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∑∞

n=1 an ´��?ê.

(i)XJl,�åk n
√
an 6 q < 1,K?êÂñ;

(ii)XJkÃ¡õ� n,¦ n
√
an > 1,K?êuÑ;

(iii) XJ lim
n→∞

n
√
an = q, K� q < 1 �, K?êÂñ, � q > 1 �, ?êu

Ñ,� q = 1�,�Ã{�ä?êÂñ�´uÑ.

y² Ø��é¤k� n Ñk n
√
an 6 q < 1, �Ò´k an 6 qn. �d∑∞

n=1 q
n �Âñ59'��O{,��

∑∞
n=1 an Âñ.

XJkÃ¡õ� n ¦ n
√
an > 1, � {an} Ø±"�4�, ¤±

∑∞
n=1 an

uÑ.

éu4�/ª, ��5¿��½�3���ê ε, ¦�éu¿©�� n,

k n
√
an < q + ε < 1½ö n

√
an > q − ε > 1. �[�g1�¤y².
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1
2n

(
1 + 1
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)n2

uÑ.

y² Ï�

lim
n→∞

n

√
1

2n

(
1 +

1

n

)n2

= lim
n→∞

1

2

(
1 +

1

n

)n
=
e

2

> 1.

�d Cauchy�O{�T?êuÑ.

5µCauchy �O{�4�/ª¥, lim
n→∞

n
√
an = q �±U��f�

lim sup
n→∞

n
√
an = q.=,

lim
n→∞

(
sup
k>n

k
√
ak

)
= q.
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~ 2 �O?ê
∞∑
n=1

an �ñÑ5,Ù¥

a2n−1 =
1

2n
, a2n =

1

3n
, n = 1, 2, 3, · · · .

) Ï�

lim
n→∞

2n−1
√
a2n−1 =

1
√
2
, lim
n→∞

2n
√
a2n =

1
√
3
,

¤±

lim sup
n→∞

n
√
an =

1
√
2
< 1.

u´
∞∑
n=1

an Âñ.
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½n 2 (D’Alembert�O{) �
∞∑
n=1

an ´��?ê.

(i)XJl,�åk an+1

an
6 q < 1,K?êÂñ;

(ii)XJl,�åk an+1

an
> 1,K?êuÑ;

(iii) XJc���'äk4� lim
n→∞

an+1

an
= q, K� q < 1 �, ?êÂñ, 

� q > 1�,?êuÑ,� q = 1�,�ØU�ä.

y² Ø��é¤k� nÑk an+1

an
6 q < 1,�k

a2

a1

6 q,
a3

a2

6 q, · · · ,
an

an−1
6 q,

rù
Ø�ªüà�¦,Ò��

an 6
a1

q
qn.

dua1
q
´��~ê,

∑∞
n=1 q

n Âñ,¤±
∑∞

n=1 an Âñ.

XJ an+1

an
> 1,K an+1 > an,= a1 6 a2 6 · · · 6 an 6 · · · ,d�?ê�

Ï� an Ø¬ªu",Ïd?êuÑ.
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~ 3 ?Ø
∞∑
n=1

n!
(
x
n

)n
(x > 0)�ñÑ5.

) Ï�

an+1

an
=

(n + 1)!
(
x
n+1

)n+1

n!
(
x
n

)n
=

x(
1 + 1

n

)n → x

e
, (n→∞).

�d D’Alembert�O{�� x > e�?êuÑ,� 0 6 x < e�?êÂñ.

� x = e�,
an+1

an
=

e(
1 + 1

n

)n > 1.

d D’Alembert�O{�T?ê�uÑ.

5µD’Alembert �O{�4�/ª�±U�, � lim sup
n→∞

an+1

an
= q < 1 �

∞∑
n=1

an Âñ,� lim inf
n→∞

an+1

an
= q > 1�

∞∑
n=1

an uÑ.
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½n 3 (CauchyÈ©�O{) XJ f(x)3 [1,+∞)þk½Â��K�üN

~�¼ê,@o?ê
∑∞

n=1 f(n)�È©
∫ +∞
1

f(x) dxÓñÑ.

y² d f(x)�üN5��,� k 6 x 6 k + 1�k

f(k + 1) 6 f(x) 6 f(k),

u´

f(k + 1) 6
∫ k+1

k

f(x)dx 6 f(k).

òþãØ�ªé k = 1, 2, · · · , n�\,Ò��,é?Û n ∈ Nk
n+1∑
k=2

f(k) 6
∫ n+1

1

f(x)dx 6
n∑
k=1

f(k).

e
∫ +∞
1

f(x)dxÂñ,Kdþª����
∑n+1

k=2 f(k)k.,Ï
∑∞

n=1 f(n)Â

ñ. e
∫ +∞
1

f(x)dx uÑ, Kdþªm���
∑n

k=1 f(k) Ã., �
∑∞

n=1 f(n)

uÑ.y..
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~ 4 y²?ê
∞∑
n=2

1
n lnα n

� α > 1�Âñ,� α 6 1�uÑ.

y² ?ê�È©
∫ +∞
2

dx
x lnα x

ÓñÑ.∫ +∞

2

dx

x lnα x
=


(ln 2)1−α

α−1 , α > 1;

+∞, α 6 1.

��?ê� α > 1�Âñ,� α 6 1�uÑ.

5¿ ÃØ´ Cauchy �O{, �´ D’Alembert �O{, Ñ´ÚAÛ?ê

?1'�. ·�ØU`ùü��O{=���r. �ùü«�O{Ñ���,

ÒI�ïá#��O{.
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Ún 1 � {an}, {bn}´ü��ê�. XJ� n > n0 �,k

an+1

an
6
bn+1

bn
,

@o�
∞∑
n=1

bn Âñ�,
∞∑
n=1

an �Âñ.

y² �â^�k
an0+1

an0

·
an0+2

an0+1

· · ·
an0+p

an0+p−1
6
bn0+1

bn0

·
bn0+2

bn0+1

· · ·
bn0+p

bn0+p−1
.

Ï
an0+p

an0

6
bn0+p

bn0

.

ù`²�3~êM > 0¦�� n > n0 �,k

an 6Mbn.

d'��O{,=�(Ø¤á.
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½n 4 (Raabe�O{) � {an}´�ê�.

1◦ XJ�3 r > 1Úg,ê n0,¦�� n > n0 �,k

n

(
an

an+1

− 1

)
> r,

@o
∞∑
n=1

an Âñ.

2◦ XJ�3g,ê n0 ¦�� n > n0 �,k

n

(
an

an+1

− 1

)
6 1,

@o
∞∑
n=1

an uÑ.

3◦ XJ lim
n→∞

n
(
an
an+1
− 1
)
= α,@o� α > 1�,

∞∑
n=1

anÂñ;� α < 1�,

∞∑
n=1

an uÑ.

9/12

‖J I‖ J I �£ �¶ '4 òÑ



Cauchy �O{ D’Alembert �O{ Cauchy È©�O{ Raabe �O{

y² 1◦ � σ ∈ (1, r), d lim
n→∞

(1 + 1
n
)σ − 1
1
n

= σ < r, �, �3g,ê

n1 ¦�� n > n1 �,k

n

(
(1 +

1

n
)σ − 1

)
< r.

Ïd� n > max(n0, n1)�,k

n

(
(1 +

1

n
)σ − 1

)
< n

(
an

an+1

− 1

)
,

=

an+1

an
<

1
(n+1)σ

1
nσ

.

Ï�
∞∑

n→∞

1
nσ
Âñ,�âÚn=�

∞∑
n=1

an Âñ.

2◦ Ú 3◦ ��N´y².

¯K ½n¥ α = 1�,(ØXÛ?
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~ 5 � α, β, γ Ñ´�ê. ¡

F (α, β, γ;x) = 1 +

∞∑
n=1

α(α + 1) · · · (α + n− 1)β(β + 1) · · · (β + n− 1)

n!γ(γ + 1) · · · (γ + n− 1)
xn

��AÛ?ê.

Ï�

lim
n→∞

an+1

an
= lim

n→∞

(α + n)(β + n)

(n + 1)(γ + n)
x = x,

¤±,d D’Alembert�O{�T?ê� x < 1�Âñ,� x > 1�uÑ.

� x = 1�,

lim
n→∞

n

(
an

an+1

− 1

)
= lim

n→∞

n2(1 + γ − α− β) + (γ − αβ)n
(α + n)(β + n)

= 1 + γ − α− β.

�,éu x = 1,�â Raabe�O{,T?ê� γ > α+β�Âñ,� γ < α+β

�uÑ.
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�k' Raabe �O{�°[��O{, X Gauss �O{��. �´¿Ø

�3�«�O{U
�O����?ê´ÄÂñ. ¯¢þ, éu�½���

Âñ���?ê,o�±�E��Âñ��ú���?ê.

½Â 1 �
∞∑
n=1

an Ú
∞∑
n=1

bn ´ü�Âñ���?ê. XJ lim
n→∞

an
bn

= 0,K¡
∞∑
n=1

an '
∞∑
n=1

bn Âñ�¯,½¡
∞∑
n=1

bn '
∞∑
n=1

an Âñ�ú.

SK � {an}´�ê�,?ê
∞∑
n=1

anÂñ,P rn =
∞∑
k=n

ak. Kéu 0 < p < 1

?ê
∞∑
n=1

an
r
p
n
Âñ,�k

∞∑
n=1

an

rpn
<

1

1− p

(
∞∑
n=1

an

)1−p

.
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