9(y,2,t) = 0,h(z,t) =0 EX, K
ou Ou
ox’ Oy

R R

h(z,t) =0 = t =1(z),

9y, 2,t) =0 = y=u(2t) =n(xtz) =y(iz) = 2= 2(y)

h(z,t) = 0 BIUXT 2 KimF:45:

oh
0z  Otdz dz oh’
ot
g(y, z,t) = 0 PILXT y RAwF15:
dg
09 Dgdz Dgdrds _ dz__ dy

Oy ' Ozdy  Otdzdy :>d_y—_@ dg dt’
0z Otdz
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u= f(x,y,zt) WILX z K F15:

ou_oj
or  Ox’
ou_9f 9fdz ofaid
oy Oy Ozdy Otdzdy
09 on 09
_Of L Of Oy P P I )
AR i R ey A T
0z Otdz ot 0z Otdz
9 on 99
_of _of oy  9fo9. Oy
oy 9:05, 0ydt Foron 0y 0yt
0z Otdz ot 0z Otdz
_Of 99 (0fon _0fon\ (0(g,h)\"
Oy Oy \dzot Ot 0z J(z,t) '
O]
BE  BEEo N SRR 20.2.40 20.2.2.
I_‘_I AY -
9.4 =ZTEHMZSHE
9.4.1
9.4.2
9.4.3
9.4.4
9.4.5 KRNIV 515 T FE.

(1) = asin®t,y = bsintcost, z = ccos’t, £ t =

I

e

(2) v =t —cost,y =3 +sin*t,z =1+ cos3t, fF t T
B (1) 32 () = (D). y(1). =(0), 1

r'(t) = (asin 2t,bcos 2t, —csin 2t),

1 1 1
r(5) = (Ge305e). 7 (5) =@o-o,
ML TTFEN (BIR a,c ARTREFIET A 0)

JlES)



& 9.4 =ajphZkS5hmm 47

AT EIR TR

1 1 1 1
a<x—§a)—c<z—§c>:0 — ax—cz—§a2—|-§c2=0.

(2) D

9.4.6 K NFI I HEAE PR ;AL BV 5VEZ TR
(1) 2 = ucosv,y = usinv, z = av, 1£ (ug, vo);

(2) z =asinfcosp,y = bsinfsinp, z = ccosb, 1£ (Oy, po)-
(1) r(u,0) = (2(u,v), y(u,v), 2(u, ), WH

or ) or .
T (cos v, sinw, 0), 90— (—usinwv,ucosv,a),
NIRRT E =)
or or
n= %(UD,U()) X %<U0,’UQ)

= (cos vy, sin vy, 0) X (—ug sin vy, ug oS vy, a)
= (

a sin vy, —a cos vy, Ug),
1M 7(ug, vo) = (ug cos vy, ug sin vy, avy), WY FIHITFEA
asinvy(x — ug cosvy) — acosvy(y — ugsinvg) + ug(z — avg) = 0,

A TTREN

T —UuyCosvy Y —UgsSinvy  z— avy

a sin vy —a Ccos Vg U
N SRR LA TR . AWIHRE a #£ 0, WX R E A 2 = 0, 451°F L.
1° % ug =0, W r(u,v) = (0,0, av), IELLTTFEN

r=19y=0;

2° 47 ug # 0 H sinwvg = 0, WVEZR T FEN

Y zZ — avy

)

—Q COS Vg U

T = Ug COS Vp;

3° 47 ug # 0 H cosvg = 0, WYEZR T FEN

T zZ — avy

)

a sin vy Ug

Y = Ug Sin vg.
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Ja

9.4.7
balth & nide . X8 F(x,y), Gz, y) BAESE
fi#
M+ F,G e CY(D), Mifi

oF

(_

ox

i

oG

)ZO, (%

ox

OF

N

Oy

) (5

WA F(r,y) =05 G(z,y) = 0 fE— 5 (20, y0) FHZE, RAESZ AL

SRR

¥t Fr,y) = 0,G(z,y) = 0 7 (0, yo) LEIVIFIRNHN u, v, JefiN 0 € [0,7).

oG

2
) >0

Oy

oF oG
AN —(Jio,yo) (Io,yo) # 0, FH Bt ok 200w AR
dy dy
oF oG
u— |1 %(iﬁo,yo) o |1 _%( ojyo)
) 8_F( ) ) ) 8_G< ) )
8y Lo, Yo 8y To, Yo
oF oG
1+ %(xo,yo) O ($o7yo)
oF oG
- (9_( 05 Y0) (9_( 05 Y0)
= cosf = =
|u‘ |v| OF 2 oG 2
a—(%’myO) 3 (w0, Y0)
JR 1+ | &%
OF (0. 0) % (20,10)
3y Zo, Yo 8y Lo, Yo
o OF
s a—y(9€0>yo) =0, WA
oF
y
S I
ox
EESESY EINA kST O
9.4.8 K NAIEH LR € s AIE LR T FE.
(1) z= \/:v2+y —ay, FERL (3,4, =7);
T
(2) z—arctan; iyt (1 1,Z>,
(3) e —z+uay =3, £/ (2,1,0);
4) 4+ 2+ 2+ 22 =0 +y+2z £ (2,3,6).
ﬁ ()1674_(937?/’ )7 W\Jﬁ
or 0z 17
a_<3747_7) - (1707%(374)) - (1707_3) )
or 0z 11
4, 1. —(3,4) | = 1, ——
56 = (01,5 6) = (01-5 ),
W)~ T YA A =
or r 17 11
Ny 8_1[‘(3 4 7) ay<3747 7) = (37_7 ]-> )
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B n =5ng = (17,11,5), BV FE AN
17(z —3)+ 11(y —4) +5(2+7) =0 <= 172+ 11y + 52 — 60 = 0,

RETTTEN
r—3 y—4 247

17 11 )
(2)
(3) 18 F(z,y,2) = e — z+xy — 3, WHANELE (2,1,0) &rLm =
n=VF = (y,z,e*—1)=(1,2,0),

IRFIYEYS
(x—2)4+2(y—1)=0 <= z+2y—4=0,

x_gzy__l,
2
z=0.

(4) n

KBTI

9.4.9  RMFEKI 2° + 29 + 2° = 1 AT TP « — y + 22 = 0 YIPPI T 2.
B0 F(z,y,2) =2 +2y° + 2% — 1, WBEBRTAEAE— sl i3k ) &

n=VF = (2x,4y,2z),

P« — g+ 22 = 0 MRS
n, = (17_172)’

4 n=xn, (\€R), 15

(v V3 2B (23 2B e
D)=\ A T vin ) T\ Vi Vi Vi)
[ vroan) e
A=\ vy Tva) tT v v i)
IR AR S
V2 V2 22 V22
<x—ﬁ>—<y+m>+2<z—ﬁ>:0<:>x—y+2z—T:0
ik

V2 V2 2V/2 V22
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9.4.10

9.4.11

Fy4+b=0,
9.412 wEal. Y P o b WP« ST 2 = 22+ 2 A
r+ay—2z2—3=0

PIFr (1,-2,5), 3K a,b Z1fA.
A0 F(r,y,2) = 2® +° — 2, WIHTELE (1, -2,5) BikAEN

n=VEF = 22,2y, ~1) = (2, —4, 1),
Xf LI RN
20 —1)—4(y+2)—(2—5)=0 <= 2r—4dy—2—-5=0,

| e+y+b=0,
B2 FAE— 8 (—t—b,t, (a—1)t—b—3) (t € R) 7EF1H 20 —4y—2—-5=0
r4+ay—2z2—3=0

=
= 2(—t—0b)—4t—((a—1)t—-0—-3)—5=0, VteR,
(—a=5t—-b—2=0 = a=-5 b=-2

9.4.13  RIFHITE 2% + ° + 22 = ax ST 2® + * + 22 = by HEAIER.
WERR 18 F(z,y,2) = 2° +y* + 2% —ax, G(x,y, 2) = 2 + y* + 22 — by, WP i 575 A &
Sapilibs!
ny =VF = (2r —a,2y,2z), ny=VG=(2x,2y —b,22)
— ny-ny =2220 —a) + 2y(2y — b) + 42% = 4(2® + y* + 2*) — 2ax — 2by = 0,
HhERE) (2, 2) RN F(z,y,2) = 0,G(z,y,2) =0 .
PR T EL AR IEAZ O

9.4.14

9.4.15 EMAMI 2 = zev M50 F 1 #@ 5 4.
WERR  1d F(z,y,2) = zev — z, M 7E (z,y,2) WHTERIEA

2
n=VF = ((1+ f) ey,—%ey,—l) ,
y y

2

(14—%) eZ(X—x)—%ez(Y—y)—(Z—z):0,
EER (X,Y,Z) = (0,0,0) S82AE F3R V-1 L, o i 14— 007 i Al s O

VRS VREVS)
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9.4.16
9.4.17
s putqu—t*=0, N o | u=ulst),
9.4.18 WA (p> —q° #0) HE T FEREL DL A
qut+pv—s>=0 v =1u(s,t)
N s =s(u,v), .
PR SRALE:
t = t(u,v).
o ou_os v i
ou Ot Ov 0s p2—¢?
MERR T AEAN AR w, v KIS, 15
ot ot o p ot q
p—2t%—0, 1 2t8v_07 _ ) Ou 267 Ov 2t
_0s95 o 59095 9s _ 4 Os_p
17295 ’ v ou 2s’ Ov 2s
TR AN st RIRT, 15:
Pos T99s =7 Por "o N e A
@—i- @_2 _0 3u+ ov —0 @_ 2ps @__ 2qt
Tos TPos — =270 Loy TPy T ds pr—q? Ot @ pr—g?
NIAHIEEXE )

gt Ou 0s Ov D

ou ot v O0s p:—q?

[
9.5 ZTERHH Taylor AXNSEWRE
9.5.1 KM F(t) = f(z +th,y +th) 7F t = 1 AIFER, H
(1) f(x,y) = sin(z? + y); (2) f(z,y) = 2% + 229 — y*.
& (1)
d 0 0
df 8£< + th, y+tk)h+a—£(x+th Y+ th)k
= 2(x +th)hcos((z + th)? +y + tk) + kcos((z + th)* + y + tk)
= i—lj =2(z + h)hcos((x + h)* +y + k) + kcos((z + h)* +y + k).
t=1
(2) O
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9.5.3 XTI f(x,y) = sinmx + cosmy, FFEEEUEH, fFE— M0 € (0,1) 1#18

4 ™
— =008 + sin [5(1 - 9)} :

S B EEE, X V(2 y), (zo, o) € R?, 30 € (0,1), 15

0 0
f(x,y) — f(x0,%0) = —f(xo + 0Ax, yo + O0Ay) Az + a—g(xo + 0Ax, yo + 0AY) Ay

Ox
= wAz cos(xg + 0Az) — TAysinw(yo + 0Ay),

:/H\:EP Am:x_l’o,Ay:y—yo.
fﬁi;‘kﬁ%% anyﬂanvAy> 1%?%"

cos(zg + 0Ax) = cos 7r_9’ sin [Z(l — 9)} = —sin [E(O - 1)} = —sinm(yo + 0Ay),
2 2 2

1 1. e

5% = —5, Ay = 5 g LR

_1
2 2’ 2
B m;mmgzowé>xaw:(;®,m¢ﬁmﬂﬂEweml)ﬁ%
(0

(
1 1\ af (01 1 of (61 1
f(aQ‘J(Q‘é'i%<aa —”)a*fg(?§”—”>5
0 0
gcos% — gsin [g(@— 1)] = g (COS% + sin (g(l - 9)))

4 T .
—= ;:C087+Sln<§(1—9)>.

AMERIN, B 29 = 0, Az

9.5.4 SR FAIREN Taylor A3, FH4EH A AR X 5.
(1) f(x, y) =e"In(1+y) £ (0,0), HE|=F A1k,

(2) f(z \/1—w2—y FE R (0,0), ERIYF A IL;

(

3)f(:£,y) 1—x—y+a:yf ( (0,0), HE n Broaik;

(4) f(z,y) = arctan 1 i_ ’ +??j 7ER&(0,0), HB|Z=F Mk,

(5) f(z,y) = sin(a® + ) 7E5L (0,0), HE| n Ak
mnww»jfxrﬁmo>aﬁ:Mﬁ¢

(7) f(z,y) =22° — 2y —y* — 6z — 3y + 5 fERL (1,—2), EE| n B AL

R (1) R,

ot f
0x'dyl

= (1 Dy = 2
B J ‘ Y Ozt Oy

k o
af—e “In(l1+y) = 8J’:(

(0,0)=(-1)""(G -1, ‘€N, jeN,

0,0)=0, keN,
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i1

f(z,y) = £(0,0) +y + %(%y - %)

+% ((231) %y + (1,32> (~ D)y + (53) 293) +o((@® +97)%), (2,9) = (0,0)

1
5327y =32y +20°) +o((@* +°)5), (2.9) > (0.0)

1
=y+ 52y —y) +
ERBLIX R 14y >0 = D={(z,y) eR*|y > —1}.
(2)
(3) VEER,

fey) = G= a:)l(l ~y)
— % = (1= )™ K1 — )", %ﬁ =(1—a) k(1 -y " ke,
izi—wﬂl o) - g) ™, j el
— g];f(o 0) = ?;f:(o 0) = k!, ;;;; (0,0) =aljt, 4,5,k € N7,

i1

e RO .
f(x,y)=1+ZH (Z i!—ﬂ@xiayj(&o)xy]) +o((«® +7)?)

—ZZSE (@ +y%)2),  (ay) = (0,0)

k=0 =0

BRI (1-2)(1—y) #0 = D={(z,y) eR*|z#1and y # 1}.
(4)
(5) VEER,

¥ (2% +v?) RN 2 15

(—1)k1‘ <$2 + y2)2k—1 + 0((1’2 + y2)%)7 (z,y) — (0,0),

S Y e | el ) () - (0.0)
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(6) HFERZ,

of _sinz df  coswsiny of of B
Oz cosy Oy  costy - &'L‘(O 0) = 8y<0’0>—07
o0 f cos T o0 f
dx2 cosy — 8x2(070)7_1’
Of  0°f  sinzsiny 0 f 0% f _
oxdy  Oydr  costy — aazﬁy(o 0= 8@/8:15(0’0) =9,
>Pf cos®y —siny - 2 cos y(— siny) 0% f
a_?JQ_COS% costy — dy 57 00 =1,
[iX¢
1
flzy) =1+ 5(—$2+y2) +o(a? +9%), (z,y) — (0,0)
O 1 X 2
T ) T
cosy #0 = y7é§+k7r (keZ) = D:{(x,y)eR ‘y#g%—lm (kGZ)}.
(7) EREH,
of of _ of of
ax—élx y — 6, 3y r —2y 3:>a(1 2) = ay(l 2) =0,
Of _, Of _9F __ %F_
oz 7 Oxdy  Oyoxr T oy2 7
oHif . o
g ) _ * >
axlay] O’ Z?] GN 7Z+.] = 3’
[
1 n
fla,y) =5+ (4@~ 1)? = 2(x = 1)(y +2) = 2(y +2)°) + o (2* +y*)2).

9.5.5 W z=z(z,y) RHFTE 2° - 222 +y =0 IAEHIREE, Y2=1y=1H,
=1, R%% (x — 1) A (y — 1) BFFFRI KL » 2 IRTUNIE.
B F(a,y,2) =2 —2zz+y, B8R, F(1,1,1) =0, X
oF OF  OF

0., Ty — 3,29
ox = oy 8 ¢

78 (1,1,1) MimiEsE, ﬂ (1,1,1) =140, HBERBCERM, F(x,y,2) =0 £ (1,1,1) ik
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e TR 2 = 2(x,y), HAE

82__%—5_ 2z 0z %—5 1

or %_322—21” oy %—1:_ 322 — 21’

822 _ 2%(322 _ 21‘) — 22(62% — 2) _ (—622 o 41,)% 44z

or? (322 — 2z)? B (322 —2x)%2
Pz Pz 62% — Pz ng—;
Oxdy  Oydr (322 —2x)2" Oy* 32221’
0z 0z
—((1,1,1)=2, —(1,1,1)=-1
= ax( » Ly ) ) 8y( y Ly ) 5
9%z Dz 0%z 0%z
1,1,1 —1 1,1,1 1,1,1) =1 — = —
axQ( 1,1) =16, 8x8y( 1) = ayax( 1 1) =10, y? 6

il
2(x,y) = 142(z—=1)—(y—1)=8(z—1)*+10(x—1)(y—1)=3(y—1)*+o(z*+¢*), (z,y) — (1,1).

]

9.5.7 R MR EHIMRAE.

50 20
X, ):xy+?+g(:c>0,y>0);

(1) flz,y

(2) flz,y) =4z —y) —2* — v

(3) f(z,y) = * (v +2y + yz)'

(4) <x2+y2>2—a2< y?), REGHREL y = y(z) HIBRAA;
(5)

5) 22+t + 22— 2042y — 42 — 10 = 0, SRIEEE 2 = 2(z,y) KR,
()
(2) %
0 0
a—£:4—2x20, 8—52—4—2y:O:>(x,y):(2,—2).
[lidin)
62f 0*f 32f B >

— A=Hf(2,-2)= <_02 02> — |A|=4>0, a;;=-2<0,
WA RYGETTRE, f(z,y) 1 (z,y) = (2, -2) LAWKIE f(2,-2) =8.
(3) &

af

p = (2 +2y+14°) +1)=0, g— =e*(24+2y) =0 = (2,9) = (17_1).
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ZS
i)
OPf _ 2 f _ O OF _ gt
a2 = ¢ QM +2y+y7) +1) +2), 9roy ~ dyor = 4(1 + y)e* a_yg_Qe
’f (1 B ’f (1 L of (1 B ’f (1 B
0r? (5’_1) =2 dxdy (5’_1> - Oyox <§’_1> =0 2 <§’_1> =2

2¢ 0

1
— A=Hf|- —
f(2 0 2e

—_
N—
Il
N

> — |A| =4e¢*>0, a;; =2e>0,

WA RIEEAE, f(r.y) T (r,y) = (%,—1) AT £ (1 _1) N
(1) 18 F(z,y) = (@ +y*)* — d®(a® — y?), B8R, MR H y = y(z) TFER, a £ 0, HA
oF

o = 4a(2® 4+ y*) — 2a*,

oOF

= Y 2+ 2 +2 2
o y(@” +y7) + 2a7y
dy  dz(a®+y?) — 2a°x

dr  4y(2? +y2) + 2y’

A’y (1227 + 4y? — 2a%) (dy(2® + y?) + 2a%y) — (da(2® + y?) — 2a%7) (8yx)

dz? (4y(22 4+ y?) + 2a%y)? 7
7S
d
{ é =0 = (z,y) = (0,0) or <i£a,iia) ,
F(z,y) =0 V222
R,
5, 0.0 =0

d*y jE\/ﬁ 1 <0, a>0, d2% i\/g 1 >0, a>0,
da? \ "2v2" 2v2" >0, a<o0, 7 22 2v2" <0, a<0,
HEE (0.0) AR EERABH g = (o).
00> 0B, Fla) =0 FORTEHIEE s o)
0 ( V3, ) ATHAE y = V20, 2 ( V3, 255 ) A RME § = — Y20

2\f f 4 ¢ 2\/5 7
(ii) a < 0 B, F(z,y) = 0 B KBS R £ y = y(x)

V3 e V2 V3 o1 _ V2
7;:(2\[ \/_>5L"ﬁ1‘)3“ﬁy 4af<2ﬂ 2\/§>5Lﬁ1‘&j<ﬁy a
(5)

9.5.8 KR—/ANZ=MAIE, S EM =AM IEZRA K.
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B 2 f(e,y) = sinwsinysine +y) (v.y,2+y € (0,7)). &

i siny(cos zsin(x + y) + sinx cos(z + y)) = sinysin(2z + y) = 0,
T
of = sinz(cos y sin(x + y) + siny cos(z + y)) = sinzsin(z + 2y) =0
Y
m
— sin(2zx +y) =sin(z +2y) =0 = T=y=q.
i)
2 2 2 o2
% = 2siny cos(2z + y), aéz)pﬁfy = Efygx =sin2(z +y), 8—;; = 2sinz cos(x + 2y)
V3
3 V3 0
:A:Hf(f,f): 2 | = |14|=2>0, an=-V3<0,
373 V3 4
G

He A RGUGETTE, f(,y) 1€ (a,y) = (5.5 ) REBHKIE, L f(o.y) £ CHM A4
B, i f(o.y) AiRA 2L
BERR  AHIAT VF S HISAS, WA Jensen N4 Aok B BEET = A

]

9.5.9

9.5.10 KNI RRECAESE E 5 N ARAA.

(1)u=x2+y2,%z+g:1;
“pby
Nu=cs+y+z, H —+-+-=12>0,y>0,2>0;
r Yy oz

u:sinxsinysinz,%x+y+z:g,$>0,y>0,z>0;
u=ayz, &rr+y+z=0H 2> +y°+ 2 =1

. x
o) id f(:c,y,)\)::c2+y2+)\<a+%—1> (AER), &

(af )\ (x: 1 _ 1 :
or ~ LY (Get+a2) 20 (m+g)e
of A _ 1 _ 1
7A e S  ESa= 5 PE VR CE T
af x y 1

L 4Z _1=0 A= :

L OA a b \ (#‘i_#)

i)
20
A:Hf(:c,y):(o 2) = |A]|=4>0, an=2>0,

Bl A R— NIRRT, 8 w =2 + y* A %A R/ME
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(2)

(3) I f(x,y,2,\) =sinzsinysinz + A (:L’—i-y—l—z— g) (A eR), &

(
0
—f =cosxsinysinz + A =0,

Oz
0 v
—f:sinxcosysinz+)\:0, rT=Yy=z=—,
oy 6
—
- V3
— =sinxsinycosz + A =0, /\:—?

0z

8f T

W u = sin x sin y sin z A 24 KIE

Y

<7r T 7r> 1
U\, =z, =) = 35-
66 6 8

(1) i8 f(z,y, 2 A pm) =2yz+ Mz +y+2) +pe® +y° + 22 = 1) (A peR), %

)
a—fzyz+)\+2/m::0,

=21+ A+ 2uy =0, @ww%:<%;%§fj§>cm<_%§

(@)

=zy+A+2u2=0, == ¢ \—

of
dy
of
0z
8_§ r+y+z=0, V6
of

V6
12’

=2+ P+ —-1=0

\a,U«

W ou = ryz BEREWRAME

(=}

56 3 )T

9.5.11 KT AI e AT € Yo A 1 i KBS B/ ME.
(1) z = 2% — ¢, {xy|:rj +y° <4}

(2) 2z =2 —wy +y* {(z,y)lle| + |y < 1}

(3) z = smaz+smy—sm(x+y) {(z,y)|lx =0,y
) z=2"y(d -2 —y) {(z,y)lz >0,y > 0,2 +y
® (0%

u(fx/é @)I V6

A Z AR

=S
=S

V6 V6
“\ e

0z 0z
Z==0, —=-2%=0— = (0,0).

V6 V6
6 3

(=

)
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0%z 0%z 0%z 0%z

022~ 7 9xdy  oyox 1 Oy?

0
2) = |A|=-4<0,

2
= A=Hf(0,0)= <O

Bl A BASEHRE, # (0,0) MEMAER, 2 = 2(z,y) BImEEDL TS,

Lt tyt=4 = z(x,y) =2 — (4—2%) =22" —4 € [-4,4].

W 2 = z(x,y) 7€ (0, £2) LHAFE/AME 2= = —4, 18 (£2,0) EFRAME 2 = 4.
2)
3) %

~—~
W DN

—~

% = cosz — cos(x +y) =0, g—; =cosy —cos(z +y) =0
= cosz =cosy = cos(x +y) = (z,y) = (2%, 2%) or (0,2m) or (2m,0),
ity
0%z ) ) 0%z 0%z ) 0%z ) )
e sin(z +y) — sinz, 900y — Dy0r sin(z + y), 97 sin(z +y) —siny
V3
_J5 Y3
= A= HZ<2;- 2;->: \/§ 2 :>’A|=Z>O, (111:—\/§<0,
B PE
e e 21 27 21 27 3v/3
e A SSETTIE, 2 = s(o) B (o) = (550 ) ettt = (5. 50) = 2
THHE 2 = z(x,y) FEL TG HIE.
(i) & z=00ry=0 = 2=0;
(i) & z+y=21r = 2=0.
ks = (o) 16 (o) = (5.5 ) etk < (5 %Q:§l:fmﬁmmﬁ
w/ME 0.
(4) O
9.5.12
9.5.13

9.5.14 % f(z,y) = 32%y — 2" — 20 UEW: (0,0) AT HIMAE S, HIFEE (0,0) A1
FRECEZE, (0,0) #2 T IR 5.
R (1) () Ly = %, WA

1
flay) =gz* =0,
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M ALY (z,y) = (0,0) B _EXES RO, 80Ty = %xQ, (0,0) & H M/ IME £
(IT1) B mz +ny =0 (m,n € R),
(i) M n#£0 0, it y = ke (k:—% GR), kS

9(z) = f(z,y) = 3ka® — 2" — 2k°2” = —a* 4 3ka® — 2k%2?,
d () = —42® + 9ka® — 4k*z = ¢'(0) =0,
g () = —122% + 18kx — 4k* = ¢"(0) = —4k* < 0.

(a)k#0 = ¢"(0) <0,z =072 g(z) MPRMES;
M) k=0 = g(z)=-2"<0 = =02 g(z) FIHKMEA.
ii)n=0 = z=0, WEH

f(z,y) = —2y* <0,

\\\\\

KAB A O

ERE f(z,y) = —(2® —y)(=® = 2y), (0,0) = 0.

(1) 4 %x2 <y<a® i, flx,y) > 0= £(0,0);

(1) Hy < %xZ oy > 2 i, f(x,y) < 0= £(0,0).

8 (0,0) A2 fz,y) BIBRAE A O

Figure 9.2 f(z,y) = 32%y — 2* — 2y
9.5.15

9.5.16

2 2
9.5.17  {EM % n ?;—2 — 1 B3R M(z,y) (z,y > 0), MRIEILEZ 5 V)28 5 407
TR ) = F TR TR U RN, IF R LTI,
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BB E— s (u, ) KEEITIZ A ﬂ b_?; 1,
2
/\x—():>y— y—O:>:E——f5§I FIE B TH R
1 a?b?
flu,v) = > 00
e a’b? w?  v?
F(u,v)—% )\<$+b_2_1>’
£
(OF _ &% 2\ (V2
ou  2uu?  a®2 u = 76%
272
8_F:_ab %—O (u,v 2 0) = _\/5
ov 2uv? b2 ’ v = 5"
u? 0
\—+§—1:O k)\:ab,
I st
PF _ W 2\ OF _PF _ @ PF_ a2
ou? vud a2’ Qudv  Ovdu 22’ Ov? wwd b2
6b
— 2
A= HF<\/_ \/_> @ 6 — |A|=32>0, a11=6—b>07
2 ba a
b
Bl A B—MNEEHEE, # F(u,v) BHRME
F (?a, §b> = ab,

2

2
2 F(u,v) &5 LA RIAE D = {(u v) ERL\S 4+
{f5, 5 F(u,v) € D EATRME
V2 2
(7@ 7[)) ab.

9.5.18  RFIHI _L—r (2o, y0), HHE] n NE R (21, 91), (T2, 92), -+
T AR,
g i

7S
of .~ B IRES
%—22(13 z;) =0, z=— ﬂxl,
af z; — 117;
== =23 (y—y)=0 y=-> u

:1} A B K, T (B

]

(T, yn) HIEE Y
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ladiny

0
A:Hf( sz, Zyz)—<0 2) — |A|=4n*>0, a;; =2n>0,

Bl A Z—"NEETTFE, W f(x,y) Bilk/IME

( >t zyz)—z R N S B

N (7, 7) RESRE f(r,y) ME— IR A, #OZ R BT i/ ME. O

9.5.20 {EHEREMERE + Y 4 2% =1 LOREEPIH o 4y + 22 = 9 B AEGT ) A
W R 5&%¥ﬁx+y+%_9$ﬁmw¥ﬁ
f@%ﬁ%+ﬁ+£:1i&~ﬁ@muwﬁmm$ﬁﬁﬁﬁ

ur
Z—l—vy—l—wz:l,

éﬁ&ﬁ%n:(§uw)s¥ﬁx+y+%:9m&@%anLLm%%awﬁ

1 4 1 2
(u,v,w) = (4¢,t,2t) (t ER) = W’ =1 = t:jzg = (u,v,w) = (ig’ig’ig)'

FEEBPH x4+ y+22=9 8/ M(9,0,0), E&A(4 1 2) B(—i1 J,-%) FIFTH 1)

3’ 3 3 37 3
B354
)mno‘ ‘B—]>an
d =6, dy= = 2v/6.
|n\ ’nof
. . 4 1 4 1 2
ﬁ%ﬁﬁiﬁ%ﬁmg%ﬁﬁ3(5,3 :>E%t2f'mﬁmﬁﬁA( 3%>ﬁ

Bh V6. O
WA K A, B BPIAIEE S, tn] DLE EAE F 8 B i R A 5
DI, 5 (2o, yo) BIFH ax + by +cz+ f =0 FIEEE N

’ax0+byo+620+f|

d:
VETR i

MM, FRATTR] BLSZ R4S 21
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9.5.21 W S: Vo +y+vVz=+a (a>0).
(1) B S FARE AT T 5 & AL bl B 2 F15E T
(2) 7/£ S _ER—1)F i, 8 U1-F 15 = A Aw 1 BT Bl Rl 4 DU T A A AR A o, 9 oK DY T s 4
TR RE.
WERA (1) 32 f(7,9,2) = Vo +y+Vz —Va,
of 1 of 1 af 1

dr 2y By 2y 9z 27
et S FAEE— R (u,v,w) ZBYIFTH Y R &
(o) = (Y2, Y2 1),

NI RATVE S

Vw Vw L VarJobva=ya 1 1 I

W(m—u)%—ﬁ(y—v)jtz—w—() \/ﬁ$+\/ﬁy+mz_1’
AR 2 Ry

Vua + v/va + vwa = a.
(2) PUTHAARRRUA
3

F(u,v,w) = é\/ua Sva - wa = é@\/uvw < %\/a_?’ (\/ﬂ—i— \/35—’_ ﬁ) = ﬁlza?’,

BN u = =w = a b, ERSBIRT, Flu,0,w) RERKM o =

9.6 [EEIHRVME

9.6.1

9.6.2 W w=uwi+twj+wsk & NEMHENE, RAEY
vV=wXr
PIHERE V x v FIEE Vv, B » =21+ yj + 2k 2 E M E.
B
Vxv=VXx(wxr)

_ (229 X (wez — W3y, W3k — W12, WY — Walk)
~\ 9z’ 9y’ 92 2 3Y,ws 12, WY 2

= (2(4}1, 2(4}2, 2&)3) = 2(4),

Vo=V (wxr)

o o0 0
= %7 0_y’ & : (sz — W3y, W3l — W12,y — wﬂ)

=0.
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9.6.3 R TAIAIEIATRE RHUE.
(1) v = (32% — 2yz,y* + y2°, ayz — 3w2%) 76 M(1,-2,2) 4ib;
(2) v = 2?sinyi + y*sinxzj + wysincos zk 17E (z,vy,2) 4b.

o
(2)
V.-v=2siny x+ 2sinzx -y + xycoscos z - (—sin z)
= 2xsiny + 2y sin zx — xy cos cos z - sin 2.
L]
9.6.4
9.6.5 K NFIAELHIIEE.
(1) v =y + 225 + 2°k;
(2) v=(ze +y)i+ (z+ )7 + (y + 2z¢Y)k.
(1)
2)
Vxwv= <€%,%,%) X (xe¥ +y,z+ ",y + 2z¢Y)
= (1+2z¢ —1,0,—ze’ 4+ 1)
= (22¢Y,0, —ze’ 4+ 1).
L]
9.6.6
9.6.7 Ww REMHE, r=axi+yj+zk,r=Ir], f(r) 2 r AR KEd Ve
K
(1) V(w - f(r)r);
(2) V- (w x f(r)r);
(3) V x (w x f(r)r).
(1)
(2)
Vi(wx fir)r) =V - (f(riwxr)=f(r)V-(wxr)+(wxr) - Vfr)=(wxr) Vf(r).
(3)

Vx(wx f(r)r) =V x (f(ryw xr)
= V[(

r)x (wxr)+ f(r)Vx (wxr)
=Vf(r) x (wxr)+2f(r)w.



e =1 9.6 [HEIME
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[
9.6.8
9.6.9 & ¢ HIELN WL, UE:
(1) Vx V¢ = 0; (2) V-(Vxa)=0.
WERR (1) TFEAS:
(0 0 0 06 96 00
VX Vo= (0&5’ oy’ 6z> x (&E’ oy’ 82)
(P Po o P o P
-\ 020y Oydz’ 0xdz  0z0x’ dydxr  Oxdy)
Hr ¢ € C*(R) HIELLM M mF4L.
BIUE  H Stokes EHE,
//(VXW)-dsz V¢~dl:}1§ dp =0,
s s s
Xt VS BOL, R V x Vo = 0. O
(2) % a = Ai+ Bj + Ck, Wi
a 9 0 oC 0B 0A 0C 0B 0A
v x0= (o) (555 o0 o)
_0C 2B N *A 0*C N *B  PA 0
© OyOr  0z0x 020y Oxdy  Oxdz  Oydz
Hrh a HESF WS O

9.6.10 W v AELN ZHrim T4, IR
V x (Vxv)=V(V-v)- V.

MERR % v = Ai + Bj + Ck, %E LRS- 0.

U (Vxo) = (2,2 0, (9¢_ 9804 o¢ 0B o4
-\ 9z’ 0y’ 0= dy 0z 0z Ox dr Oy

_’B A A N 9*C
Oxdy Oy 022  0x0z’
0*A  9*B  9*C D?A  0*PA  9PA
V(V-0) =V, = Ox? N 0yOx * 9z0r (8:1:2 N 0y? N 822)
_ 0’B N *C A PA
Jydr  0z0x  Oy*> 022
— [V x (V xv)], =[V(V-v) - V],

= [V x (V xv)],
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FIHEASHE v, 2 0 EMHS%E, )

V x (Vxv)=V(V-v)- V.

[
WA B VAEREREY v = (v,,vy,0,) EFR
Vv = (Av,, Av,, Av,),
i+ 0? 0? 0?
HitA=V. V=2 + 2 1+ 9 %% Lapl 3
i V-V 922 + e + 922 %7~ Laplace 5455
9.7 W
9.7.1 A=
(1) (zdz +ydy) A (2dz — zdx); (2) (dz+dy+dz)A(xdeAdy—zdyAdz).
(1)
(xdx 4+ ydy) A (zdz — zdx) = zzde Adz +yzdy Adz — yzdy A da.
(2) O
9.7.2 X FAIMADER w, IFEEATIMHS, BITHE dw.
(1) w=zy +yz + zx; (4) w = 2?ydx — yze® dy + sin zyz dz;
(2) w = zydx; (5) w = ry*dy A dz — z2° dz A dy;
(3) w = zydz + 2* dy; (6) w = zydyndz+yzdzAde+zx dzAdy.
(1)

1) 8 v = 2%yi — yze?j + sinxyzk, N

V x v = (zzcoszyz + ye*, —yz cos xyz, —x?),

w=w, = dw= w%xv = (vzcoszyz + ye?) dy A dz — yzcosayzdz Adx — 2* dx A dy.
(5) i v = 2%t — z2%k, N

Vv =y -2z,

w=w = dw=wd, =(y*—2rz)dr Ady Adz.
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9.8 % 9 BLHEEIIHE

9.8.1 ¥ ay, a9, a4, BRAFFHE. flor,00,---  2,) £ R® LWL SRIE: f77E R |

— IR R F(s) 15

flx1, 20, xn) = Flarzy + agxa + -+ - + anzy,)

MERR SRR A E
I (9.8) WL AIXS 2y, x5 KA, 15

of dF af dF of _ of _ dF

= 7 Uy, a j = Uy == U4 ) yJ — 1727 )
ox; ds “ 8xj ds — % ox; “ Oz, 7 d bl "
BIVETRIIE.
I T UE B 78 43

0t =a1x1 + ago + - - + apz,, WA

1
T = a_(t — (agzy + azws + - -+ + apzy))
1

1
= f(z1,20, - ,2) = f <a_(t — (agwa + agxs + - - - + apTy)), Ta, Ty, - - - Jn)
1

= F(t,l‘g,l’g,"' 7xn)

AR z; (i =2,3,--- ,n) R, 15:
OF _ of (—&) or _ 1 (a of af) 0, i=23--.n
ox; 8x1 ox; a, \ Oxr, 8% ’ T T

ﬁj( F 5%5% Xo,T3, " ,Tp i@%?&, Elj

flxy, 29, ) = F(t, 29,23, -+ ,x,) = F(t) = Flayry + asxs + -+ - + apxy,).

WA AEWITE TR, BT e

(

t ay as -+ ap x4 1 = a1r1 + asxa + - -+ + ATy,
ta az -+ Gy 0p) tog = a2 + -+ - + ATy,

g e
tn Qp Iy \ tn = QpTy.

2 W EFE 9.4.87 1
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9.8.2 -‘[’& f(xayaz) = F(u,v,w), :/H\:Elj %2 = Uwva = ’IUU,ZQ = uv. ;Ji'id—_E

LOf of  of  oF  oF | OF
ar Yoy 9: " You TV T Vo

"R EAXWILXS u, v, w R FHIAT.

9.8.3 (Euler EI2) #HR¥ u= f(v,y,2) WREENX f(tz, ty, t2) =t f(2,y,2) (t > 0),
WIFR f(2,y,2) Ak RFFREE. RIUE R HRF X EET) Euler EIE:
AR f(x,y, 2) Nk IRSFIR R B R A A

efo(,y,2) +yfy(@,y,2) + 2fi(x,y,2) = kf(z,y, 2).
R UEMITE R TERY, HEHE R o, LSS
tof, (to, ty, t2) + ty f,(te, ty, t2) + tz fl(tw, ty, t2) = kf(tr, ty, t2)
AR,
SERR  SEIEMISIENE. B f(ta, ty.t2) = £ f(a,y, 2) R k UGRIREREL, PR ¢ RS9
afita, ty, t2) + y f, (te, ty, t2) + 2 fL(tx, ty, tz) = kt* 7' f(z,y, 2),
> (Lt ty, 12) + 1y, 19, 12) 4 b fUE 1y 1)) = k- f g, D) = o kf 1y, 12),
(@, 2) AERERE 6 (7.9, 2) RN (2,p,2) 0,
efo(@,y,2) +yfy@,y,2) + 2fi(x,y,2) = kf(2,y,2).
FHIER 78 70 1.

mwﬂmﬂw—ﬂ%ﬁﬁlMﬁ

k-1 / / / .
S(t) = (e f, (tx, ty, t2) +tyfy(tx7ty7i;z izfilte by t2) — Rftn by t2)

W op(t) = (1) = fla,y,2) AW, AT

[tz ty, tz) = t* f(z,y, 2)
& k ISR REL ]
2E HEEaWEGE 9.4.017 2

9.8.4 W f(z,y,2) 72 n KFFXRBIAITRE. G712 f(z,y,2) = 0 FREREL 2 = (2, y)
(D, £ £ 0), T o(a, ) U REREL
B HEEHI®M 9.8.3M4518, Mk
ro, (2, y) +ye,(z,y) = o(,y),

M oz, y) & —IRFFIREREL.



&5 9.8 9 FTLZEH 69

BRI f(x,y,2) = 0 BIIAG RIS 2,y KT, 4

fr f; xfy +yf,
so;z—? sO’y:—f—@f = 29, T yp, = — 7 = (9.9)
M f(x,y,2) & n KFFIREEL, WL f(te, ty,tz) =" f(z,y,2), HIF 9.8. 304518 A,
wfo(w,y,2) +yfy(x,y,2) + 2fl(x,y,2) = nf(z,y,2) =0
xfy +yf,
= r=vln), (9.10)
X (9.9)(9.10) %0,
T, + yp, = @,
FIRFIH SR 9.8 3SR, o(x,y) &—IRFFIRREL. O

9.8.5 W f(x,y) /£ R? LHESL M mSFH, AEELE v,y 2 WL fa,y) =
[y, z) AN
(9.11)

f@w%+ﬂ%@+f@w%=w(x+y+zx+y+z).

3 ' 3
R f(z,y).
Ror  FEXTTTRESRAW RIS, N R HXN TR oy, 2 IHLALI SN, b R ROT 2.
g ERX f(r,y) = fly,2) WLWNZE » RIRT, 15

filz,y) = foly, x), (9.12)
EAWLXSBE 2y 2R ES, 15
fli(z,y) = far(y, ), (9.13)

i (9.11) WILXAZE « RiwT, 15

r+y+z r+y+z L r+y+z r+y+z
37 3 2 37 3
rT+y+z :U—l—y+z)

ﬁmw+ﬁ@®=ﬂ<

(9.15)

— i) + fe) =2f (TS

HoeHE (9.12).
0 (9.15) IR o KA, 15

r+y+z r+y+z 1 r+y+z r+y+z 1
o)+ fie) =2 | )3+ )5

3 ’ 3 3 ’ 3 3
2| (rtytz xtytz s (TtHYy+z x+y+z
=5 |/ +f

(9.16)
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30 (9.15) PRILXS v KW, 15

2 r+y+z z4+y+z r+y+z x4+y+z
) = 3 [t (TR TR gy Ty iR oy

= (9.16)(9.17) 15
fli(@,y) + fli(z,2) = fio(z,y) = fli(z,2) = fia(z,y) — fii(z,y) = h(z) (9.18)
= fia(z,y) = fii(z,y) + fii(z, 2) = 2h(z), (9.19)

i X (0.18) FEHE £ (z,2) 5y K, fia(z,y) — fii(z,y) 5 2 TR, ZFHHE, Kt
5y, 2 k.
e, X (9.16)(9.17) tbA

2h(x) :%(h (”Hg“) 1 2h (LgJFZ)) — 2 (#) — h(z) = C,

Her &y e R NFHL
AT, FATTH

fi(z,y) =C = fi(z,y) = Ciz + g1 (y)
fiolx,y) =2C1 = fi(z,y) = 2C1y + ga(x)

Hrh Cy, e R NHEHL
it (0.12)

} = fi(z,y) = Ciz + 2C 1y + Cs,

f3(z,y) = Cry + 2C 1z + Cy,

4
1 2 1 2
flz,y) = 5011‘ + 2C 1xy + Cor + g3(y) = §O1y +2C1zy + Coy + ga()
1
= flx,y) = 501(1'2 +y?) + 2C1zy + Co(z +y) + Cs
1
= 501(952 +4zy +y°) + Cao(z +y) + Cs,
/\EF' C1,C2,C3€R L]

FHsr b, 5 (9.18)(9.19) H RSt aT LUX AR 2
HE KX (0.1 ISR 2y, 2 RIT, 15

,(THy+z v +y+z ,(THy+z x+y+z
e e e R e e

= fi(z,y) + fa(z,2) = fily, 2) + fo(2,y) = [i(z,2) + f5(y, 2)
= filz,y) + filz, 2) = fily,z) + fi(y,2)

fila

(z

= f{(:v,z)—f{(y,Z)Zf{(y,:v)—f{(x,y)Zf{(y, ) 1L )+f{( ) f{(xvy)
filz,2) = ity 2) _ iy o) = filw, @) | file, ) fi(z,y)
-y =y -y

—
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EAS y — 2 15

fli(@,2) = fio(z,2) = (2, 2) := h(z)
= fio(z,x) = 2h(x).

WEA ARG (v, o) = 2h(x) SRR, JETHFFBA MR fy(2,9).

9.8.6 iFPAZER:

:c2+y2
4

<2 (2 2=0,y>0).

0.8.7 W R F5E XM u= f(v,y,2) R 2 MELEE 1 %% 4R s i
B o fF R® Fi&E4:

9.8.8 & DCR®EBFHEAMNMXI, fe (D). &

O (r4)=0, (m.y)eD,

aof

W f(z,y) 2&HH
WERR (1) MIERREL g(t) = f(tx, ty), WA

10 = g to.t) + 5 e t) = (05 o) 4 G o)) 0. v z0,
= VY(x,y) € D, ¢(t) = Const.
2 0= fay)=f(5.5) == (535) = F0,0, n—o,
— C=f(0,0) = f(z,y) = f(0,0), V(z,y)€ D.
O
Rr (2) HEBSEH PR EER.
WERR (2) W f € CH(D) AP EEHEAE, X V(z,y) € D, 30 € (0,1), 1#15:
0 0 0 0
f(z,y) — f(0,0) = af(ex Oy) - x + 8—‘;(%,93;) Y=y (Gaza—f(ﬁx Oy) + an—f(ex Gy)) 0,
M f(z,y) = £(0,0) ((z,y) € D) NHEHL O

9.8.9 & fe CYR?),f(0,0)=0. iEM: fFE R? ERBESREL g1, go, 75

f(xay) = xgl(x,y) + ng(x7y)'

R MiEYS f(ry) ARKMPAZRERE, BELSHSE 2,y 7K.
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WERR MG RREL o(t) = f(to, ty), WA

¢'(t) = xfi(tz, ty) + yfolte, ty)
= f(2,y) = f(z,y) — £(0,0) = (1) — (0)

= /01 o' (t) dt

1
= / zfy(tz, ty) + yfote, ty) dt
0

1 1
—z / fi(te, ty)dt + / fi(t, ty) dt.
0 0
ic ) X
gl(fv,y)Z/O fi(tz, ty) dt, gz(fv,y)Z/O foltx, ty) dt,
RIE: g1, 92 € C(R?).
XTJ‘ V(ﬂfo,yo) € R2, H&ﬁ?ﬂﬂ lzi!ﬁ

D = {(z,y)||z| < |zo| + 1, |y| < |yo| + 1},

W fi(z,y) £ D E—FUEEE.

P |Q31—.’E2‘<(5,
MM, X Ve >0, 36 € (0,1), 181524 (z1,41), (22,92) € D H. ’ < i)
Y1 —Y2| <

|filzr, ) — fi(za, 30)| <,
[t — tao| =t |z — xo| < 6,

|z — 20| <6, .
U] i, JATE (z,y) € D, H M
ly —yo| <9 [ty — tyol = t |y — ol <0,

| filte, ty) — fi(tro, tyo)| < e

= |g1(z,y) — g1(wo, )| = /0(f{(tic,ty)—f{(tﬂfo,tyo))dt

1
< / Fl(te, ty) — Fl(teo, tyo)| dt
0

1
</ edt =&,
0

Al 91(z,y) £ (w0, yo0) ﬂll‘i%éi, X (20, Yo) El"]ﬁ%f‘ﬁ%ﬂ, gi(x,y)

€ C(R?), [F 3 AT iiF 7
g, y) € C(RY). Eib, RATDLIE T WL KN g1, 90 € C(R?), 1873

f(xay) = xgl(x,y) + ng(x7y)'

WA UAEE f(2) € CM(R), £(0) = 0 B, AR A ER BN T 44
(1) MY AE Lagrange H{H & 2.
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(2) MoAE HEMSE: (FEESREUESHTH)
f(2) = f(z) - [(0) = / £(t)dt.
0
T 248 8 R BRI E R, AT W] DT R — N2 E 34T E R,

9.8.10 H flr.y) 7 (ro,ye) WAL U 15 X, g—i g—i (U At ES:
w1 08 OF e At (o) BOHESE, T4 f(2y) 75 (20, 90) TTEL.

0z’ Oy
9.8.11 W u(x,y) £ R* FHUEE HA ZMiEs S5 I o 2 7 1%
O _ oudu
u&v@y 0z Oy

Hi7e o 0 BRI RAFAE —JLRAL [ R g 1645 w(z,y) = f(2)g(y).
WERR 2 f(2), g(y) WARAER, ARG BB N IEE. (B2 fo(x) = —f(2), g2(y) =
—g(y) BUEXINIE, AT#HAT RIFEER R, )
W F(x,y) = Inu(z,y), W Fz,y) /£ R* b6 _MiESnSEL

OF 10u OF 10u
Or  udxr By wdy
O*F 1 [ 0%u ou Ou O*F 1 [ 0%u ou Ou
Oxdy e (amay“ B %G_y) " Oyox e (ayam“ B (’Ty%) ’
P’F  OF Pu  u
oxdy  Oydx’ Oxdy  Oydx’
14
u@%_@@ 82F_82F_0
Ox0y Oz dy Oxdy  Oyox
— g—i = hi (), 2—1; = ha(y),

Hrr hy(2), ho(y) B . L2
< F(z,y) = hs(z) + p(y) = hu(y) + q(z) <= F(z,y) = hs(x) + ha(y),
it f(z) = e"@ g(y) = MW ER
= Inu(z,y) = hs(z) + ha(y) <= ulz,y) = f(z)g9(y).

O]

9.8.12 (MMAHETEE) W rt)=zt)i+y(t)j (t € [a,b]) BELKTE, IEW: 715
0 € (a,b), 15
r(b) = r(a)| < 7' (0)] (b —a).
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0.8.13 B flr.y.2) £ RS G W S5, Hike % _ % _ g 1
f(2,0,0) > 0 SHMEEM z € R AL, SRIE: SHEREK (2,9,2) € R®, HF f(2,9,2) > 0.

WERR XF VY(z,y,2) € R, B EEEREN, 30 € (0,1), 15 € = (v — 0(y + 2), 0y, 02) iHL:
of of of

=L wraryra=o
M f(x,y,2) = flx+y+200) >0. O

9.8.14  KRERHL f(z,y) =2 + 2y® — x TEXIL D = {(z,y)|2” + y* <2} LRHEKERM
H/ME.

B 4 ,
a—f:2x+y2—1:(), .
a:c — (z,y) = (0,%£1) or (—,O),
/ 2
— =22y=0
dy
JIidiN]

2 2
A=Hf0,1) = = |A|=-4<0,
20
2 =2
B:Hf(o,—l):<2 0>:>|B\:—4<0,

2 0
C:Hf<%,0>:<0 1) :>|C|:2>O, c11 =2>0,

WA, B RAETTE, (x,y) = (0,+£1) AEWES; C RIEETTE, f(x,y) 1E (%,O) AEAT
ME

FHEFEE fAE 0D ERE. & 2® 4y =2.
i F(ry) =24z —o+A2*+y°—2) VeR). &
( OF
x
1 V17

aa—F = 2$y + 2)\y = 07 = (xuy) = (j:\/ia O) or <_§7iT> or (17:tl>
)

\x2—|—y2—2:0

- f(\/§70):2_\/§7 f(_\/§70) :2+\/§7 f <_%7ig> :_%7 f(l,:l:l):L

e RS R, f(z,y) £ D AR F(—v3,0) = 2+ V2, M f (%0) -1 o
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9.8.15 W 2,29, -+, 2, 2L, H 21 + 29 + -+ 2, = n. H Lagrange LN

1 1 1
T1To Ty _+_+...+_ <n’

€ D) n
ESWLYHMN Y 2y =29 = - = 2, = 1 BRIL.
AR id
n 1 1 1
F(ay,z9,- jap) = ———— = —+—+- -+ — )+ Az +22+--+2,—7n), AER
T1Tg Ty € T2 T,
A

OF n 1 1 1 n
Al Y (. I D e A=0, i=12,--
Or;  [[ wx ( x§)+x§+ 2 + » EE LS

ki ki
ritrot-tx,—n=0

. = 1 1 n B 1 n
ki k#j

k=1
1 1 1 n
== | ——— " T +xj— =0
ri X Tix; [T =&
ki,j
A E:
n
Ti+T;— <0
ji T
ki j

= n- Y m— T <0

s .

n

= n< ) rt Mo
kg g
ERR,
n
Zxk—l— e >n—1)"vn>n, n=234,
s g
b = aT
NI}

1 1 1 o
—— - =0 = x;=2;,=1, 4,7=12,--- n
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W F (21,29, ,xp) TE 2y =29 = -+ =1, = 1 BFH/IME 0, Il
(1 1 1)
x1$2...$n _+_+...+_ gn
I i) Tn
O

AR e U ) R M/ BB ?

9.8.16 wa;>0(i=1,2,---,n),p>1 1UEH:

1
i tapt - tan <a§+a§+~-+a§1>p

~X

n n

It B S5 5 L 26

9.8.17 Wy =yi(r1, e, 1), i = 1,2, n, 22 n DATLH n JCRREL, TER:

a<ylay27 o 73/71)
a<xlax27 o axn)

dy; Adys A -+ Ady, =

MERR  SEiEM] n =3 HITEIE. BifY

R A = )

d$1 VAN dl’Q VAN dl’g.

dzy Adza A - Adz,.

i
@hAmhAmB—(gﬂdm+f@hng+gﬁdm>A(Q@dm+~——ma+g@dm)
T 8332 8563 (%1 8x3
y3 y3 dys
—d —d —d
A <8x1 Tt 8(132 T2t 8x3 v
_ | |0z2 Ox drs Ox dr; Ox
= a_yg 8_y;’ dl’g/\dJZ3+ a_y;’ a_y; dl‘g/\dl’l—f— 8_y; a_y; d[El/\dZEQ
8952 8[)33 8x3 (91171 8x1 856’2
y3 y3 Jy3
VAN (8:)51 dil?l + ax2 diBQ + 81'3 d[Eg
Oy Oy Oy
gﬁlﬁl gxz 21’3
= Y2 Y2 Y2 dl‘l VAN dl‘g AN d£C3
8:1:1 axz 81'3
Jys  Oys  0Oys
8$1 83:'2 81'3
a(yla Y2, 93)

= ——=dx; ANdxy A das.
a<xlax27'x3) . 2 s

PRIz FH 2 A 405 K AT A1 235 VT 5 SCAHEIER] n I IR E.
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9.9 £ 9 ZFEIM

9.9.1 & F(z,y) AESLMNWFE, AHZ F(z,y) =0 £ (z0,y0) BHZ, HTE (2o, yo)
I R B AR RSB B F (20, y0) FI Y (20, y0) 25 T2

. " , or , oF
ﬁg Q*Hﬁc — ﬁ%@i&ﬁﬁﬁ:, Fx(ZL‘o,y()) = %(Zto,yo),Fy(fL‘o,yo) = a—y(ﬂjo,yo). ]
WA AR A AR B A4 .
9.9.2 W F HAEZSN—kHTE, w=w(,y,z) £
Flz —aw,y —bw,z — cw) =1
. " sy s OW ow ow
P e WES R 2, b a, b, ¢ NHHL K as b@—y +oeo-
BR BHEXN TR T RO AT.
9.9.3 ¥ f(x,y) £ R* Lot Hige

p—00 p

—= —|—OO7

Hr p= /22 + 2 iEWH: XHEER v = (v1, ve), WIEE— R (20, y0), 15 V f (20, 50) = v.
’R  WTLAE R AR i B 2518
W f(z) /£ R LRIk, Hige
m m = +o00,

W SRR o € R, L 2o, (643 f'(x0) = a.

T BIHIE: (o0, o), 415
0 0 0 0
8—£($0,yo) = 1, a—]yc(iﬂoay()) =V < 8—£($0,y0) — U = 8_£(x0’y0) —vy = 0.

ARG — R B F, A

a—F—g(x )—wv 8—F—a—f(x )—wv
o o 05 Yo 15 e = dy 05 Yo 2,

WA FFUE, X Vo, F(z,y) AR

\\\\\

a1}

> |v1] + |vg|) = +o00, p — o0,
p p p

F(ZL‘,y) f(x,y)—le—v2y>f(x,y)_<

Ep

F
lim (z.9) =400 = lim F(z,y) = +o0,

p—00 P p—>00
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W F (2, y) FE78 0 KRR N ER B 5/ ME, IR 5ME RN (20, y0), 2 KHAMME S, AT

or 0 oF 0
%(xoayo) = a_i(l'o,yo) —v =0, a—y(xo,yo) = 8_5(%,3/0) —vy =0

= Vf(xo,10) = v.

9.9.4 W f(z,y) EAEFHXE D sk, HAFERSE. =

0 0
3—£(I,y) + 3—5(%@/) = f(z,y),

H.
flz,y) =0, (x,y) €D,

Kik: f(z,y) #£ D EIEETE.
RN HRIEE.

WERR HISGIE:. R f(x,y) £ 0, WHE D NESEEANAF AR B KB R /ME. A3 EL

BB NAE f (w0, 90) > 0, AT
of af af of

= (20, 90) = 5= (20,%0) =0 = f(0,%) = 5=(70,%0) + == (70, %) = 0,

ox dy ox dy

TE!
f(lz,y) =0, (z,y) €D.

‘ . . , 0%z
9.9.5 & 2 =cospcosi,y = cospsiny, z = sin @, 3K PrEE

T’ (1) FHREATE TREE o = o(z,y),v = ¥(z,y), 8 2 = sinp(z,y).
RR (2) RSN T S+ +27 =1
SF i R YE S 20.2.450 20.2.3.

9.10 ES W

9.1.19

9.2.17  ARRXFK (0,0) LK T, BARH AR EREAN (A, K %(0,0) I,

oAU y = 0) FX 22 Bk S A (B S AR R 52 ), AN ESR i
i 2 AU 1% L A AN LIS .

9.2.33

9.3.3

9.8.13

9.8.5

9.8.9

o XMt
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10.1 —El4H

10.1.1 228 R AR A B
1 V1—z2

1 d dy:

()/_1 x/o f(z,y)dy;

@fmaimw@

/abdy/ybf(w,y)dx:/abdx/:f(x,y)dy‘
/Oldx/oxf(x,y)dy—l-/jdq;/:"”f(%y)dy:/oldy/:yf<x7y)dl,_

(6)

10.1.2  iFEFAIFS

Y _ 2.
<1)//D(1+x2+y2)3 dzdy, D =[0,1]5

(2)//l)sin(x+y)dxdy,D:[0,7r]2;

79
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3)//Dcos(x+y)dxdy,D: Hy=mx=y =0 B

5) //D (x+y)dedy, D: B 2% + o = o BRAIBIZES — SR
5) //D(x+y—1)dxdy,D: Hy=zy=x+ay=ay=23a Bk
6)//Sinydxdy,D:Eﬁy:x r = y* B

(7)/ —dxdy,D Hao=2y=uxxy=1HH

DY
8) // |cos(z 4+ y)|dedy, D : H y:x,yzo,x:§ FE 1%
D

(1)

y 1 1 Y 1 )
// - drdy = / dx/ = dy:—/ dz - ((1+m2+y2)_2
(1+ 22 +42)2 0 0o (L+a22+y?)2 0 =

- _/0 (2+a%) 72 - (1 +a?)72)dx

_ g |EtV24 12+\/§
r+v1+a22 1++3

a Va2—z2 a 1
//(x—I—y)dxdy:/ dx/ (x+y)dy:/ dz - (xy—i——yf)
D 0 0 0 2

(5)
(6)

// Smydxdy:/ dy/ Smydx:/ dy (Slny(y—y2)) :/ siny - (1 —y)dy
D Y 0 2 Y 0 Yy 0
1 1 1
=— (Cosy-(l—y)) —I—/ cosydy) = — <— > =1—sinl.
o Jo 0
(7)

//|cos:v+y|d$dy—/ dy/2 cos(x + ) dx+/2d93/ (= cos(z +y))dy

4
:/ dy - s1n(x+y)
0 z 3

2 1
:/2(1—Sin2x)dx: (x+§(1052x)
0

N

T

5y [
—i—/ dz - (=sin(z +y))|_

s
2

m
—— -1
. 2
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10.1.3  FIHBRE A TE TR
1 dedy, D: —1<x<1,-1<y<1;
)//Dﬂc +y?) dz dy, x y

2) // sinzsinydrdy, D:a® —y® = 1,22 +y* = 9 FIE B A I35
D
()
(2) TR, f(z) =sine 2AREL, TR XIRIGT y B FR, i

// sinx sinydxdy = 0.
D

]

10.1.4  BERRE o A1 o S HAEXTE [a,b] R [e,d] ERIAR, SRAE: f(x,y) = p(x)(y) 1E
D:[ ] [C d] J:T/\,E_ﬁ

ijwmwzl%wML%@@

10.1.5  WEREL f(x) 7E [0,a] BIESE, IEH:

[ f -3 ([ )
/d:c/f /a—x)f(x)da:.

ER g
tfwénmﬂWMﬁ[MAw@ﬂwm5[ﬂ@®£%@@=([ﬂ@wf,
i

\Aadx[ffﬂwfeﬁdy=:[fdy[ff@v dm—-/mdx/mf y)dy,
[ [ s@rwa= ["a [ swrma=1 ([ swar)

/Oadg;/;f(y)dy:/oady/yaf(y)dxz/Oa(a—y)f(ymy:/Oa(a_@f(x)dx

i1

10.1.6 XKLL f(z,y) AESN RS, /£ D = [a,b] x [c,d] L, KI5

// axay




82 10 ¥ ZRERHIIEMY J& MR
it
o of(ay)|
// Gmﬁy / / &Bay /a dz- ox =
/ (—f 0~ G @.0) o= (7. 0) — flo o)
8 l’ a
= f(b,d) — f(b,c) — f(a,d) + f(a,c).

0

10.1.7  WEREL f(x,y) ESE, KRR

lim — // f(z,y) dz dy.
r—0 772 224y2<r2

’R HRER A E e .
EE  1(0,0).

10.2 —Ef9HIHIT

10.2.1 iﬂﬁ?ﬁlﬁ\ ;.

R2
// n(1+ 2 +y®) dy;
/da:/ ry(z® — y?) dy;

cos(z + y) dx dy;

Og Wi
(1) / de ry(z +y) dy:
0

Rz 2 R VvVR2—x2 2
(5)/““%2 dx/ <1+y—2) dy+/ dx/ (1+y—2> dy.

14+ R2

S

//cos(x+y)dxdy:/ d:v/ cos(:zH—y)dy:/ d:x-silrl(xjty)7r
o Jo 0 0 0 0

— /Oﬂ(sjn(ac + 7) —sinz)dz = (cosx — cos(x + 7))

0
= 4.

™
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- i Rz 2 R VRZ=a2 2
/ R (1+y—2> dy+/ d:zj/ (1+y—2> dy
0 0 X R 0 X
V1+R2
R2 \/Rg—_yz 9 R2 9 R2—y2
:/“”Zw (L+%)d:: VY (x—i)
0 Ly T 0 X 1
R rY
i (meap
= ——— 5 Ry |dy
0 V R? —y? R
R2
1+R2 1

10.2.2  1FHE NI ER S
1)/ \/$2+y2dxdy,D:x2+y2<$—l—y;
D

2 2
— + Y drdy, D 55+ 05 = 4y = 0y = IR — R4

D
3) //(x2+y2)da:dy, D:Hay=12y=2,y=xy=2r BRKE—ZEHT;
D
4)//dxdy,D: H y* = ax,y? = bx, 2> = my, 2* = ny BWRHAIXIK (¢ >b>0,m >n >
D

0);
5) // zydedy, D: B oy = a, 2y = b,y* = cx,y* = de BRI E —RIRE > 0<a<

D
b,0<c<d)

//4xyd:vdy,D Hat+yt=1,2> > 0 PRy X 3
//Fdxdy, el + Iyl <1

Md%D HMEL v +y=1,0=0,y =0 FTHE KX

®) [ sin-

/ |my|dxdy,D:x +y* < d’

4
\/5005(279)

2cos T

//\/x2+y dxdy—/ d@/ T:/ d@-(%r?’)
% —

s

[ Bt G- []

s
4

s 3T
— - <6< —.
")~

N

8 (1)iC z=rcosh,y=rsinb, W D:0<r<vV2cos

g 3| X
cos30 = 4cos® @ — 3cos) = cos’f = 1(00530 + 3cosf).
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y = (u?0)} I(u,v) 3’
[
1 /[ m 1
//dxdy:—/ du/ dv==(a—b)(m —n).
D 3 b n 3
(5) 38 2y = w,y* =va, W D' : H u=a,u=>bv=cv=d R,
2 _1 1 1 2 4
T =udv 3, Ix,y) |3u"3v75 —gusvTs| 1
1:>8 =1 21 41 2 =3V
y = (uv)3 (u,v) FUTBUs gusyTs 3
H
I d d
//xydxdy:— wdu [ v 'dv==(b*—a®)In—.
D 3 a c c
(6)
(Mitz+y=uz—y=v M D :Hu==+1v=+1 B,
—1( + v) 11
:13—2u /U):>a(x’y>:§ 3 :_1
1 d(u,v) |1 _1 2’
y=—(u—v) 2 T2
2
[
IQ—y2 1 1 U 1
———drdy = = du vdo
//,;)\/a:+y+3 4 2/_1 vu+3 /_1
1w 1,
= d S0 =0.
(L) (1)

10.2.3 RN H1 2 i AP i DX A,

(1) 22 + 2> =3 Fl 2y = 1 (ANE RS

(@) (2 — ) + 2% = @ (a > 0);

B)HEL z+y=a,x+y=by=kr,y=mz (0<a<b,0<k<m) FERH>HXE.
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(1)
V2 Ve V2 3—a22 1
//dxdy—Q/ dx/ dyz?/ —— | dx
1 2 x
V2
V3 — 22 — 3arccos %
=2 < Y] lnm)
1
B 3 arccosT — arccos g) o
7 .
(2)
(3) OJ
10.2.4  iEH:

NG 2
22442 2 2
e ™ drdy < e” dx | .
22 4+y2<1 ,ﬁ

R K BRIy EAR Sy, FERURR > XS AT AR bR B KN BT

10.2.5 ¥ f(x) £ [0,1] RIS, AEW:

1 1
/ ol @) qp - / e~ fW) dy > 1.
0 0

HERR  HAR B Cauchy NS,
2

1 1 1 1 1
/ of @) dp - / o 10) qy — ( / of @) dx) ( / o F(@) dx) > < / JF @@ dx) _1
0 0 0 0 0

10.2.6 W f(x) NESEEREL, 0

// ST A dy > 2.
|z|+]y[<1

W ot+y=uax—y=ov, WD :Hu==+lv==+1 R,
1

r = §(u—|—v), d(z,y) _ 3 3 _ 1
1 d(u,v) |1 _1 2’
Y= §(u—v) 2 T2

[

1
// ef(“y)dxdy:l/ e/ du/ dv—/ el du—/ f(“)du—i—/ e/ du

[zl lyl<1 2 - 0

Ll / t)dt—i—/ du:/( 1) e~/ dy

0 0 0
1
}/ 2du = 2.
0
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&2 M
10.2.7 & f(t) AELLREL, Kk
A
/)ﬂx—wMAyzf F(E)(A — Jt]) dt
D —A
;iq:mwy\ Tyl < éA>0jj%§4Z
SRR ﬁy:ywzt+%unyﬁﬁ%%ﬁﬁﬁiﬂwﬂzmy:iéiz—yigﬁ
. B
8(:6,3/)_1 1_1
ot,y) o 1|
i
—t+2 %
— dd— dd— d d t)dt - d
//fx xy/D/f ty/f lt/j3 y+/ ()t/_t_gy
= — d A— dt.
Aﬂm tH/f /fw ) dt
]

10.3 =F#M5

10.3.1  HHE I =HM.
///a:ydxdydz‘/ 1<z < <y<1,0<2< -
///nyZ,zgdxdydz,V: Hez=ay,y=22=12=0 R

(3) ///ycosa:—l—z)dxdydz VifBy=+vVr,y=02=0, x+z:zﬁfc'

///a— Ydzdydz, V:Hy=0,2=02r+y=a,x+y=a,y+z=a HIK
E(1)

(2)

N | —

1
///xyz dxdydz—/dx/ dy/ Y’z dz-/dx/ dy
1% 0 0 0
/dx
0

5 7

1
7 28><13

m»—

. 364
(3)

3
(4)

/// a—y dxdydz—/(a— y)dy - /yy)dx~/0aydz

(a—
14

=—a".
8

N

= é(a—y)4

0
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10.3.2  HE ARG,
2 V2z—a? a
1)/ dl’/ dy/ 2 /9U2+y2dz,

2

VRZ 22 R2—g2—y
VRZ 22
P m
g / d / dy / N

V1—a2? 2 x2_y
/ da:/ dy/ 22 dz.
m2+y

)ik x=rcosf,y=rsind, 0 <0 < g,() <r < 2cosf, NEH

2 V2zr—22 a 3 2 cos 0 a 1 ] z
/ dx/ dy/ z\/x2+y2dz:/ d@/ rzdr/ zdz:—a2~—/ cos® 0 df
0 0 0 0 0 0 2 3 Jo
4, (21 1,/1 B
= §a2/02 Z(COSBQ + 3cosf)dl = §a2 (§ sin 360 + 381119) = §a2.

0

(2) 1 z=rcosl,y =rsinh,0 <0 <2m,0<r <R, NEH

VEZ=22 32_12_21 N e
/ dx/ / (z* +y°) =/ dx/ dy(2® + y?)V/R? — 22 — 2
VRZ—z? VRZ—22

:/O%dg'/o P VR =2 dr =2 (_B(RQ r?)7 (2R? + 372 )) ’

. 15

(3)
(4) O

10.3.3  IFENII=ERS

1) ///V(IZWL?JQ)dxdydz, Vil 2?4y =22, 2 =2 B

2) ///V\/xz—i—gﬂdxdydz, Vil 2?4+ y? =222 =1 B

3) ///Vzdxdydz, Vi VA — 22— 2 =z,2% +y = 32 Bk

4) ///nyz dedydz, V & o® +y° + 2% < 1 WS 2RI,

5) ///vﬁdxdydz, Vo HEE 2z =y% 2 =49 (y > 0) LV 2 = 2,2 =22,2 = 1 B,
6) //V’$2+y2+z2—1‘dxdydz,V:x2+y2+32<4;

(
7) /// eFldzdydz, V:a? + 2 + 22 < 1,
v

8) /// (|fE| + Z)e_(x2+y2+22) drdydz, V:1< 22 + yg i 2 <4
\%
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# (H)idaz=rcosl,y=rsingd,0<0<2m,0<r <2, NEFH

2
///(x2+y2)d:cdydz://(m2+y2)dxdy-/ dz
4 3 (2% +y?)

2

://(muy?) (2—%(:p2+y2)) dxdy:/02r2 (2—%#) -rdr-/o%de

2

(4) 18 & = rsinfcos p,y = rsinfsin p, z = rcos §, NI/ Xtk A

///azyzdxdydz:///7’3sin26cosesingocos<p~rzsinﬁdrdﬁdgp
v
/Td?“ / sin® 6 cos @ d6 - / sin p cos ¢ dg

1 2 1

6 . —_—
2sm cpo 15

:—r

6

sm 0

0 4 0

(5)
(6) 1t & = rsinfcos p,y = rsinfsin p, z = rcos §, T/ Xtk A

D={(r0,p))0<r<20<0<70<¢<2n}.

/// |2 +y* + 27— 1 dxddeZ/// r? — 1| - r*sin 6 dr d6 dy

i 2m

/‘7“ 1‘7" dr- / sm@dé’/ de
0
= (/ (1 —7r2)r? dr—l—/ (r2—1)7’2dr> - (—cos0)
0 1

1 2

= 47 - (17“3_175) + (17,.5_17,3)

3 5 B 5 3 L

= 167.

T
- 27
0
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89

10.3.4  FUFSFRIER A =FHHIT.
1)///(x+y)dxdydz,V: Hz=1—2—y?2=0 H;
v
2)///xdxdydz,\/: H 2? +9° =22, 2% + % = 1 Bl
%
3)///\/x2+y2—|—z2dxdydz,V:x2+y2+z2<x
%

(4) /// x2+y2)dxdydz,V:r2<x2+y2+22<R2,220;

2 2 2
///\/ ————— dxdydz v. L ‘7;2+Z_:1;

In 1
(6 /// < 1;21-—’__; y+t2z+—il_ )dxdydz V- $2 +y2+22 < 1

() ERIRSXERT 2=y =0 PO, M flo,y) =2 +y W2 f(o,y) =

—f(—I‘, _y>7 E&

///(x+y)dxdydz =0.

(2) FERBIR XS T 2 = 0 FHEHXFR, f(z,y,2) =2 Wi f(x,y,2) =
/// rdrdydz = 0.
1%
(3)

(4) 18 x = psinfcos p,y = psinfsinp, z = pcosf, NI 7 XIHAL K

D:{(p,ﬁ,go)‘rgpgR,O<9<g 0<p< 2#}

/// x? + P dmdydz—///p sin® 6 - p*sinfdpdf dyp
:/pdp/sm9d0/ dep
r 0 0
R 1 T
. (—cos@+§cos?’9)

0

i

- 27

U0 IRy A U e VR B S E I PR Y e
(5)
(6) HXFRAERN, L3RR 0.

10.3.5  THE 1 it R ) ST AR AR AR
(1)y=0,2=0,3x+y=6,3z+2y =12,z +y + z = 6;
(2) z =2+ 2z =22+ 2% y = z,y = 2%

B) 22 +a?=1lz+y+z2=3y=0;

(4) 2>+ =22, 2 =249 2=0;

—f(—l’, Y, Z)7 éﬁ



90 10 & ZAERFIER Y 22

2 g " N

@y§+Z=Lz:mmﬁ%~ﬂmﬂﬁx

(6) :1722+ y22+ z22: 2az,a;2 + yj =22 (& 2 B o),
¥yt oz oyt 2 .

(7) §+ﬁ+§=1,—2+ﬁ=—2 (é\zﬁﬂngﬁ]\);

(8) (#* +y* + 2%)* = a’x.

o)

(2)
(3)ic D = {(=, z)|22+x2 <1}

3—z—x
///dxdydz://dxdz-/ dy://(B—z—x)dxdz
1% D 0 D
:3// dxdz—2// xd:cdz:37r—2// rdrdz,
D D D

ERBRGSXE D XT =0 X, 1M f(z,2) =2 WL f(zr,2) =—f(—z,2), &

//Da:d:vd,z:() — ///dedydz:?ﬂr.
(4)
(5) 38 D & Oy “FIHH— RN N H —+— =1 H Xk, WA

///dxdydz-//dmdy / dz-//mydxdy,

Wer=3s,y=2t, M D :s>+t*<1,s>0,t >0,

i b3

:// 65t-6dsdt:36// st ds dt,

1 s =rcosf,t =rsinf,0 <0 < g,O<r< 1, B3R

us

! 11 9
:36/ 7’3dr-/ sinfcosfdf =36-—- - = —.
o . 12 2
(6)
(7)
(8) 1€ & = rsinfcos p,y = rsinfsin g, z = rcosf, WH
= arsinfcosp = r* = a®sinf cos p,
o XA
D:{(T,Q,cp)‘()éﬁég,Ogcpég,Oéréa\3/sinﬁcosgo},
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sm@cosp%
///dxdydz—/ de - / sm@d@/

:/ dgp-/ Sin9d0-—a3sin9(jos<p
0 0 3

1 uy s
:—a3/2cosgpdgo~/2sin28d9
3 Jo 0

1 3 1 1 :
:§a3- <smgp )-(5(6—5311129) 0)
:1a3.1.z_ T3

3 4~ 12

10.3.6  KEH f(r,y,2) =2+ + 2 A 2 + 2 + 22 <o+ y + 2 WITFHME.
7N
fffv z,y,z)dedydz

[, dz dy dz

=
10.3.7 & F(t /// f(@®+y?+22) doedy dz, HoH £ AT RS, oK F/(1).
2242 +22<t2

:/tf(r2)47rr2dr = F'(t) = f(t*)4rt*.
0

O
10.3.8  UEBH: /// f(z)dV = 7r/1 F(2)(1 = 22)dz
SFEE 224y2422<1 1
///x 2+y2+z2<1f (z)dV = _11f(z) dz - //x i dz dy
— /_jf@)dz-m — 22
= [ 0 -
O

10.3.9  WEREL f(x,y,2) HELL, IEH:

/abdx/:dy/ayf(%yaz)dzz/abdz/zbdy/ybf(x,y,z)dx
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g

WEFA

10.3.10
10.3.11
10.3.12
10.3.13
10.3.14
10.3.15
10.3.16
10.3.17
10.3.18

10.3.19

10.4 n EFFR

10.4.1  FE I n ER.

[0,1]™
o [ [ an i
[0,1]"

1 T1 Tn—1
(3)/ d:vl/ d:BQ---/ Ty Ty day,.
0 0 0
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x L,
J+”_P_<1Jhm,%>o}m%ﬁ.

ay Qp,

10.4.2 ﬁﬁ?ﬂ%ﬁ%z{@u~ww

10.4.3 W f(x) HELE, IEW:

/dml/ das - - / Fzn)day = ——— ] /f — )"t e,

WEBR HISJER 10.5.1200 451850,

0 3
= Oa f(l'n) dxn ( _1 1)! (a B xn)n_l
_ (n _1 0 0“ Fxn)(a — z,)" " dz,,
- (n—ll)! Oaf(t)(a—t)n—ldt

10.4.4 W f(x) HELE, IEW:

[fwhAmmw”zfAf@Qﬂ“V“ﬂ%ﬁmw=%([ﬁﬂwayf

10.5 2 10 EEESSIW

10.5.1 FHE_EHBRS I = // sgn(z® — y? + 2) de dy, H D = {(z, y)}xQ +y° <4}
D
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[://sgn(xZ—yz—i-Z)dxdy:// dxdy—// dzx dy,
D DNE DNF

Hh BE={(z,y)|2* —y*+22 0}, F = {(z,y)|2* — y* + 2 < 0}.

10.5.2 {FHE=#HHS

e /// dudv dw
o [0,1]3 (]_ + U2 + ’U2 + ’U}2)2 .

BR  IBHAALFRE ., A w = tan o, & )51 AR B B X FRE.

i 1 u=rcosf,v=rsinb, N

/// dudvdw 5 —2/ duw - / do - /9 L dr
o2 (1 +u? 4+ v2 4 w?) L+7r +w)
cosG
/dw / 1+r2—|—w2
/dw [ de(i— )
w? 1+cos29+w
= /dw / de - _
4 1_'_0052(9_'_1(]2

e
w= tan<p 7T 4 1
/ / a0 :
0 cos20 0052 cos=

2 / / cos? §
" 16 " cos? p + cos? 6
2

o

M:\

_ _1/ /dg'cos%,p—l—cosQO
1 2 /o 0 cos? p + cos? §

_7T2 1 7T2_7T2

16 2 16 32

10.5.3 ¥ a>0,b>0. K FHAIFAS

10.5.5

10.5.6  VFEMTE (2% + y*)? + 2* = y FrEIER.
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BRI HERALARAS M,
## it oz =rsinfcosp,y =rsinfsing,z = rcosf, NEH

r*sin® 0 + 1% cos* @ = rsinfsinp = r*(sin? @ + cos* ) = sin O sin ¢,

MR 7 X3k

sin* @ + cos* 6

D= {(r,@,gp)

1
o
°<9<W’0<w<m0<r<(M) }

i1

(mriets)
///dxdydz—///r sinfdrdfdy = / de - / de - / r?sin @ dr
v
sin QSlngo 1 sin? 6 /’T )
de - d == — 0 do- d
/ / ?'3 sin sin? @ + cost @ 3/0 sin* @ + cos 0 0 Sy
2 ™
( )/ sin? 6 d@——/ csc 94 40
o sin*f 4+ costd 3Jo 1+4cot*d
1 cot0=t 2 >~ 1 4 [T 1
d th) —— — t=- ——dt
.1 cot4€ (= cot) 3/_00 [ 3/0 1+t

0 4 1 2
U 1 4 1+1¢
dt == |du | == dt
( s +/1 Tt ( u2) u> 3/0 Lt ¢

ol

Wl Do C»Ol’—‘

\

~+
I
S

Q| W~

4 1/ (2 + V2t +1) + (2—\/§t+1)dt
3 2 (12 + V2t + 1)(12 — V2t 4 1)
4 1 1
23'5/ A1 (s &
o\ (t+ ) +1 (t-g) +4

1

1 1
32 ((x/it+1)2+1 " (\/it—l)ZH) a2
— %i(arctan(\/ﬁt +1) + arctan(v2t — 1))
21/2 V2
=5 5

0

s
2

10.5.7  FHA:

1
// (xy)™ dedy = / thdt.
[0,1])2 0

WERR (1) 12 2y = u,y = v, W XA

D = {(u.v)| = € 0,10 e [0.1]} = {(w,0)lu € 0,1],v € [u, 1]},
HA " X
{L‘:;, 8(I7y) _ ; _ﬁ :1
Y= — O(u,v) 0 1 v’
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(%%LM%%Q%%%?%Q%&%%@ﬁng::wmzlmq

y
NI

1 1 1 1
// (xy)wydxdy:// u"—dudvz/ u“du/ —dU:/ (—u*Inu) du,
[0,1]2 p v 0 u U 0

R
1 1 1
/(—u“lnu)du—/ ttdt:/ u'(—Inu —1)du
0 0 0
1
= —/ "™ (Iny + 1) du
"
— eulnu — 07
0
SEEE 1
limzInz = lim —2— = lim(—z) = 0.
z—0 z—0 —2 z—0
i 1
// (ajy)xyda:dy:/ th dt.
[0,1]2 0
O
WA R, BB ST AR O AT TR, (H S EIRAT R AT DL A R —
AN A B ) AR B ok HoE 1 oy S ﬁﬁj‘lﬁ?ﬁﬁ. ,
WA (2) iaoy=u < z= , = dxz;du, ES)
1 1 1 v 1 Y
// (:cy)xyd:cdy:/ dy~/ (:z:y)xydx:/ dy/ —u“du:/ (/ u“du) d(Iny)
[0,1]2 0 0 0 o Y 0 0
y 1 1 1
= lny/ u" du —/ lny-yydy:—/ yY Iny dy, (10.1)
0 o Jo 0
Hoo 3
Yy 1m n
hmlny/ ut duy —E%8 hm(lny yn') = hmylny e’flﬁon1 =0,
y=0 0 y—0
EEE

() = (™) =™ (Iny + 1) = y¥(Iny + 1) = y’Iny = (v*) — 1",

1 1 1 1
:—/«wume:y L/W@Z/Hm
0 0 0 0

lim ¥ = lim e¥™¥ = 1.
y—0 y—0

R (10.1)

Hrp e A 2
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10.5.9 % f RESASHRTERE. 2 F(t) / f(ay) da dy. KiE:
[0,1)2

2
1 =2 (F@ 7 dd)
(1) F t( //[Ot]gwy zy) da dy
2

(2) F'(t) = / £(s) ds.
R (1) EEmEA A LR R SR (),
WEBR (1) 12 xy = u,y = v, W XA

D= {(u,v)’%,v c [O,t]} - {(u,’u)’u € (0,43, v ¢ [%t} }

e =2 1 u
v ey _|r 5] 1
Y= O(u, v) 0 1 v
NG
t2 tq
= drdy = d —d
Il s aras= [ s / L,
:/t f(u)(21nt—lnu)du:21nt/t f(u)du—/t f(w) Inudu,
0 0 0
[i44 )
—%/0 flu)du+2Int- f(t?) -2t — f(t*)Int? - 2t = / f(u) du.
(2) FFiEE.

FHE (1), HE

+//M2 zyf'(zy) de dy = /Ot2f(u) .

AT IR IR J,

//[Ot]ﬂyf vy)dzdy = F(t) + / wf' (u)(2Int — Inw) du

:/0 (F(u) + uf (u ))(2lnt—lnu)du—/ (2t — nw) d(uf(u))
Lo (e

lim(f(u )ulnu)—hmf( )-limulnu = f(0)-0=0.

u—0 u—0 u—0

= (2Int —Inu)uf(u)

Hrhg 3|

(1) FFiEE.
R (2) UEW (1) B AESIERONT, GER (2) BRI 1 SO F(2).
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IERR (2) (1) VERE,

//[Othyf Ty dxdy—/dx/ vy f (zy dy—/dx /ydfxy
:/0 ( /fxy dy)

= /Ottf(ta:)da:—F(t)

s)ds — F(t

PRIk, ZHE (1), RFFUE (2). FHEE F/(1).

t-‘rAt t-‘rAt
F(t+ At) — / dx/ f(zy dy+/ dy/ f(zy dx+// f(zy) de dy
[t,t+At]2
t+At
3¢ me(t,t+Al)
et [ [T jlay)ay + sien o0y
0 t

t
ELSGas Uk 2/ f(xne) - Atdx + o(At)
0

N2T=s8 2At tn2

m f(s)ds +o(At)

:At-%/ot f(s)ds +o(At), At—0,

— F(t) = lim F(HN / f(s

At—0

RBR (3) HEEH,

P = [ ([ semar) as

TR HEERT ¢ PR A B Sy, WA S ¢ fEA 0 BN BRAGE AR ek b R A7 AE, X%
KGR T NAE, JATRE A IE AR, R — R

WERA (3) AMERH (1).

1tz = tu,y = tv, N

t t 1 1
:/0 d:z:-/o f(zy) dy:/0 /0 2 f(t?uv) dudv = 12 /[0’1]2 f(#*uv) du do,

i g(t / f(#uv) dudv, \WIfT F(t) = t?g(t). fEiE:
[0,1]2

:// 2tuv ' (t*uv) du dv.
[0,1]2
HY b, e, JATA

PAHEE W], e O T A R ) B A 2 B A R (R X B AR 4y BT ).
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iﬁg@)://Df(t,:c,y)dxdy, H D = [a,b] x [c,d], N

_ ([ 9F
<t)_//D8t (t,z,y)dxdy.
ZHE B, LA

/ / (// (t,z,y) d:cdy)dt—i—C,

u “of
RHS:/ dt/ dx/ dy—(t,x,y)+0=/dx/ dy/ —(t,x,y)dt +C

0 a c ot a c 0 ot

:/ flu,z,y)dedy + C = g(u) + C,

B C = —g(0) K14 iB R
Rk F(1).

= 2tg(t) +t°¢'(t)

= (g(t
%( —|—t4//[01]2 uv f' (HPuv) dudv)
%( //Ot xyf (zy dxdy)

]

10.5.10 (Poincaré AER) ¥ ¢(z),¢(z) 72 [a,b] ERESREL, f(z,y) EXI D =
{(z,y)|a <z <bp(z) <y <)} BEEFR, HA f(x, o(x)) =0, WFHFE M > 0, 15

| Pz < [f () s

P(x) 2) — o)) Y@
[ < PR [y

() (z)

H Cauchy A&,
'2 1) dt) < ’ 1dt) =(y—o s 1) dt

(Lo (L
Y(x)
y)d 2(z,t)dt ) d
- »(@) Vs /<ﬂ ( so(z)f (37 ) ) /
[ ( 5
<px)
2 o(x)

(p(a) = e(@)® [,
< 5 /@ " fy () dt

WERR SEiEM:

V) . /w(x) (y — 90<x)>2f/2(x y) dy

(@) 2 Y

¥(x)

= ERSEEE [ )ty

(=)
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// Az, y) dxdy—/bdx/w(x z,y)dy < /bdx (w(x)_sp(@y /w(x)(f;(x,y))zdy
M/bd L(:x(fxy dy—M// (z,y))? dz dy,

ey g oy (L) ‘2*‘)(“’))2 76 a.b] LRI, o

10.5.11 W a > 0, 2,(a) = {(z1,- - ,z)|r1 + -+ 2, <a,z; >0 (1 =1,2,--- ,n)}.

KA
:// xle...xndxldxz...dxn
n(a)

B ilai=at; (i=1,2,---,n), WE

a(.ﬁfl,xQ,"' an) n
= Q s
a(tlu t27 U 7tn)
LN(]
a) :a2"/~-/ tity -t dty dty - - - dt, = a®"1,(1),
n(1)
LN(]

1
I,(1) = / Ty, dxn// T1%g - Tpy dry day - - - da,—
0 Qn—l(l_xn)

1

1
:/ T A - (1= 20"V (1) = Lo (1) / (1 — 2, da,
0

0

= —La(D) [ (=) = (1=, da

1
=—1I,_ 1 —— (1 = n2n 1 n2n71
() (—gr =+ )|
1 1 1
= —— | Ih1(1) = ——1,_1(1).
<2n—1 Qn) (1) (2n —1)2n (1)
n 2n 2n
1 1 1 1
e [n 1 = 1 = — —_ = -,
(1) g(%—l)m (1) QEZ piey
2n 1
— I,(a) = a®™I,(1) = ™" , =12+ n

AR LI AR, N S T AR o MY

10.5.12 & f(zy, - ,xn) N n JTCHIELLREL, UEHH:

b 1 Tn—1 b b b
/ daz’l/ d:c2~~~/ flxq, - ,xn)dxn:/ dxn/ dxn1~~-/ flzy, - x,) day.
a a a a In T2



E L 10.6 EFEL )@ 101
WERR  XF n A ARG,
M n =2 i,
b 71 b b
/ dﬂfl/ f(l’l,l‘g) dCL’QZ/ dflfg/ f(l‘l,l'Q) dl’l,
a a a X2
GEVR AT
RS n—1 (n = 3) WOL, FHHE n B
FH A 4 15 11,
b x1 Tp—1
/ dml/ de---/ flzy, - x,) da,
¢ b ¢ 1 :ptll x1
=/ dxl/ dxn/ dxn1~~/ flxy,x9, - w,) dag
R o
=/ dxn/ dxl/ dxnl"'/ flxy,x9, - 2,) dag
ab :vz Tn , achl
= / dxn/ dxnl/ dxl / f(xla Lo, >xn) d.]?g
a Tn Tn—1 T3
b b b
:/ dxn/ de,_q1--- flzy, - x,) day.
a Tn, T2
R g5 R n GRS, BB IAGER, 458X Vn € N* Blor. O

10.6 ES SRR

10.3.1(2)
10.5.2
10.5.6
10.5.10
10.5.11
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11.1 HEFEMZ LIRS

11.1.1  HE AR I

(1) r(t) = €' costi + e’ sintj + e'k (0 <t < 27);

(2) x = 3t,y = 3t%, z = 2t H 0(0,0,0) F| A(3,3,2);
(3) z =acost,y =asint,z = alncost (0 <t < %),

s 8
(4) 2* = 2azx 5 9y* = 1622 WAL, HA 0(0,0,0) 2| A <2a, Ea,Qa);

(5) dax = (y+ 2)* 5 42® + 3y* = 32 ALk, HIE MBS M(z,y,2) (a> 0,2 > 0).
® ()
)

1
/ | ()] dt = / V3% + + (6¢2)2dt = /(6t2+3)dt:(2t3+3t);:5,
0
2 4 t5
25 S N
l> EEEjéJ:,ff“—“ A (ZL’,y,Z) <2a73\/%7t) (tG[O;QCL])a E&
2a 2 2 2 9 2
= V) (VE) e [ ()= () e
0 a a 0 a 2a 0
(5) .

11.1.2 5 R AL AR
/y ds, L:x =a(t—sint),y = a(l —cost) (0 <t < 27);
L

————ds, L:x =acost,y = asint,z = at (0 <t < 27);
L 2

(3) / +wmz;ﬁﬁbom®/mm%mamm£%%%ﬁ

0 )

/ +y+2)ds, L: HZ&EB AB : A(1,1,0),B(1,0,0) &M% BC : x = cost,y =
sint,z =1t (0 <t <2nm) 4k

gimi A0,—2) 2 B(4,0) MEZLE;

T —

~

b‘

103
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(6) /Le\/mds, L eIl r=a,0= 0,0 = 7 IR AR,

(1) /L vds, L BREEE r — ac® (k > 0) 61 r — o 1A H—BL:

(8) /des, L: [FHEIRZE o = tcost,y = tsint, z =t (0 < t < tp);

(9) /Lx\/r—gﬂds, L: AL (22 + )% = a®(2? — y?) (x> 0) H1—2F;
(10)
(1)

(12) [ (yz+ 2z 4ay)ds, L: A 22+ 42 + 2> =, o +y+2=0.
()

($2+y2+22)"d$,L: }% 332—1—@/2:&2,,2:0;

2?ds, LA 22+ >+ 22 =d’,c+y+2=0;

—

/L(x+y)dsz/olxdx+/01ydy+/ol(x+(1—x))\/édx:\@Jrl.

(4) BB b5 (2,y) = <t, %t— 2> (t € [0,4]), W

4 4/1+ (1)? 4 4
/ ds :/ Jdt:\/g/ H%dt:\/gln(t—i—él) =V51n2.
L 0 0 0

T—y St+2

to
/zds—/ ty/(cost — tsint)? + (sint + tcost)? + 1 dt
L 0

to

fo 1 1
:/ WET A= S +2)1| = (B +2)E - 2V)

0 0
(9)1d z =rcosl,y =rsind, WA

— sin 20

Vcos 20

rt = a*r*(cos®§ —sin?0) = r? =a’cos20 = r =aVcos20, 7'(0)=a
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/x\/xQ —y?ds = /4 TCOSQ\/TZCOSQQ- (a200829+a2sm 209) do
i Ccos

r’acosfdf = /4 a® cos 26 cos 6 d6

13

:/ a*(1 — 2sin® #) d(sin 6)

9 I
=a° <sin 0 — 3 sin® 0)

22 .
= —a".
3

LE}

(10)
(11) HRSFREE A,

]

11.1.3  KMIZk x = e’ cost,y = e'sint,z =" )\t = 0 FMEE S IBEIN F &, W'E
e B 512 m B R S PR BT U b, BAE AT (1,0,1) ARBIE RN 1.
B M r = r(0) Bl v = r(u) WL A o(r) = f—2 m

m(u) =

/ ple! cost, e’ sint, e')\/(et(cost — sint))2 + (et(sint + cost))2 + (et)2dt
0

J=vB—em.

/Ou Ve dt‘ = ’(—\/ge_t)

]

11.1.4  KREEZL —E v = acost,y = asint,z = ;t (0 <t < 2m) X T B AL FRFl 1 7%

™
R, WHEE p=1.

11.1.5 KRN a BIRSIERGN BN p) XFTALLER S O, iy M I A1 5]
1.
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11.2 H=EHEHE LTS

11.2.1 SR HF il EAESR € #7010 TH AR

(1) #ETH 2 = /22 + o2 R 22 4 o2 = 20 WIIEES,
(2) I 2* +9? =a® # P o +2=0,2—2=0 (x > 0,y > 0) FrEfH5;

(3) B 2% + v* = o® BERME o + 2 + a® AT 47

(4) BRTH 22 + y + 2% = 3a® MM 2° 4 v* = 2az (2 > 0) BT AL AR Y 43R 1
(5) #hi =z = (2y + 22) BEAETH 4y® + 2% = 1 Fr N RIER s
mmmmz_$+ya%mw$ﬁﬂ22v§@+¢)%&Tm%ﬁ;

(7) WRJEMH x = rcosp,y =rsing,z=hp £ 0<r <a,0< ¢ <2m MR

(8) HITH (2° + y* + 2%)? = 2a°xy MIAZHE.

® ()

(2)

(3) K EAEE—R (2,y,2) = (acosf,asind,acosp) (0 <0 <

YRR, AR FBE D = {(acos&,asin&,acosgp) 0<0< g,@ <p < g} IR 43, T

)

E =a*sin®0 +a*cos’ =a®, F=0, G=a*sin’oy,

H
0:8// da:8/2d0/2\/EG—F2d<p:8/2dQ/QaQSingpdgp
D 0 0 0
bl z 3 3
:8a2/ de - (—cosgo)’ —8a/ cosfdf = = 8a”.
0 0 0
(4)
1
(5) W E— 5 (2,y,2) = (y2 +35750, Z>,
E=2u?+1=4>+1, F=2z G=2>+1,
NI[]
//da—// V(A2 +1)(22 + 1) — 492 szydz—/ VA4y? + 22 + 1dydz.
4y2+z2<1 4y2+z2<1
iy = §TCOSQ z = rsin @, MF5 XA N
D' ={(r,0)r <1,0<6< 27},
BA
1
Ay, 2) §COSQ —Ersiné’ 1
— — _T,
o(r,0) sin 6 r cosf 2

2, [cos | < |cosd|), H
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i1
1 1 21 1
// \/4y2+z2+1dydz:// \/r2+1—rdrd9:—/ de/ rVr2 +1dr
dy2422<1 ' 2 2 Jo 0
1 1
—r (P13 = Z2v2 - 1),
3 s 3
(6)
(7)
E:COS2QO—|—SH12§0:1, F:07 G:T2Sin280+7“2(308290+h2:T2+h27
i

27 a
//da—/ dr/ Vr2 4+ h?2dp = / dgp/ V24 h2dr
0 0
h 0 arctan
L=htant 27r/ hsec@ h 5
0 CoS

_ 27Th2 /arctanz d(SlI41 9) sin =t 27Th2 /\/h;ﬁ dt
0 cos* 0 0 (I+1)2(1—1)?

dé

11 1 (1- 1
s\ (1t (1 1)
7Th2 1 1 \/h2a+a2

B wh? o VhZ4+a?+a N 2av/ h? + a?
2 Vh2+a? —a h? '

(8) 1t & = rsinfcos p,y = rsinfsin g, z = rcosf, MH

3
rt = 2a*r?sin? fsinpcos p = 1? = a’sin®fsin2p, 6 [0,7],p € [0, g] U |:7T, ?ﬁ} .

HIXFRIE, A5 A%

p={w.oe0.7] 007}

7l

= (asin 26 cos p+/sin 2¢)? + (asin 26 sin p+/sin 2¢)? + (a cos 20+/sin 2¢)? = a” sin 2¢p,

F = a”sin 20 sin? f cos ¢ cos 3¢ + a® sin 20 sin? 0 sin ¢ sin 3¢ + a* cos 20 sin 6 cos O cos 2¢
= a?sin 6 cos 0 cos 2,

a_(® sin?  cos 3¢ ? 4 asin® § sin 3¢ ? n a sin 0 cos § cos 2¢ 2
B V/sin 2¢ V/sin2¢p V/sin 2¢
2

= — a2 (sin® 6 + sin® @ cos?  cos? 2¢),
sin 2¢p

— VEG — F? = a®sin 4,
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M

0—4//da—4/2d6/2a251n2€d<,0—4a2/2d<p/2 1_C0820d9
p 0 0 0 0 2
1

2
= 4a2§ . 1 (9 — —sin29)

jus
2

7T2(l
5 .

2 2 2 .

11.2.2  {FE AT FR S
O)ﬂ@ﬁw+dd&S:jﬁ%0<x<L0<y<L0<z<1%éﬁﬁ;
S

@) [[ oy, S5ty oz =1 TSR,

S

@fﬂ@?+fmﬁsi$Z—¢ﬂ+y%mz—1%a&mﬁW%ﬁ;
S

M{ﬂ@w+w+¢m¢as:%ﬁz:V6?§PWHﬁM?+ﬁ:2mauun%arm
A,

6{ﬂ@4—¢+f%—ﬁ%+md&ssE%ZZVQEQFWEﬁm2+ﬁ:2x%&r
m%ﬁ;sds
©) [[ 505 BRI o* o = B YT 2 = 0 Bx = H ZIHE, 1 R S i
) et

) [[ lryelas, s B = = a2 4 g7 T 2= 0 B2 =1

% @

(2) K E—8 (v,y,2) = (z,y,1 —z —y), N

1 1—a
//a:yzda:/dx/ dy-zy(l—z—y)v1+1+1
S 0 0
1 1 1 11—z
= / dz - v/3 (—33(1 — )y — —xyS)
0 2 3
"1
= \/§/ —z(l—z)*dx
o 6

0

3 1
:%/ (1 =3z +32* — %) do
0

1 1 !
V3 (—xQ -z + §w4 — x5)

6 \2 47 5
V3

12

0

(3)
(4) #hi E— 5 (2,9, 2) = (2,9, V22 + ),

2 2
//(yZszerxy)dS:// (xy—i-(x—i—y)\/xQ—i—yQ)\/l—kx ;y dz dy
S z24+y2<2ax

==V§[7 (zy + (z +y)Va? +y?) dz dy,
r2+9y2<2ax
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109
it 2 =rcosf,y = rsind, WA XL A
7r m
= —— <0< =0 r<
D {(r,@)’ 5 S 0 < 2,O <r< 2acos€},
MR 7 3
2acos 6
= \/_/ d9~/ (r*sin 0 cos 0 + r*(sin 6 + cos ) )r dr
z 0
2
z 1 2a cos 0
—\/_/ - (sinf cos @ + sin @ + cosb) - (ZA )
z 0
= 424" /2 cos® (sin 6 cos 0 + sin 6 + cos 0) df
g
= 4\/5@4/2 (cos® Bsin  + cos® @sin O + (1 — sin®#)* cos 0) df
—3
= 4v/2a* 00866—100859+sin0—zsin30+lsin59 ’
6 > 3 d x
64v2 ,
= a
15
()
(6)
(7) B E— 5 (2,9, 2) = (z,y, 2*4+y°), BOWFREE, RFEHE D = {(z,y) e RT[2? + 3> < 1}

ISy, ]
// lzyz|dS = 4// vy(z® + y*) /1 + 422 + 42 dx dy,

itz =rcosf,y = rsind, MA XL N

D’:{(T,Q)‘Ogrgl,()éeég},

NID]

1 bl
4// xy(m2+y2)\/1—|—4x2—|—4y2dmdy:4// dr/ d6 - r? sin @ cos Or*v/1 + 4r2r
D 0 0
1 z 1 3
:2/ r5\/1+4r2dr/2sin29d6:2 (——cos29

1
0

1
/ W+ 42 dr? =5 /t2x/1+4 tdt = 6/ 2d(1+4t)?
0

5|1 1 5\/_ 1 1 [t 5

= — 1 4t5 -2 t(1 4t5dt = — = td(1 + 4t)2
6( + 0 /0 (1+4t) ) 6 3 10 (1+4t)
5/5 1 5 (1 ! 5 5v/5 25\/_ 1 ak
V2 (w1443 — [ +4n)3dr) =22 2Ve 1+ 4t)3
6 30((+)20 /0<+)2 > 6 30 +30 gt a2
5v/5 25f 1

—2ve _ ove 125v/5 — 1 125v/5 — 1).
6 30 420< V5 —1) = 420< 5v5—1)
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11.2.3  FRXRRM: & AR 25
1 24 94H)ds, S = R?
)[l@-+y> ?+y’+ 2

(2) //(x—l—y—l—z)dS, S 2?4+ +22=a* (2 20).
S
BB (1) X pRE g,

//S(x2+y2)dS:§//S(x2+y2+z //dS——R4
[

11.2.4 &% G 2&2FH Av+ By+Cz+ D =0 (C # 0) LR—"NARHAXE, ©17E Oxy

T LRI R G, Wi ;’(<GG>) _ \/ XL Seab o(D) TR D TR
1

N D— Au—B
WERR W Gy W—x (u,v), MIHEXTRN G b— 5% (u,v,#)’
A? AB B?
E_1+02, F:E, G_1+02,

LNUTHE AV

2 BQ 2
VTP = [T,

2 2 2 2 2 2
//da_// \/A +B +C dal_\/A +Jg +C o(Gy).
G1

11.2.5  SRITEE - — %(ﬁ P (0< 2 < 1) KR, HA BN p= 2.
11.2.6  —REN RGBS (RN ) S E AN KU

11.2.7  —ANEEN p MSHEHER 2 = V22 + 942 (0 < a < 2 < b), REKXFALEHE
TR 2N m B 5] 7.

11.3 [EEiHFEZ ERIFA T

11.3.1  E FAIE Al 28757

<1>/<:c ) e+ (a2 — ) dy, LR y =1 — |1 — 2| M (0,0) FIA (2,0
L
@) % LRI TEHTE A(L,0), B(0,1), C(—1,0), D(0, —1) M8t et — i s B 2

(3) / 2 YAy on i 2 4 y? = a2, W —
L

x2 + y?
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(4) /y2 dr+xydy+xzdz, L& 0(0,0,0) #] A(1,0,0) HE| B(1,1,0) &/E2 C(1,1,1)
L
AT LR B
(5) /e“’y*z doz +e™™ P dy + "2 dz, L #&2 2 = cosp,y = sinp, 2z = Ly A(1,0,0)
m

L
1
5145 B (0,1,5);

(6) /ydx+zdy+xdz, Ligo+y=25a2+y*+22=20+y) KL WNESEE
L
e N 77 ).
(1)

Li={(z,y)ly=2,0<2 <1}, Ly={(z,y)ly=—-2+21<z<2},

I
[ @i do s @ - ) dy
L
:/ (:c2+y2)da:—|—(x2—y2)dy+/ (2* +y*) da + (22 — ) dy
Ly Lo
1 2 2
:/ 2x2dx—|—/ (x2+(—x+2)2)dx—/ (2% — (—z +2)?) dx
0 1 1
1 2
= §x30+2 (%x3—2x2+4x> 1:—
(2) BA1 (z,y) € L W2 |2| + |y| = 1, AT
M:/dx+dy:0,
Lz + [yl L
9Q OP . S
HHEHE P=Q=1 = %—a—yzo, H Green ARG LT NE.

(3) 1€ x = acosf,y = asinf, NI

_ d d 1 21
/ —xxijg A pe (—acos@ - (—asinf) + asinf - acosf) dd
L 0
27 1 27
:/ sin20df = —=cos260| =0.
0 2

0
(4)
(5)
(6) BIZE EAF— 1 (2,y,2) = (1 — cosf, 1+ cosf,v/2sinh) (0 < 6 < 2n), MIifii

/ydx+zdy+xdz

L
2w

:/ ((1+4cosf) -sinf + v2sinf - (—sinf) + (1 — cosh) - V2 cos ) df
0

27
:/ (sin6+%sin29+\/§cose—\/§>d9
0

2

1
= (—Cosé’ — ZCOSQ@-}- V2sinf — \/§0>
= —2\/§7T.

0
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11.3.2 RMEW v =(y+20i+E+a)j+@+yk BHML L 2 = asin’t,y =
2asintcost, z = acos’t (0 < t < ) SEI N7 7 (1) Hh 2 AR 4y
g IS

/'v~dr:/(y+z)dx+(z+x)dy+(x+y)dz
L L
:/ ((2asintcost + acos®t) - 2asint cost + a - 2a cos 2t
0

+ (asin®t + 2asint cost) - (—2acostsint)) dt

27
=a? / (cos 2t sin 2t + 2 cos 2t) dt

0
2

=0.

1
=a® (—— cos 4t + sin 2t)
8 0

]

11.3.3 &% — ff‘i)ﬁ&?%ﬁﬁ%*‘ 587377 1Al 48 R) iR R, R /N5 0T R 88 T R B 0 T
e, WELRHON b 2 5+ = 1 U (0.0) B3I (0.0), RIS

11.3.4  FJH Green A3, tHHE F 7 £ 4r.

(1) é(x +y)?de+ (2® —yH) dy, L 2TEA A(1,1), B(3,3),C(3,5) M=FMAEMRER, i
B IS 1) )

) oy +-+)do+ g+ y) . L A -+ L

(3) 7%(3/:63 +e¥)dx + (zy® + we¥ — 2y) dy, L %Xﬁf/\?%£*ﬂ<§$ (1) AT Hh 28

4) é\/mdery[nyrln(er w24+ y2)|dy, L&y =2 — 15 2 =2 WK
RSN EI Wik

(5) /(ac 4+ 2zy — y?) dz + (2® — 20y +9°) dy, L : AL A0, —1) T EZL y =2 — 1 2|3
M(1,0), M M WERE 22 +4* =1 24 B(0,1);

(6) /L(ex siny — my)dz + (e" cosy —m)dy, i L: B A(a,0) 2 0(0,0) L
A 2? +9? = ax (a > 0).
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i Green A =5,

yg(yaz?’ +e¥)dw + (zy® + we¥ — 2y)dy = // (@ — 8—P) daxdy = // (y* — %) dz dy,
L p \ Oz dy D

K D:oD =1L
X D ST IR pOa AR, HRREL f(2,y) = y° — 2 W2 f(—2,—y) = —f(z,y) A,

%(yx?’ +e¥)dw + (zy® + ze¥ — 2y)dy = // (y* — 2*)dzdy = 0.
L D

P=a"+2zy—y?, Q=2a"—2xy+y’

0Q 0P B
%—a—y—(2x—2y)—(2x—2y)—0,

MR HEARTER, ik L LB AB,
/(m2 + 2ry — y*) dz + (2* — 22y + y*) dy
L

=/($2+2wy—92)d$+(x2—2:vy+y2)dy
! 10 2

=/ y'dy = Sy’
L 3

(6) B L' : M Aa,0) B 0(0,0) BIFPREME 2* +y* = ax. 0

3

-1

P=e"siny —my, Q =e"cosy—m,

0@ _op =e"cosy — (e*cosy —m) = m,
or Oy
ES)
P(z,—y)dz = —P(z,y)dz, Q(z,—y)d(—y) = —Q(z,y)dy,
e

/ Pdx + Qdy,
L+(-L')

| —

/de—l—Qdy:—/ de—l—Qdy:/ Pdr+Qdy =
L L' I

H Green ~xA, 3K

0Q 0P 1 ~m 1 5, 1 9
//<8$ 8y> y—2//Dmdxdy—2 47Ta—87rma,

Ht D= {(z,y)|2* +y* <az},0D =L+ (L. O
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11.3.5 MR vH 5 T 51 X AR

(1) BB v =acos’t,y = asin®t (0 <t < 2m) FIRRIM XI5

(2) 2 x = a(t —sint),y = a(l —cost) (0 <t < 2m) 5 Ox HFTH AIMIXIH D.
(1)

(2) B Green 2 3\A,

o(D) = //Ddxdy = —yizaDydx

0
= —/ a(l —cost) - a(l — cost) dt
2

™

(3 1
—a2/0 (§—QCOSt+§COSQt>dt

3 1 2
=a® (515 — 2sint + Zsians)

0

= 3ra’.

N S ~ - d d
11.3.6 ﬁﬁlﬁlﬂéﬁ%}/w.
L Tty

(1) Ly N A(—a, 0) WA y = Va2 — 22 2|5 B(a,0),a > 0;
(2) Ly AMEL A(—1,0) IFIIEL y = 4 — (x — 1)* E&L B(3,0).
i ()il x=acosh,y=asind, N

. 0_ . . _ : . 0
/ M:/ asinf - (—asinf) + acosf acos&dgz/ Ry —
L1 ™ "

x? 4 2 a?

(2) Bl @ = % D il Ly, Loy = 0 BRI, M 0D = (—Ly) + AC + L, + DB, Hh

“(20)2(29)

ic
Y T
P=——"— S —
$2+y2’ Q x2_|_y2’
oQ o°P y? — a2 2% — 2

ooy T wrer  wrep

H Green A=A,

/de+Qdy:(/ +/ +/ +/ )de+Qdy=0

oD Lo AC Ly DB

:>/de+@(11/=(/ +/ —l—/ )Pd$+Qdy:/de+Qdy=—W-
Lo AC Ly DB Ly
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11.3.7 ¥ D 2 Vi Ll fa A2 L R X k.
(1) Wik f(x,y) AIESEN B w341, R

of
Pas= | a
5[%8 ds //D fdxdy,
2 2
Sorb o R L AN, A= 6? W 4R Laplace 517
i M FIE Laplace 7% Af — 0 B, 41 75 245~
L
(2) SR a A& AL R &, UER:
% cos(a,n)ds = 0.
L
(3) W% u(z,y),v(z,y) FIELEM M FH, UEH FHIEZ Green AR:

55 (v@ — u—) ds = // (vVAu — uAv) dx dy.
on

‘R WHRNAAMNEREN n = cosai + cos B, WSFIHRHZE L 8 m) 06 BEF5 7] 1 B A )
&N T = — cos B + cosaj.
WERR (1) w2k L i imEn

T = (cosa,cos ), cos®a +cos®f =1,

M n = (cos B, — cos a). M Green 22U,

d —ygi nds—%(? osﬁ—%cos&)ds
= L——d +—d —// (%—l—i)dxdy
://DAfdxdy.

(2) # a = (a,b),a* +b* =1, H Green 215

ygcos(a,n) ds —%a nds = %(acosﬁ— bcos o) ds
L

%ady—bdx—// (8a (%) dxdy = 0.

(3) B BT S Green 22 UAT,
ou v ou du ov v
é(v%—u%)dS—yﬁv(—a—yd —|—8—d) (—a—d —|—a—dy>
§I§ —v%—l—u@ dx + v@—u@ d
T ay 8y ox oz ) Y
2u v O%u
// ( Vo U uay2+vay2)d$dy
= // (vAu — uAv) dx dy.
D
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11.4 [E=HEHE LTS

11.4.1  FE I A AR oy

b2
(2) //a:yzdxdy,SiEHﬁx + 22 =R* x>0y >0 WERABETIHy=0KLy=nh

FITa T 020 R A
(3) // vy?2* dydz, S BRI 22 + 4 + 2% = R? [ = < 0 IIH04), &g ako—1l;
g

/@+y+zmwﬁﬁmmﬁ—+l+——HMWJ

@XﬂyauMAwm%ﬁﬁ+f+£:1m¢¥%ﬁ4@un#m%w;
S

@X”Q%@w+fdwm+XMﬂ%Sﬁ?ﬁx+y+z=lE%*ﬂ@%ﬁﬁx@%ﬁ

il
(6) //(y—z)dydz—}—(z—a:)dzdm—i—(x—y)dxdy, S BT 2* +y* =22 (0< 2 < 1)
S

7
(7) //xz dydz + 2%y dzde + y?zdady, S ZET FREERE 2 = /a2 — 22 — 2 B,

8) //f(:z:)dydz—l—g(y) dzda + h(z) dedy, HH f(2),g(y), h(z) NWELLREL, S NEMA
S
SPATNHIAR 0 <2 < a,0 <y <b,0< 2< e AMIL
(1)

(2) thi EAEE— A (z,y, 2) = (Rcosf,y, Rsin0) <0 <y<h, —g <0< g)

8(;1:,3/) —Rsinf 0

00,y)
= //wyzdxdy—/ / R*sinfcosf -y - Rsinfdédy

—R3/ ydy/ sin? @ d(sin )
%

2
= R3. 2h2- (gsm 6’)

= —Rsinb,

jus
2

1
= —R3h%.
3
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(4) 32 (z,y, z) = (sinf cos ¢, sin 0 sin @, cos 6) (O <0< g,O << 27?).
J(z,x) _ —sinf  cospcosf _ sin?fsin o,
a(0. ») 0 —sinfsin g

z 2w
- //yzdzdx:/z/ sin @ cos @ sin ¢ - sin? @ sin ¢ dy df
S o Jo

27 5
= / sin® p dp - / sin® @ d(sin )
0 0

11 N1, |?
= | zp— —sin2p —sin” 6
(5)

1
(6)18 (2,9, 2) = (rcosf,rsind,r) (0 <r < 1,0 <0< 2n), WHIERE n = (rcosf, rsinf, —r),

= —T.

4

Jl
(y—z,2z—x,0—y) -n=2r*(sinf — cosf),

:>// —z)dydz + (z —z)dzdr + (x — y) dz dy

/ 2r2(sm 0 — cos®)drdo
o Jo

1 2m
/ 7 dr/ sinf — cos 6) df
0 0
_of L —cosf—sin)| "
3" cos 0 — sin .

//S o) dyd=.

X =A{(x,y,2)|[r=0,0<y<b0< 2< ¢}, Xo={(x,y,2)|[r=0,0<y<b,0<2z< ¢}

PN EAEA O E, AT

//Sf(a:)dydz://Elf(x)dydz+//22f(x)dydz
:—f(U)//Dldydz—Ff(a)//DQdydz

= (f(a) = f(0))bc,

s //Dldydz,//DZdydz VR 5 5, L AR
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GEECIRa =R <S:

// )dzdx = // z)dxdy = — h(0))ab,

= //Sf z)dydz + g(y)dzdz + h(z) dz dy
= (f(a) = f(0))be + (g(b) — g(0))ca + (h(c) — h(0))ab.

O]

11.4.2 ;kiZJv_(x —y2)t —22%yj + 2k ME KT 0<2r<a,0<y<bh0<z<c
RIAMUEE T S )3
g id D, %Kﬁ%{% Oyz ~FH NI, Dy X, KUME L Ds, Dy, Ds, Dg.

Gy,
//v-ndS:—// —yz dydz+// (a® —y2)dydz
S Dy D2

—// Odzdx—l—// b)dzdx
D3 D4

—// O-dxdy+// cdrdy
D5 D6

:a3// dydz—2b// xdedx—l—c// dx dy
D, Dy Dg

a

1 1
= a3be — 2bc - =23 + cab = ga?’bc + abe.

0

11.5 Gauss EIEFN Stokes EIE

11.5.1  FENAIEER 7
(1) //(33—1—1) dy dz+ydz dz+(xy+2) dedy, S Z£LL 0(0,0,0), A(1,0,0), B(0,1,0),C(0,0,1)
AT 0 T s 0 412
(2) //xydydz—i—yzdzdx—l—zxdxdy, SEEHrx=0,y=0,2=0,2+y+2z=1 FrRlEH
S
IAEENRPAN B IR
(3) // v?dydz+y*dzde + 22 dody, S ZER (2 —a)® + (y —b)* + (2 — ¢)* = R? [HM;
S
4) // vy? dydz + y2* dzde + zo? de dy, S ZEKI 2® + 42 + 22 = 2 IAMI;
S

5) //S(x—Z) dydz+(y—x)dzda+ (z—y) dedy, S RFEERPIME 2 = 22 +y* (0< 2 < 1)
1 g

(6) //S(y2 + 22 dydz + (22 + 22 dede + (2 + y?) dedy, S & LRI 22 4 4% + 22 =
a® (2 = 0) fI_E.
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(1)
(2) i v = (zy,yz,2x), M V- -v=y+z+z, 18 V N S B, H Gauss &

ﬁiv-dS://vv-vdV:///‘/(x%—y—i-z)dV

& f(r,y,2) =x+y+z FISEEI, L VE) Ne=0y=0,2=0,x+y+ 2=t rEKKNY
SRR, 58 Vi) = 1 — av =d (éﬁ) — S AT

1
///m+y+z )dV = /t —t?dt = 84

VBRI AT DAL L 4 /// vy +2)dV B BT

(3)
(1)1 v = (zy?,yz*,22°) = V-v=9"+2>+2° 1L V & S ERMHXE, B Gauss

o [oas= [ 5vav= [ 2

it = rsinfcos p,y = rsinfsin , z = rcos §, WA/ XL N

=8
~F:

1

D={ro.po<p<amo<o< T 0<r <coso),

H
o(z,y,2)
o(r,0, )

= ///($2+92+22)d‘/=///TQ-TQSianrdé’dgp
1%
2 cos 0
/ dgo/ d9/ dr

—27r/2 —cos’Osinfhdo
0

()

6) 8 v = (P2 +22, 22 +2% 2% +19?) = Vo=0,t VEHSM Y : 22 +y><a®2=0
B RS F X 33k, HY X2 32\ (0,0, —1), B Gauss & FE45:

(//g+//2>v-d52///‘/v.vdV:0 — //S’U'dsz—/Lv-dsz//D(:rMyz)dxdy,

s | e s i w8,
s g =rcosf,y =rsinf, WX D' = {(r,0)]0 <r <a,0<0<2r}, NI

)-ZW:W—C#.
0 2

a 2 1 a
//(m2+y2)dxdy:// r2-rdrd0:/ r3d7“/ do = (—7"4
D D’ 0 0 4

=1r?siné,
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11.5.2 K51 /133 F = —k:m 5 LR Z P T A7 F i
1) == — @Iﬁim(f%‘“ﬁ)ﬂ’]lﬂﬂﬂﬁ
EHEPE T@,Ibﬁi m P T

2
11.5.3 &&@V%ﬁﬁﬁﬁ+ﬁ—%:1&$ﬁz:Lwr4H&Jﬁ@V%é

FIHAMU, X% v = (2% + 12 + 2°) 2 (2i + yj + 2k). RS
//v 4 — //xdydz+ydzdx+zdxdy'
V(@2 42+ 22)3

11.5.4 B FE2E o > 0 AME—RDEHEA RSB A S, #F

#xf(x) dydz — zyf(x)dzdzr — e**zdaxdy = 0,

HApREL f(2) 7E (0, +00) WHEESMN—S4, H hm flz) =1, K f(z).
B idv=(2f(z), —ayf(z),—*2) = V- ’U—l“f( )+ (1 —a)f(z) =, LV ZES
BRI P X 4k, B Gauss & FA5:

//Sv-dS—///VV-vdV—O,

BV BMESEHR, V-v=0X > 0 {E%Z, B
of +(1—xz)f —e* =0.

% & LRI JT RERE BT IR N TT R I .
rff+(1—2)f=0 = %z (1—i dz = In|f|=2—Inz+ 4

C’ x
fo =t — 22 CeR,

T

TR S AR L T R AOASR f, — CW” ROE R

T 2z

wcmiwwjom:&:cmwﬂinzx

T
R 7 AR A g
e"(C+e”) e"(e"—1) (C+1)e”

f@) = fut fy= TEFD A 2D (O DS
EEF
1)e” -1
lim (C+ e —hmf(:v)—hme(e ):1—1:(),
z—0+ X z—01 z—0t X
e’(e” — 1)

1] hm—TﬁE MC+1=0 = C=-1 = f(z)=

z—0t T T
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11.5.5  UEWMERDGIT RN S B SLAR AR AT LR
V= %ﬁixdydz—kydzdx—i—zdxdy,

Hrp e S EI’WMJ”JIﬁﬁ
WA i v = (2,y,2) = V-v=3,1d D &l S BARKXEH, H Gauss &H1G:

//v dS = //VvdV—B///dV:3V:>V:§//SU~dS.

]

11.5.6  {EB] Archimedes JREL: #9fk V 2 ERR N BTS2 1075 )15 T W0 R RAAR R
VRN

Rn W RE RN p, 45 B IAR IR — /N dS B2 2% 7y, B ot &
oV HIES.

SE BRI ERE 12.4.40 3.

11.5.7 W c WM&, S SAEEROGH A, k-

// cos(e,n)dS =0,
S

Hrb (e;n) FRorlaE ¢ SHETERE n KA.
WERR AE V2 S T X, B n A2 il A RALVA TR R, Y Gauss a2 BEAS:

//Scos(c/ﬁ\z)dS://Sc-ndS://SV-ch:O.

]

11.5.8 & L J& xy Pl OGO R BRI h 4L, Wit H05 ), S0k VO EEA, BERL L A
#ELZR, LU L AE xy ~F1H A B 1 X3 D J9E, M2 fR2- 47T 2 Mkt =08 1, X5
HIAEY v = P(x,y)i+ Q(x,y)j £ V LI Gauss A3, IFHMKIEH Green A

11.5.9  FE )
(1) %ydx+zdy+xdz, L 2T N A(1,0,0), B(0,1,0),C(0,0,1) FI=MAIAT, NE
S, LWL

(2)55( —2)da+ (z—x)dy + (x —y) dz, L 2R 22 +9y* = a $H¥ﬁ— Ezl(a>
0,h > 0) BIRZZk, M o HifIE T MIE K, L W I5E £ W,
<3>g§<y2 2)dr+ (2 —a)dy + (2 o) de, LR a4y +2 = Sa G

0<2<a,0<y<a,0<2<aRIOPITTEMN 2z BERIFR, L IR 4EIT 0],
(4) %y dz + zydy + 2 dz, L 2R 2* +y* = 2y 5P y = 2 B, M 2 SHiE

Fok, L IR T -
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(5) %(yQ—y) do+ (2 —2)dy+ (2° —x)dz, L A2ABRE 2* +y* +2° =a®> 5P o +y+2=0
MLk, LTS - HER R TR

(6)

(1)

(2)

B)ibv=(F-2222 22—y = Vxv=-2y+zz+z,2+y), it S & FHE

SRR, YT = %(1, 1,1), 1 Stokes EFI/:

4 3 9 ,
év-dr-//ngv-ndS ——// r+y+2)d —% 5@-0(5)——§a,

HAPHE o(S) = ? : (?a) 6= %gaz.

(4)
G)idv=(P—y2—z2—1) = Vxv=(—(22-1),-2z—1),—(2y — 1)), ic. S

R T R, R n = %(1, 1,1, B Stokes 1EH7:

yﬁv dr—//vandS—\/_// 2r+y+2)—3)dS = \/_//dS V3rad®.

(6) it v = (y* —2%22% — 2%, 32° — ) = V xv=(-2y—4z, -2z — 6z, —2r — 2y), it

S N L FERIX R, kb n = %(1, 1,1), B Stokes jEH1S:

&év-dr://Sva-ndS:%//S(—8x—4y—6z)d5’://D(—Qx—i-2y—12)d0

Hrh D 7 Ozy PRI |z| + |y| = 1 B X .

// —2x 4+ 2y)do =0 = // —2r + 2y —12)d :—12//d = —120(D) = —24.

11.5.10 %y §£ny3 de +dy + zdz W, 3452 L & Oxy P EIERKE 22 4+ 42 =
R? 2 = 0; FIF Stokes AXAHIZAN AL L i FLATE X4 S Fi AR 4y

(1) S W Oxy P BRI 2° +y* < R

(2) S BUEERT 2 = /R2 — 22 — ¢2, 45 AR Eg?

g idv= (:L’ Y ,172) — VUV XxX0v= (1,0,—3x2y2).
(1) S MkFEN n = (0,0,1), H Stokes &5

ygv-dr:/ va-ndS://—3x2y2dS,
L 5 S
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ez =rcosf,y=rsing, WISXBHA D={(r0)]0<r<R0<0<2r}, NI

R 2w 1 2
// —32%y%dS = // —3rtsin®fcos? 6 - rdrdf = —3/ s dr/ (— sin 29) de
S D 0 0 2

1 T T
=-3.--R°.-— =——R°
6 4 8

(2) S B RAERR n = }%(x,y, 2), 1 Stokes 5 HIA-

ygv-dr://Vx'v-ndS:l//(m—?)nyzz)dS,
L s R J]s

it x = Rsinfcos p,y = Rsinfsin p, z = Rcos 8, WA XAk A

p={elo<o<lo<p<arl},

LN(]
1 1
= //S(x —32%y%2)dS = I //D(R sin 6 cos ¢ — 3R° sin 0 cos® ¢ sin” p cos f) - R?sin 6 df dy

z 27
= —3R° /2 sin® 0 d(sin ) / sin? o cos? p dy
0 0

— —3R°. = Tps
8 )

T
4

1 5 27
—// R*sin®  cos pdf dp = RQ/ Sin29d6’-/ cos pdep
R JJp 0 0

3 2
:R2/281n20d9‘<sin<p ):O.
0 0

W BRI R, e S IEE AN, FRI> 45 REH F.

D~

Hoe 2

11.5.11  IFM: WIEY ¢ IEREHE A& &2 T 0.
WERR JEREF), V x e =0, 10 S RAF= 6 Ml 2B e i, B Stokes € FiAS:

%c-dr://ch-dS:O.
L s

]

11.5.12 KM E v = (* +22)i + (2 + 285 + (22 + )k WL L FIFE. Hd L

N+ +22 =R (220) 5 2° +y* = Re WAL, N o HOEFER, L W0 £ 7510

R odv=(1+2222+2% 2+ ) = Vxv=2y—zz2—x,0—y), & S NERHEH

T B AR, LA B i ;= }l%@,y, 2), th Stokes 2 F i

év-dTZ/XgVXv-ndSZ%/[g(Zx(y—z))dszo.

cyc
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11.6 EHiEAXAHZHET S

11.6.1  AHBEIR 2R, #F HAEEARR T RBUE.
11.6.2  AHABEIR R, #F HAERRBIRR T HIBEE.

11.6.3 VR u(z,y, z) MG S FrER M A X V' ERATSR T B 1ES W

s, Hidh 2 Laplace J71%:
Pu  Pu 0%
Au = 0x? + Oy? + 022 0

AR B 5
u

@) u—dS A7:m ,E¢§%%%Sﬁ%%ﬁﬁb¢%ﬁﬁﬁﬁ.

11.7 {RF17

11.7.1 P A DY SRR AL

Ly $T28, M (0,0) 2] (1,0) FH] (1,1);

Lo I\ (0,0) IREMIL y = 2* 3] (1,1);

Ly : M\ (0,0) 2 (1,1) FEZEK;

Ly 42, M\ (0,0) 2 (0,1) FH (1,1).

RTH 3 Ff RV SE AR ERID), Ut EATRME 4 2 A B A
(1) F = —yi + x3;

(2)
(1)
(2)

F = 2xyi + 2°5.

11.7.2 KR FFIHIE
(1) /(2:1: +y)de + (x + 4y + 22)dy + 2y — 62)dz, HH L B Pi(a,0,0) 32k
L

$2+y2=a2, z+y=a,
2] P(0,a,0), HH P, ITEH%Z 2| P3(0,0,a);
(2) [ (a®—yz)da+(y° —zz) dy+ (2* —xy) dz, Hrh AMDB RAEHIELE ¢ = acosp,y =
AMB

asinp,z = 2£90 F A A(a,0,0) 2| B(a,0,h) F—E.
7
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i (1)idv=_2z4+yz+4y+222y—6z) = V xv =0, IIMIH Stokes & 15

/v-dr:/ v-dr:/ v-dr—i—/ v-dr
L P P o
0 a
:/ 2xdx+/ (—62)dz = (x2
a 0

O
11.7.3  EM NI EZE B, JERE TR SR
(1) v = (2w cosy — y?sinx)i + (2ycosz — 2 siny)j;
2)v=yzRr+y+2)i+22zQy+z2+2)j +2y(2z+z + y)k;
B)v=r*r, Htf r =i +yj + 2k, 7 = |7|.
i (1)idv="Pi+Qj = aﬁ_x_a_y = (—2ysinz—2zsiny)— (—2zsiny—2ysinx) = 0,
v RTEhess, NGB, HH R
(z,y) (z,0) (z,y)
@(:U,y):/ v-dr+C = / / v-dr+C
(0,0) 0,0 (2,0
= / (2z cosy — y*sinx) Oda: + / (2y cosx — x?siny) dy + C
0 y= 0
= 2% + (y? cos & + z* Cosy)‘z +C =y?*cosx + x*cosy + C.
(2)
(3) HERARAR FIIIEEE A A V x v = 0, 8 v B2THES, N HY. HBRE
(r,0,9) r
cp(r,Q,gb):/ T2r-dr+C’:/r3dr+C:1r4+C.
(0,0,0) 0 4
0

11.7.4 Y o BUAMER, &S F = (2 +5ay+3y2)i+ (5x+3arz—2)j+[(a+2)ry —42]k
e H Y, IR LR 55 e %
& F A%y, HWELEY, £
VXxF = ((a+2)x—3az,3y — (a+ 2)y, (5 + 3az) — (5a + 32))
=((2—2a)z,(1 —a)y,(3a—3)z+5—5a) =0
— a=1, F=(2*+5y+3yz 52+ 3zz—2,3zy — 42),
NIOR; SR A

(z,y,2) z,0,0) (z,y,0) ,Y,2)
go(x,y,z):/ F.-dr+C= / / / F.-dr+C
(0,0,0) 0,0 ,0,0) (zy

:/ x2dx—|—/(5x—2)dy+/(3xy 4z)dz+ C
0

0 0

1
= gxg + (52 — 2)y + (3zyz — 22%) + C.
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[
11.7.5 KT &R IR R w:
(1) du = (32* + 62y?) dz + (62%y — 49°) dy;
(2) du = (2% — 2y2) dz + (y* — 222) dy + (2% — 2xy) dz.
() u(r,y) =2+ 327> —y* + C, C €R;
(2) u(:c,y,z):%(w3+y3+z3)—2xyz+0, C eR. ]

11.7.6  INE A 52T, R HETTRME.
(1,1)

1 —y)(dx — dy);

1) /( (z — y)(dz — dy)

0,0)

22 /q 1 1
(2)/ —sing—icosg—i-l do+(=cos? - ZginZ 4 — dy;
ay \¥ Yy ¥ vyt oy y?

63) mdx+ydy
o [ ety

1L,0) %+ y?

(2.3,—4)
(4) / rdx +yidy — 23 dz;
(0,0,2)

(2,2,2) 1
(5)/ (1——+ )dx+(m+%>dy—x—gdz;
(1,1,1) Y Yy z

(w2,92,22) o Ludy + 2 d |

(6)/ rdr +ydy + 2 Z,ﬁﬁp (1,91, 21), (To, Yo, 22) TEBRTE 22 + 12 + 22 = a® [
@wa) V22 yR 22

o)

(2)

(3)

(4)

(5) 1

_(z oy v (Lo (L 1Y) L
e (Gemoie () - (5ed)) o
W OF 1E RS FRTEHEY, iR, Hillfn 5saik,
(2,2,2)
/ <1—l+ )d:}c—l—( %)dy—x—’gdz
(1,1,1) Y z
(2,1,1) (2,2,1) (2,2,2)
</ / / ><1———|— )dx+<x+%)dy—$—gdz
1,1,1) 2,1 2,2,1) 2y <
/1 dx + /<2+E)dy—/1;dz
2 2\ 2
(1) = (z=3)
1 v/
2.
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1

6)id F = x,y,z), M
(6) /—x2+y2+z2( Y, 2)
1
VxF = (—yz +yz, —zx + zx,—zy + xy) = 0,

\/(332 +y? + 22)3

W F AR R\ {0} BRI, ARy, Hh&pir Saioor, HILH

o =22+ 9>+ 22,

(2,y2,22) (%2,y2,22) (%2,y2,22)
/ F-dr:/ V(p-dr:/ de = 0.
(%1,y1,21) (z1,91,21) (1,91,21)

O
11.7.7 & f(u) AELLRE, (HA—EW T, L &5 Bt AR = 2R, uERg:
ygfx2+y2 vdr +ydy) = 0;
95]“ (Va2 +y?+ 22)(rde +ydy + zdz) = 0.
WERR (1)
(2) R,
rdx
FV/a2+ g2+ 2)rde = Va2 + 2 + 2f(Va? +y? + 22) - T
. tf(t)-xdx—i_yfy—i_ZdZ:tf(t)dt,
Hr ¢ = /a2 +y2 + 22, R
VARt 422
2) = EF(E) dt
p(r,y,2) /\/m f(#)
WE Vo =v=f(\/o2+y2+22)(zi+yj + zk), \ifi v 2B HY, LHE
&lgv-dr:y§Vg@-dr:§l§dgp:0.
L L L
U]

2E KRN ERE 13.4.4:5180 4

11.7.8  FMEHRFRER LT KWE L (IF Oz 4) B ENHs N B = 2—+]y2(—yi+

z3) (2% +y* #0), Ritit B #Y Oxy “FH_FAEE W AL E .

11.7.9  WREH f(x), LR /(f’(flf)+6f(w)+eQx)yderf’( )dy SR

L
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B oidv=(f(z)+6f(x)+e > )yi+ f(x)+7=Pi+Qj, %

oQ OP

o oy = f"(x) = (f'(z) + 6f(x) +e**) =0,

e R RS IR A T R
fll . f/ . 6f — e—QI
.
X B TR et T RE N
ff=f—-6f=0,
HARFE 5 72
)\2—)\—6:0:>/\1:3, Ay = —2,
WS IR ME T FE B il
fu = Croyi () + Cogya(z) = Crpe®® + Cope™?*,  Cho, O € R,

Hrp gy = ey = e, F Wronski 17515

W ( ) eSx efo . .
xXr) = = —J€C,
[y1,y2] Segw —26_21

WUART IR S I 05 R R i
fo = Ci(@)yi(z) + Co(x)ya (),

e—2m . e—2x 1 e3x . e—2m 1
Cl(m) = _/ —Fet dz = _%6—533, OQ(x) = / dzr = _gxa

M HEFF IR E A J5 R AT A

He

1 1
f=h+l= <—%6 5‘T+C1o) e” + (—Sx—f—cm) e

1
= C’le?’x + <_5I + Og) e_2x, 01, CyeR.

11.7.10 2501 (0) = 0,a/(0) = 2, 3(0) =

(1) 3K a(x),B(x) LR n | Pdr + Qdy 5®ETLK, Hi Plr,y) = (2zd/(z) +
BNy - ﬂ(OQ)tan% Q) = (@' (2) + drala))y + Bl)

2) 3K Pdr+Qdy.

(
(0,0)

(1)

(

2)
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11.7.11 &@ﬁQ@yMEQw¥ﬁiﬁﬁ*%%ﬁ%%ﬁwﬂﬁ%%/%wm+
L
Q(x,y)dy SR, IFHMEE ¢, 1HAH

(t,1) (1,t)
/ 2zyde + Q(x,y) dy —/ 2zy dr + Q(z,y) dy,
(0,0) (0,0)

R Q(z,y).
i il v=2xyi+Q(r,y)j = Pi+Qj, ¥

0Q oP
a_g_a_yzcg;_zx:o — Q(z.y) =2 + f(y).

(z,y)
%ﬁﬁ%/ﬁ v dr, BT HE SEATE, M
(0,0)
(z,y) (z,0) (z,y) Yy y
/ v dr = / +/' vdr:/Xﬁ+¢@Mdy=ﬁy+/ﬁﬂwd%
(0,0) (0,0) (x,O) 0 0
FH 8,
1 t
t?y/fwmyzry/fwm% VieR,
0 0

ERFA ¢ RS

=1+ f(t) = f)=2t—1 = Q(x,y) =2*+2y — 1.

11.7.12 SR T RE:

(1) (zy* + 2y — 2y cosw — ysinz) dr + (v*y + 22 + cosx — 2sinx) dy = 0;
(2) 2y dz + (y* — 2*) dy = 0.

fE (1) FERE

1
LHS:d(§x2y2+2xy—2ysinx+ycosx) =du=0 = u(z,y) =C,

WO T7 R BRI 2
%x2y2 + 22y — 2ysinz +ycosr =C, CER
i 7€ I e eR 28

(2)

R~ B2
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11.7.13 ¥ f(») RAZM#ESLSH, f(0)=0,f(0)=2, H
(e*siny + 2%y + f(x)y) dz + (f'(z) + e cosy + 2z)dy = 0
RNEWTTRE. R f(x) KBTI TR R IE .
i ic LHS = du, N

u=e"siny + %yx?’ +y /x: f)dt+g(y) = f'(z)y + " siny + 2zy + h(z)
— - (5o + [ a0 7@ = 20) = hio) — 9t
— h(x) =0,
PRIART & RFAT:
P ()~ @) 2= 0 [~ fla) =0 -2
FLXT N )5 IR B A 70 5 RE RS i
fua=Ce"+Coe™™, (1,05 €R,

18 pi(x) = €%, pa(z) = e, H Wronski 17515

W[th] (:L‘) =

et —e "

W AEFF IR R A0 7 FE A R
fo = Ci(z)pi(z) + Co(x)pa(2),
Hrp
Co(x) = — / LZ_Q) d = —%e—%(z +9), Oh(x) = —%exx(:p _9),
M EAEF R T R )8 i A

f=f+fo=0C1e"4+Che™™ — 22,

Ci+Cy=0,
— (1 =1, (Cy=-1,
Ci—Cy=2

LN(]
flz)=—2*+e" —e ",
[
u=e"siny+y(2r —2x+e" +e %) =e’siny + y(e* +e7),
Sy J7 RE I AR N
e’siny+y(e"+e ) =C, CeR
RGOS
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11.7.14  HEF8 N\, AL FE » > 0 ERmED
v = 2xy(s* + Y2 )i — r?(zt + y*) g

N IR u(x,y) BIBEEE, R u(x,y).
iR Hov=Vu = Vxv=VxVu=0,1id v=Pi+Qj, WE

g—g—g—];:(—4—4/\)x(x4+y2)A=0 = A=-1,
NID]
2xy x?

. )
= 7 — , u= —arctan = + C.
et +y? ot 4 y2'7 x?

11.7.15 25 4500 FERFERT Laplace 51T AEARALDR R R IR
11.7.16 I Laplace HF1EMARARAIERALAR IS, 43 A58 AIE:
(1) u(z,y) = In /22 + y%;

1

#& Laplace 7712 Au = 0 [1If#.

11.8 WOy
11.9 %2 11 EEESSIWm

11.9.1  RE—AIhZLR I—/zds, Hrp L 2l 2+ =225 y* = ax (a > 0)

28 BN (0,0,0) B (a,a,av2) HITIEL.
i h& E—

(z,y, 2) = (at?, at, Va2t? + a2t4),

— VP GOP 0P - ¢@m>+a%+Q§§§%)::J““fjif+”,

4 2
:>I—/\/a2t21+t2 B9 +2)
14 ¢2

= a2/ V8t + 9t2 + 2dt
0

(—72v/2 + 200719 + 17v/21n(25 — 4V/38)).

a
_25

WER B ERS S5 R KH WolframAlpha.
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X

11.9.2  #abe>0. KM L (f)%H + (%)ml —c (-)” (%)” B [ X % D
KT S ! !

11.9.3 KPP _EPANEE

P 3 2 S [X 3ok AR
ﬁ¢lﬂDE$y—xy—O P — 5 5 P R P IX 35K, b e R A

waT
T 2
0
y=asin f 1 1 ) arctang 1 , \/azbw
8ab §9+Zsm29 —8-§y

0 0

b
= 4abarctan —.
a

]
g mﬂu%ﬁGmmﬁﬁia:%/x@—ym;%E%%E%%ﬁﬁﬁ%%@%%
L
BHTEE).

11.9.4 (Poisson ) #& S:a* +y* + 22 =1, f(t) /& R RS REL, SRIlE:

//f(ax+by+cz)d5=27r/1 f(Va?+ b+ c2t)dt
S -1

BR (1) HJ& F(x,y, 2) = ax + by + cz WIZAEIH.
WEBR (1) FHJE F(x,y, 2) = ar+by+cz BFIEAHIA T1(t) : ax+by+cz = Va2 + b2 + 2t (t €
[—1,1)), VEES I1(¢), IT(t + dt) fEEkmE LA AR
45 = 2T — 2140,
T

2’2

1 1
/f(ax—l—by—i—cz)dS:/ f(\/a2+b2—|—c2t)-27rdt:27r/ f(Wa?+ b2+ c2t)dt
S -1 1

HH sind = ¢ (ee [— D — cosfdf = dt = dS = 2rdt, AT

O
AE f) AT, BIHARMH Gauss EHL.
R (2) BIEE Y AAFRAR M, A 155 — ARBR B 75 ) 5P vk R — 2, A ax + by +
cz WHUE W] DUBCR 25 5 WA BT AR bR R 7. ,
w i, 22+ P+ =1 = P+ =1 = P +0P=1—w?, IWNIERE E— S
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BHETH
u=vV1—w?cosy,
v=vV1—w?sinp, 0<ep<2r, —-1<w<l
w = w,

&E Ao #UE 12.2.18): 1.

11.9.5 & S(t) &FH « +y + 2 =t I 2° +y° + 2° = 1 FHTFWES, A
F(z,y,2) =1 — (2° +y* + 2%).

KAl 24 [t < V3 I, A

// F(z,y,2)dS = —(3 — t2)2.
S(t) 18

RN (1) VERE FAERRE ErBE.

SERR (1) MRS B, 73 |F| = F, BIOiAS S ke ——

(1,1,1) M. Kk,

\ V3
w

Fle.y.2) = F%g 21,11,
M

//SFdsz—//SF.ds,

E%ﬁnﬂfﬂwfmjﬁP2%%@&%@@F%L¥%%ﬂwﬁwh
by

1
V-F=—(—21—2y—22),
\/3( Y )

0V REH S A X BT X I, 1 Gauss & HAT-:

/[qF.dS:/S+EF.dS://Vv.pdvz_%///‘/(x+y+z)dV

X flry,2) =c+y+z WSMETE ) c+y+z2=r (—V/3<r <V3).
Sy R, I (r), I (r + dr) S 3K BT FE R AR AR A

oo 5)e()

Hrd= 7 N I (r) BB HIEE .

N}

V3
2 1
_ (L. 1 s
3 \2 12

— _ T3

t
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i
//FdS:—//F-dS:i(zs—t?)?, It] < V3.
]
SEE (B Gauss EIN, LA RS F BN F. JFEE F A MISE
1.
b AR SRR FOREUE V. F = gi + ?,),F ZF 55 4 FL B )

B (2) WA PLEREIER AR R, E%ﬁﬁﬂﬂﬁ*
WERR (2) &R, S(t) & — A, i HE LA A BEL A AR SRR R, T dS =
rdrdé, %D/\Eﬂwcjj

NI}

2% HUEHUE 12.2. 188 2

11.9.6 % f(t) 1F |t| < Va2 + b2 + 2 Likgk. IEu:

b 2 [

/// f Tyt e dSEdde:—ﬂ'/ f(Va?+ b+ c*t)dt
w24y 4+22<1 Va2 +y?+ 22 3 J

R SGHERAEFRAEHE, HIZ ] Poisson A (L3RR 11.9.4).

WERR i o = rsinfcos,y = rsinfsin g, z = rcosd, N

/// ar + by + cz du dy dz
.1:2+y +z2

= // f(asinf cos + bsinfsin ¢ + ccos)r? sin @ dr df dy
V/

1
:/ rzdr/ f(asinfcos ¢ + bsinfsin ¢ + ccosf) sin 6 df dp
0 !

- %//Sf(ax+by+62) ds,
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Hrp S, 8" BRRER 2 + > + 2% = 1.
i Poisson AR f5: L3
1 1
:%-27? f( a2+b2+c2t)dt:§7r/ f(Va?+ b + c?t) dt.
-1 -1
[
&% [t #ddE 12.2.87 3.
11.9.7 & f(x,y) 7£ Br(Py) A ZMriEsm 34, Hif2 Laplace /7%
2 2
OF L OF
ox?  Oy?
Kik: X 0<r <R, '
f(R) = 5= [ Fwas,
/ﬁ\:':':' P() = (iL‘Q,yo), L = 8BT(P0) %u P() y\j‘tﬂ, r y‘jii:/“’/féﬂq
BRIk X
g(r) = %ﬁéf(l}y) ds
N
AR id .
g(r) = %ygf(x,y) ds,
YEHIC 2 = 29 +7cosf,y = yo +rsin®, WHE SR 10.5.9 UERR (3) H R4 5 %,
1 27
g(r) = r /. f(xo +1rcosb,yy+ rsind)rdd
1 2
= — f(xo +rcosb,yy + rsind)de,
2m Jo
, 1 [* [(0f af .
g(r)—%/o (%c080+a—ysm9)d0
1 of of
- 2rr J; Ox dy oy dz,
E of of 0Q oP O*f O*f
Pmoy YT T ey e Ty
HH Green A=A,
L 0Q P B
g(r)_27rr//D((9x 8y)dxdy_o’
H D = {(xvy)‘(x —x0)? + (y — po)* < r?}.
W g(r) NEEL MM
1
o) =9(0) = (P = 5 fla)ds
[

B RS T LU B e Y, T TR,
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11.9.8 W f(z,y,2) & Br(Py) bA Mg w54, B2 Laplace /7%

R R e
- Ox? * oy? * 022 0

Af

KRIE: o< r< R, B

1
f(PO) = Amr2 //Sf(‘rayvz) ds,
/E'\:':F' P, = (ZL‘O,yo,Zo), S = 6BT(P0) %w\ P, y‘jij%‘[:l‘, r ?\jflﬁﬁ%lﬂﬁﬂﬁﬁ

11.9.9 % D & VPl LML L BB X, f(r,y) £ D _BH &g im S

¥ H5 2 Laplace 72 Ry
Vi f = 92 T ap T 0.

SRAIE:

(1) #F f(x,y) AEFHE, WEE D iy KAE MR/ ME#R R BerE L _LEE.

(2) 24 f(x,y) /£ L BAERNER, BFE D EHENE.

Rax BB 11.9.71458.

WERR (1) FRIEY:. B Fzo € D°, 113 f(x) 1F oo MBS HAE, AW AR KAE. B

f(x) < f(xy), Vx €D,

N xg € D°, NI Frg > 0, 1G5 VYO < r < 7o, B B.(x0) C D, NI f 7F L(r) = 0B,(x0) L
1~ 2E .
e S)as < flao)

A5, B V=0 &SRR 11.9.70458, A1E
1
— flx)ds = f(x),
géw) () ds = f (o)

2rr
= f(x) = f(xy), Vxe aR(mo), V0 < r < 1o,

- f(il?) = f(wo)v Va € E”"O (ZEO):

IAEFEAE— 251 @y FEZR L.
!
D, = {a: Eb‘p(w,@D) >e,0 <5<7"0}, I.=1NnD,,
H bk e A5, Ve € l., B B.(x) C D.
PL g MR, e NFERER Bo(xo) 21T o, ), M Ve € z12), B f(x) = f(xo), H =
RNEHKAE R B RICL @, 2] NG, e NFRIER B.(x), B(x)) 221 T xy, 2, -, WIHEF
2, ATUAE N < oo A (FIRAS) |, fiif5

l. C (U(Eg(azl) UEJ:UQ))) UB.(xy) = f(z) = f(xy), Vxcl.,
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N e WHEREME, £ =0, feO(D) Hn,
f(@) = f(zo), VxelnD,

FRET 1 RS ,
f($) = f(mO)a Ve € E,

B f(z) WL, XRG5BRFMTE, WAL, f(x,y) £ D FERKEMR/MEH R E
£ L FEA).

YRR O N R, LuIEEu% UG AT D AMskitE R, Bl o, ME%] R
A EAE D ISMU. E & RELE BRI, VR 25 i AR A R A [R] 1 8580 2 A8 il e K
{B 5, FHPEIB L, BATE IR IIEYE.

SR B D RIEBEBMN, W xy € D° KA, X Ve € D, 715 — KL Hh £k
g(t) (a <t < P), fE15 g(a) = 20,9(8) = =, HIEHES

E={telopllf(gw) = flg(a)),u € [a,1]},

S sup E = .
(2) BB f(x,y) AMENE, B f(z,y) DRFEE, @1 (1) KIS0, K KME M Fg/ME
m #REEAE 0D LR, Wit M =m =C = f(x,y) = C NHEH. O

FE BANSEI 11.3.7(1) .
it 7 = (cosa,cos B),n = (cos B, —cosar) 73 & Hh 28 L 1) 547 1) m) B A0 B AL ARy )

L]

Fi%ue i fhmo
5395, 1 Green A, RV

Prolas=4r1r ) conp—coa] @
= b (o5 fycosa) ds
= (=18 do+ 1)
= [ T+ gm0+ ()7 + 1)) dady
= [+ g+ 7+ (e ay
— [+ asanzo

LNi]
ff—i—f;zz() = fo=/,=0 = f(x,y) =Const., (r,y)€D.



138 25 11 & HZRA o Ak AR 4y =L

11.10 £ 11 E#FE S

11.10.1 W LM (x— 1%+ (y— 1)> = 1 FEENE 7. f(z) & EM/ A
PR, Hwi 2
%——dm—kxf y)dy = 2.

AR id

oP 1 09Q

a—y——my %:f(y),

i D={(z,y)|(x—1)*+ (y —1)* <1}, W oD = L, i Green AKX FRIA-

%de—l—Qdy—//( >dxdy— //( (y)—l—ﬁ)dxdy

> = 5 // 4dxdy = 20(D) = 2m,
HHMH

i, bEE S AL, )

WA bR IERESE

I (s Yt [ (rors 2 Yasa—o

R ER B X & x,y MR, B 2,y iﬂzmi@%
11.10.2 & D #& Oxy Pl _FHRFZZBOGHE LR R X, f(r,y) /£ D FHZ
A S R AR
rf . L0%f

Touz T2 72

of of

agJ gJ 2
f@x+2bf(9y+cf’

Hpa,b,c AFHH ¢ > a® + b*. RikE: ﬁf‘ =0, U‘Jf‘ = 0.

ot B, ERAE iﬁmt&ﬂ]ﬂ?é*ﬁiﬂﬁﬂﬁ Ep

fa—f+fa‘£/2 f—f+2bf—f+ cf? > 2a f—f+2bf—f+( + b%) f2,

= [l L+ BRI 2 (af + 1)+ OF + 1)

O E N B, BRI T SIRR 11.9.9(2) SFIEH AT G R 30, It
AT E R AL 5 AL Tk,
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HWEBR 12 7 = (cosa,cos B),m = (cos B, — cos ) 7 AFEME L = 0D ALY [a) 5 A

KA m) &, —J5 T,
of . of .
fifa_nds_f’w 8nd =0,

97T, 1 Green A3, ATH
1ok ds = r1(E £ (o5~ cosa)] s
:yif(f;cosﬁ—f;cosoz)ds
- ians
= [ L2+ £+ (P + 18] de
///Df;2+fz’,2+2affm+26ff;+cf2]dxdy
>/ [F22 4 £22 4 2af fo+ 2bf £ + (a® + 0%) f2] da dy
= ] lat + £+ b + £ away >0

M,
(af + 1)+ (Of + f,)?=0 = af + fy =0f + f,=0, (2,y) € D,

fit L g 5 FRA 5 15
fz,y) = CeW,

1]
f . =0, e W>0) = C=0 = f(z,9)=0, (z,y)€D.
b BEAKAER TT R, ATR TS FiRgE R
af + fy =b0f + f;=0 = bf, —af, =0,
1

e = m(b, —a), MEH
af 1 B
%_m(f:mf) ( - )_07

X V(z,y) € D, BUL (z,y) HPATT e MEZ, 28 0D T (x0,y0) (FAVIMLYL, HZZZ 0D TW
R AEEC— BT, W f(z,y) = f(o,y0) = 0.

(B g(t) = flx+bt,y —at), g'(t) =bf, —af, =0, X 3ty € R, 13 (z0,10) = (z + blo,y —
aty) € 9D, MTfil f(x,y) = g(0) = g(to) = f(x0,40) = 0. ) H
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11.10.3  WERHE f(z,y) XL D = {(z,y)|2* + v° <’} LEA—W&ELm T2, B

of\*  [0f\?
_ 2 —-J -4 — 42
w2 4y2=q2 & (:i,rgl/?g(D [(83@) + (83/) “

4
‘// f(z,y) dxdy‘ < —mat.
D 3

5 %7 Green A% it P, 518 22 2L 5 ) Hx

Jdr 0Oy
WERR il

W 2
f(z,y)

Hrh o > 0. UE:

AL 2018 5 Jum A B R A e AR g (AR, 2B 6 AL

11.10.4

11.10.5

11.10.6

11.10.7

11.10.8

11.10.9



5 12 &= Fourier 5%

\ix

12.1 R EY Fourier %4
12.1.1  EH NP 2 BRE T, HAEEATEF A Fourier 208, FHud BRI SIUK

-, —rm<r<0,
(1) 1 [-m,m) H, f(z) = {

T, O<z<m

(2) & [~ m) 1, f(x) = cos 3:

x, —TS TS 07
(3) 75 [—m,m) 1, f(z) = { )

1, 0<x<m.

g (1)

17 ([ T 1
ag = — flz)dz = — —rde+ [ zdzr)=-—-m,
) ™ \J_r 0 2
1 0 T
a, = — </ (—m) cosnx dx —i—/ T COS NT dx)
@ —m 0

(1 o ) 1 ( . 1 )
= — | —sinnax + — | zsmmnx + — cosnx
n _ﬂ nmw n

1 1 .
= %(cosmr —-1)= %((—1) - 1),

1 0 ™
b, = (/ (—m) sinnx dx +/ x sinnz dx)
- 0

T
0
1 1 1 .
= | —cosnx — — | zcosnx — —sinnx
n nmw n
—T
1
n

(1 —2cosnm) = %(1 —2(—=1)"),

™

0

™

0

= f(z) ~ —iﬂ' + Z <£((—1)” — 1) cosnzx + %(1 —2(=1)") sinm:)

f(x), = #km,
= —g, x = 2km, ke Z.
0, r=(2k —1)m,

141



142 % 12 &  Fourier 4T &2 MR

(2)
(3)

1 T 1 0 . T
ag = — f(x)de = — e’ dr + 1-dx
T™J_n 7T -7 0
1 0 1
——(ex +7r>——(1—e”+7r),
T -7 s
1 0 T
an——(/ e""cosm;dij/ Cosnmdx)
™ -7 0
1 [ e*cosnx + ne*sinnx 0 1 . T
= — + —sinnx
0 14+ n? .n 0
_l—eTcosnt  1—e"(—1)"
B (1+n2 w1 +n?)
1 s
b, = — ( e smnxdx—i—/ Sinmcdx)
™ 0
1 { e®sinnx — ne® cosnz |” 1 T
= — — —cosnx
T 1+ n2 .n 0
1 1
=— " cosn) —(1 — cosnm)
T 1+n2 n

e TCD Ly,

(1 + n?) ™m

— )~ %(1 C e )

e (-1)" ' 1
— Z ————(cosnz — sinnz) +

1+ n2 S = (=1)") Sinm:)

fla),  a# @k,

R
© 2+ .z =(2k - 1),

keZ.

12.1.2 RN SRR BURTT AR A X B D0 A Y Fourier 208k, I3 BWCSUIB Ot
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PR Fourier 2441 143

: 1
— _(eAl o e—Al)’
_l> Al

l Az Az l Al —AlN(_1\n
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12.1.5
(1) &
1
z, O<ZE<§,
flz) = 1
2—2x, —<zxz<l,
2
S(m):%—i—z%cosmm, —o0 < x < 400,
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_ 1 2n 1 { ae™ cosnx |™" (e*™ — 1)a

= Yeosnrdr = — [ —5——— =,
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12.4.5  SREH F(N\) = e P (8 > 0) i Fourier 45
fE TERR, F(\) NEEREL, AIH Fourier ¥i42#:
1 “+o00 ) 1 “+o00 1 “+00 )
f(x) = —/ F(N)e™ d) = —/ e P isin Az d\ = — - Im </ Ae PAgir d)\> ;
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L — | sinnw 2 e =L — [ sinn(r—t)— 2 dt
nt J, cos § nm Jo sin 5
1)t 7 cos L 1)t [msin(n+Li)t+sin(n—21)t
nmw 0 sin 3 nmw 0 2sin 5
—1)t [Tsin(n+2)t 1
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f(z) = % + ;(an cosnx + b, sinnx),

FERE - Cr e G eUE & IR Qe VI

f(z) = Z(nan cosnz — nb, sinnx).

n=1

H Parseval S50, EHIE:

| i [ P

RJAIE:
(o) 2 [o¢]
> ((nan)? + (nby)?) > 2+ >~ (a% +B),
n=1 n=1
E'Ha():%/ﬂf(x)dxzofﬂ, K
= () + (b)) = S (a2 +12),
n=1 n=1
HoArags mlar 2 HAY

ar=b,=0(k=23,--+) = f(z) =«acosx+ Bsinz, «a,B€R.

12.6 2 12 E4FEIIm

12.6.1 (REHSDTH Parseval F) & f ¢ L[, 7] H —7 & f(x) FIME—HR A,
WE BT T IXFE ) R Y, Parseval 4520
lim || f(z) = Sp(2)]* = L i W(f(ilf) — Su(2))*dz =0

n—00 T n—oo J_

AL
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WERR Xt Ve > 0, B f2 RCE TR, 3¢ € (0, 27), fH15
—m4E
/_7r f2(x) dz < Z,

0, 71 <x < —7m+E, r), —TmT<Lzr<—m+E,
m@{ ‘ h@{ﬂ) ‘

flz), —m+&<z<m, 0, —T+é<x <,

W f(zx) = filx) + fo(z) H fi(z) £ [-m, 7] | Riemann AJ#, idH Fourier HEMIHT n I
AN T, (z), B Parseval &K1, 3N € N* ffif§ %4 n > N B, A

| (i) =T de < 5
[
/ﬂﬂ@—n@f&-/(ﬂ) T,(0) + f()Pd

/‘um dx+2/ f(a

S
49 2 Sz =
<2+ /_7T f(a:)da:<2+2 g,

i f(x) B Fourier ZLEAIHT n WIAIA S, (), AT

lim || f(z) — Sn(ac)H2 = — lim (f(x) = S,(x))*dz = 0.

n—00 T n—oo |

W XN T f(o) AZAESE R, RFER LR, 7T Parseval 2534

lim | f(2) = Su(2)]* = = lim (f( ) = Su(@))*dz =0

n—00 T n—00

SR f e L[, 7] Ko
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/+°°lnx +1)
0

“+o00
/ Vare *dx;
0

“+o00
/ xlnln:r;

/ Inx
0 \/1—332

(2)
(3)
(4)

ot

—~
—_
— O

)
)
)
)
9)
)
)
)

—~
—_
\)

T arctan
dzx.

0 xh
(1)

E:

i i T

+oo 2 1 2 +oo 2
/ In(z* + 1) e :/ In(z* 4+ 1) dm+/ In(z® + 1)
0 0 1

m In(z* + 1) z?
lim = lim — =0,
z—0 €T z—0 2

1 (02
MG / ln(xx—i— D dx & Riemann A, X
0

In(z? + 1)
T

1
>—->0, x>2,
X

400 1 —+o0 ln( )
/ L e R, AR / D o b, MR R
0 1

(2)
(3)
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/+°° dx _/*OO dinz /+°° de
2 rlnlnz J. Inlnz o Int’

t

»
o
=

(4)

EE

El}—‘

t

H~|>—A|

+oo

it / —dt SO H R B, JERR 4 R B
2
(5) ¥ EE@U,

PRI 2 = 1 AR A,

1 1 —+o00
1 z—1 —Int 1 Int
/idx e _n.(__2>dt:_/ It g
0 \/1_5(;2 +oo 1_l t 1 ttz—l

iy Int
lim t—tf_l = lim ln_t =0,
t——+o00 -5 t——+o0 t
t2

—+o00 1 +oo lnt . N .
FH —dt WSS B i Jn, dt WS, AT A 8.

1 1 tv/1?

(6)

@

(8)

(9)

(10)

(11)

(12)

400 1 +oo
/ arctan x do — / arctan x de + / arctan x dz,
0 TH 0 TH 1 Tt
1]
arctan x 1
~ , = —0,
TH phL

Larctan

DX pu—1<0 < p<1Hh, / dr /& Riemann FJFHHY;

M H0<p-1<1 <=

/ arctan:t:dx e
0

TH

S, HR LR BRI A

arctan x

dz K

I0) Hp—1>

e, /

0

B
e

arctan x T 1

Th Tk
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+0o0
(D%u>wi/ ihm&@gmwwwme/ UL g st
1

1

GD%u<m¢/mlﬂuﬁ%EMﬁ@Mwml “fmﬂmﬁﬂ
MIMFERR 2 BANE 1 < < 2 IFUSEE, E%Tﬁ/ﬂiﬁﬁﬁﬁ O
13.1.2  BEFE ARG I SISl 5 2 U Stk -

% cos(1 — 2)
Eli 1 —WW dz;
2

T sing
() /2 rlnx dz;

T In(1 + ) ‘
Eg /0 mdx (p > 0);
(6)
g (1) ERR,

|cos(1 —2x)|  |cos(1 — 2z)| s too

\3/53202—#1N x

\\/

/+°O |cos (1 —2x)|
1

+001+C082—437)

/ cos (1 —2x)
dx

dx

oo +oo 2—4
_/ —dx—i—/ de,
1 1

T 2

/1+Oold:v R, X

a

< Ya > 1

1
27

/ cos(2 — 4x) dx
1

1
= ‘ 1 sin(4x — 2)

T cos(2 — 4z

. ) dw W8k, MRS
e

1
2 Joos(1 = 20)| . cos(1 = 20)] e
/ ——7f—ﬂmkﬁJMﬁﬁ%MﬁL[ \E%F_Jiﬁﬁ
5771,

cos(l —2x)  cos(l — 2x)
~ , T — 100,
Vov/a?+1 x

ﬁﬁﬂi%ﬁ%ﬁ%?&mrmma%%&ﬂ/

2x)

a oo B
m/C%@4@¢Ma>Uﬁﬁﬂlﬁﬁ%M%%O&Dmmm¥wwﬁm/ cos(l —2z) .
! 1

T
/T\ 2oz Fy [ COS(l ) A
WSk, e B v, v \/Td x WSk
gi b, R 2SR

(2)
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(3) —J71H,

/+Oo |sin | dx>/+°° sin2xdx:/+°° 1 dx_/+°° cos 21 d.
9 xlnx 5 zlnz s 2zxlnz s  2zxlnz

+o0 1 1 +o0
dr = = Inl
/2 2vInz 2 e

+oo
0, H Dirichlet 31 51341, / cos 2 —do IR, I / sin” xdx B, B AR B
o 9 2xln
/ |sin x| dz B
2

3118 R/ cos2zdr (a > 2)

zlnzx

5T, /asinxdx (0> 2) HAH —— WBRET 0, i Dirichler %5,
/+°° sin i
dz sk
2

zlnzx

g b, IR RIS

<4> [ [ e [T

x2(1 + xP) x2(1 + xP) x2(1 + aP)
EEE ( ) ( )
In(1+=z In(l1+2
0<x2(1+:1:p)< = <x—%, T — 400,
“+o0o
P LB 30V / W+ 2) g
1 A1+ aP)
X
In(1+ z) x 1

~—, x—0,

?

22(1 + zP) ~ 22 (14a?r) «x

1

b [ e REOLH BRI, / OE )G s, TR Kb
0o x2(1 4 aP)
(5)

(6)

13.1.3 % f(x) 1 [a, +oo) FHI, HELL /+<>° f(z) da Y8, SKAIE: xgmoof( r) =
R AR f(x) . ’
JEiiE: im f(x ) = b f71E.

\?n'?ﬁ f( ) la, +o0) FAF. HRIE. X f( ) £ [a, +o00) EIFE, W IX > a, {§
B> XA f) < -1 Wﬁ/X f(a )daz</X (—1) da, BAV K8, ST,
e f(x) BI S f(x) B, AT Jim f(a) =0 FPAE.

NiE: b= 0.
PSR, BB b £ 0, %7 b > 0, Milidt = = g 35X > a, B3N ¢ > X' B, A

|f(:c)—b|<g = g<f(a;)<—b
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NI}
+o0 +oo b
(x)dx>/ —dx — +o0,
X/ X/ 2
WS K, SRR . Rl xgrfoof(x) =b=0. O

WAR BCARR ELSR KR AR L.

+o00o
1314 f(x) M g(x) 15 [0, +00) LS, / o(z) do W8, B2 0 < 2 < y I, &
0

SRAE: zgrfoof(x) F1E.
MERR  JGiE: f(x) £E [0, +00) EAH G
Hoe=1,XVYy>2r=1F

o< s < s+ [Tawa<sns [ o

H /+Oog(t) dt Wl f(z) 1E [1,+00) EHF, X f(z) 78 [0,1] FHF, A f(x) 7£ [0, +00)
AR

FE: ngmf<x) FHE.

H f(z) A 9t Bolzano-Weierstrass & ¥, FAEHF {a,} Wi/E a, — +oo (n — c0) H
{f(a,)} W8k id lim f(a,) =1(>0).

X Ve >0, 3N, € N*, {154 n > N, &,

3

|f(an) - l| < §a

“+oo
0 / o(t) dt WS, Canchy WCSGEIIS, 3X > 0, (4524 2,y > X I,
0

é%@ﬂ=é%@&<;

X oa, — 400 (n — o0), Ml AN, € N* {152 n > N, B, f a, > X.
BN = max{Ny, No}, Z x> anyi (> X) B, Ing,ng > N, R an, < 2 < ap,, MM

F@) < flan)+ [ g <4545,
fm = |f(x) =] <e¢,

1= 5 < fln) < f@)+ [ odt < fla)+

BHUEW] T T f(z) = FF2E. O
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+oo
13.1.5 & f(z) M g(z) 7£ [0,400) EIAEA, g(x) HIHEEE T 0, H f(x)g(x)da
0

sk, SKAlE: Jim L g )/ f(t)dt = 0.
ANy %F’é Cauchy WAL S )
MERR HH / f(z)g(x) dz W8 Cauchy WCSLHENI 1, %I Ve > 0, 3X; > 0, ffif3 4
r>A>X N, H
/ f(t)g(t)dt < =

/f dt</f dt<—

H g(x) =0 (z — +oo) A, IXy, > A, Y 2> Xo B, A

o) < prts = o) [ F0d< S,

N g(x) B, M

MY x> Xy I, H

:c)/oxf(t)dt:g(:c) (/OAf(t)dtJr/Azf(t)dt) <§+%:g.

13.1.6 & +OO f(z) dz daxtiiesl, H ligl g(x) = 0. KiE: lim /w f(#t)g(x—
0 T—r+00

T—r+00 0
0.
MR H wgrfmg(g;) =0 %1, g(z) A5, B 3M > 0, i3 |g(x)] < M X} Vo € [0, +00) A&
3.
%t Ve > 0, H / (t)| dt := 1 W8 Cauchy WSLAEN %1, 3X, > 0, 54 ¢ > X,
i,

[ irona <
, oM’
Xt EIREGE R v, B hm L g(z) =0 AL 3X, >y, Y e > Xy I A

l9(z —y)| <2_l

NI}

[ rwota—o dt\ -

Yy x
</ |ft||gx—t|dt+/ O 9z — 1) dt

/|f |dt+M/ £(0)]dt

EVENYS
<g T 2M

tglx —t)dt + /z ft)g(x —1t) dt’
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13.2 REZEHR
13.2.1  FERES
(1) // \/%dxdy, Ho D HORLI P
x? + y?
// 1ffciyyam*D RERIR, o> 2 N

/max{x yye @) dz dy, Hrh D BRI,

4) // e~ ¥yt 2yeose g dy Hht D = {(z,y)|z > 0,y >0}, 0 < a < g
D

(2) R, f(z,y) = >0, ik z+y=t

(I+z+y)*
S(t) = {(z,y)lz >0,y > 0,z +y < t},

YEER D (IBRIERT] {S(n)}, T o(S()) = %ﬂ . do = tdt, AT

// P e [ ()

n n 1
1+t — 1+t odt
1—a( +t) 0 /0 1—a( +t)
1 n 1 1 "
— _ . 1 tha
l—a(l+n)>!t 1-a 2—a( +t) 0
1 n 1 1

T al+n) T I=a)l=a)l+n T-aZ=a)

// dxdy B // dx dy B 1
(1+z+y) n—>oo (1+z+y)* (1—a)2-a)

(3) HXF AR,

/ max{z, y}e_(x2+y2) drdy =2 // ze~ @) gy dy,
D D’

Hp D' = {(z,y)|z,y =2 0,y < x}.
1 f(z,y) = ze” @) > 0, B D' HIRIL 5]

NI}

D, =B,(0)n D',

Hrh B,(0) = {(x,y)|2* + y* < n?}.
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#»
o

itz =rcosl,y=rsind, W D, = {(T,H)‘0<T<n70<9< %}, L[]

// pe~ (@ +y?) dz dy /4d9/ rcosf-e " - rdr
Dy, 0 0

2 n
= \/_/ rPe” dr
0

2
V2 (1
2

n

1 n
+—/ e dr),
o 2.Jo

——re

\V)

+o0
85} / e dx = ﬁ 5,
0

V32
/ f(z,y)dedy = hm // f(x,y)dxdy:—w,
D Dn 8

LN(]
2 2 \/2
/ max{z,y}e” @) drdy = ven
D 4
—(2® +y* + 2zycosa) = —[(x + ycosa)? + (ysina)?,
i
U = & + Y Cos a, r=u—vcota =0,
—
v =ysinw y=wvcsca = 0,
MRS X IBA N D' = {(u, v)|v > >vcotal, H
d(z,y) |1 —cota|
Ou,v) |0 esca -
LN(]

// e @ my? 2wy cosa g, dy = // e~ (@) L ese ovdudv = esca // o~ (W) qy dw,
D / !

VERED f(u,v) = e > 0, LD B R
Dn - Bn(O) N D,,

1t u=rcosf,v=rsind, \ifi D, FENT D, ={(r,0)[0<r<n0<0<al, i

//n et dudv—/o d&/oe
D
),

a
—(1 — -n
pll=e
csc o // e~ @) dudv = csca lim // o=@+ gy qp = LECL
D’ n—00 D, 2

2

ES):d
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“+oo

+oo
13.2.2  H|H Fresnel *D/\/ sinz dx—/ cosx?dx = \/7 IGUE T 1) B IRFR

—00

+00 +00 +oo +o0
/ dy/ sin(z? + 3 dx—/ dx/ sin(z? +y*) dy =

FHAUEB R EL sin(2? + y*) TEENX 13.14% U NE R? _ERCH B REL

B I R PANE GBS D, = {(2,y)||z] < n,ly] < n} B B, = {(z,y)]2* + ¢

WEFA

“+o0o +oo +00 “+o0o
/ dy/ sin(z® + y°) dz = / dy/ (sin z” cos y* + cos 2° siny?) dx
- - _—l—oo : +oo +oo
= / dy (cos e / sin 22 da 4 sin ¢/ / cos d:z:)
_ﬂ. +00 B +00 B
= 5(/ cosy2dy+/ siny dy) =,

“+o0o “+o0o
/ dx/ sin(z? 4+ y?) dy =

7, B R [ G 5

[F] P A RS-

D, = {(x,y)|x2—|—y2 énz}, n=12---
itz =rcos,y =rsind, N

D, ={(r,0)[0 <r<n,0<0< 27},

7l
2 n 1 n
// sin(2z? +y*) dzdy = / d9/ sinr? - rdr = 27 - (—5 cos ) = 7(1 — cosn?),
o 0 0 0
Al lim // sin(z® + y?) dz dy AEAE, I // sin(z® + y?) dz dy KEL O
n—oo |/ R2

13.3 E&2T=mfn

13.3.1  RAHPIM T ETTE LU RIR:
1

(1) hm Va2 4 o2 dx;
—1

(2)
() BT f(r,a) = Va2 +a2 £ R? &L, FE o(a / Vi +a2dr /£ a =0

AbIEZE, T
1
= 1.
)

a—0 1

1 1
1
lim Va2 +a?de = p(0) = |z|dz =2 - <§x2
-1

< 2n7r}
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771,

1

1
1
/ Va2 +a?de = 5(042 In(x + Va2 + a?) + ava? + a?)
-1

-1

1 5, 1++vVa?2+
= —a“In —1—\/a2 1—1, a—0,
2 —1++va2+
Hrh A3
5. l1++Va2+ W21 1+\/a2+ o2 2
0<a’ln In——0, a—0.
—14++a?+ a? o
PRt

hrn \/3:2 +a2dx =1.

[
13.3.2 K F'(«a)
(1)
(2) -
@ Flo) = [ PO 0
(4) F(a) = f(x + a,z — o) dx (f(u,v) AESNFE).
(1)
(2)
(3)
F'(a) = /Oai 1 foza: dx + —ln(ll—cﬂ) = éln(l + ax) : + ln(l;— o) = 21n(1a+ az).
(4) X
F'(a) = /0 (filz+a,xz —a) — folz+ a,x — a))dz + f(2a,0).
[

13.3.3 & f(x) {E [a,b] FHEEZE E:

1 xX
_E/ f(t)sink(z —t)dt, c,x € la,b)
B TR
y'+ Ky = f(z),

Horbe 5k EHL
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= %/jf(t)sink(x—t)dt

= /I f(t) cosk(z —t)dt,
@)=k " f(t)sink(z — t)dt + f(2),

— ' + Ky = f(2).

13.3.4  NMAXISEEATH BRI KIS, R IR

/ In(a?sin® z + b% cos* x) dz (a > 0,b > 0);
0

(2/1n1—2acosx+a)dx(0 a<1);
0
(3)
1 d
(4) / I L A )
0 l—acosx cosz
m

(1) &R f(x,a,b) = In(a*sin®x + b* cos® z) 1 [0,5] x R* bi#g:, F ¢o(a,b) =
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W

H13 B REROMESEENR

»
o

us

2
/ In(a®sin® z + b* cos® z) dx (a > 0,b > 0) 7E R?
0

[VE]

2a sin® x

-
da

tan z—t

2at?

a?sin® x + b2 cos?

b H

2a tan? x

2
:/0 a?tan? x + b2

1

“+o0o
/o a2t2 + b2 )

] (a2t2 + 62)

dt

14 ¢2

—b*(1+ %) d&t

B 2a /+
az — b2 J,

2a

N

—b

+oo } a
= — | arctant — —arctan <—t)
a? 0 a b
_ 2a T ] b B
a2 —n2 2 a)

2 2b
dr = ——d
v /0 2 tan’a + 02

oo /2 2bcos? x
ob  J, a?sin®+b%cos?z

tan z—t

(@22 + B2)(1 + £2)

+oo

0
N

a+b’

1
dt

0 a2t + b2

00 (a2t2 + 62) a2

14 ¢2

2
(1+t)dt

2 /+
b2 — g2 0

b2 — g2

B 2b 7T<1_a>_
2 —a2 2 b)

(@2 + 2)(1 + £2)

2b too g a
= — arctant‘ — —arctan (—t)
0 b b

+oo
0

™

a+b’

= ¢(a,b) =7mln(a+b) + C,

0(1,1)=0 = C=—-7ln2 = p(a,b) =7ln

In(1 — 2acosz + a*) du,

a+b

—2cosx + 2a

dx

0
=)

0

— 2acosx + a?
1—a? 1

/OZ;

tan Z —)t

/7 1
dx
0 1 —2acosx + (l2

X

0<a<l,

dz,
1 —2acosx+a2) ’

/ 1 2
o 1—-2q-12 44

+a2 1412

1-++¢2

400 1
=9 dt
/0 (a+1)%t2 4 (a—1)?

a2 —

— ¢(a) =0 = ¢(a)

arctan

400 .

Tl

t
a—1

0

=p(0) =0.

dt
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(4)
E d
gp(a)::/2ln tacosr  dw , 0<ax<l,
0 1—acosz cosx
(a) =2 / S S
a) = T
4 o l—a’cos’zx
2 1 1
/0 1+ tan’e — a2 costz
tan z—t oo 1
oty [
o l+t?—a
+oo
= arctan = —,
V1—a? 1—a?|, V1—a?
— ¢(a) = marcsina + C,
0(0)=0 = C=0 = p(a) =marcsina.
O
13.4 BELENRERS
13.4.1  HE NAIE AR SR BOICSO:
(1)
(2)
(3)
<4) +00 s 02
(5) / sin da:
o z*(l+w)
+o00 In(1 2
(6) / n(l+ z%) d
0 e
® )
(2)
(3)
)
(5) Y a <2 W,
L2 2
ST NI—:xz_“—N), x — 0,
*(1+z) a°
BER & = 0 A2
dx:/ﬂo 1 —cos2x dx:/Jroo 1 dx_/+°° cos 2x dz,
o 2z%(1+x) o 2z%(1+x) o 2z*(1+x)

/+oo sin? x

o z*(1+2)
A

EEEL Y o >0, / cos2x dx A I,

/Jroo
1

1
(1 + x)

cos 2x
°( +2) da ICEL;

BRI T 0, M1 Dirichlet 273540,
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éla>0lﬁ/ M—>dxqw Ilkt/ 81”>d o sk

SHI T de HLI&/&

(1) %0<a< QHT:C_OTEIFX'&,J?%/\%‘?/ T

(1) 4 o > 2 i,
/+°° sin? dg — /1 sin? do 4+ /+°° sin? dz.
o x(1+x) o 1+ 2) . (14 2)

[T
1

z(1 + )
sin® 1 0
w(l+z)  zo2 vl
D) a—2€(0,1) < ac(23) HT/ sin’ @ 8, TR R
L&
(i) a =2 € [l,+00) <= a € [3,+0) H]L/ sin®
JFEAR 7 K

(I11) 24 a = 0 I, /+Oo Sy & / Coszx da W8, EE!JHS/ sin’ xdx:

Foo 1 Foo cost
——dx — d
/0 21 +x2) " /0 21 +2) @ BHL
(IV) 4 a < 0 B,
+o0 s 2 +00 3.2
/ sin“ x dx}/ sin xdx—>+oo,
1 (14 2) 1 14z
ER] e S R0 B

i b A I SEECA (0, 3).
(6) 4 a <2 W,

2(1 + )

In(l+a2%) 2
x¢ e

EE@J, Ma> 1K, XKWz, B

0 In(1+ 2?) <z T _
e e Tz

oo +o0 )
i / oy da WO LRI / lnﬂfg_t“dx e
1 xr 2 1

T 0n(1 + 2?)

() o€ (1.2], B 2 = 0 FRIELS, BHI / do A3
1

(II) a € (2, +00),

/+°° In(1 + 2?) dp — /1 In(1 + 2?) do 4+ /+°O In(1 + 2?) dz
0 0 1

T xre x
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In( 1+x)d e
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