
k.8þ�È© ¡È È©²þ�½n

10.1.4 k.8þ�È©

� f(x, y) ´½Â3k.8 D ⊂ R2 þ�¼ê. Ue¡��ªò§òÿ

� R2 �¼ê: -

fD(x, y) =

f(x, y), (x, y) ∈ D;

0, (x, y) 6∈ D,

½Â 1 � f(x, y) ´½Â3k.8 D ⊂ R2 þ�¼ê. I ´����

«m, � D ⊂ I.e fD(x, y) 3 I þ�È, K¡ f 3 D þ�È. È©�Ò´

fD(x, y)3 I þ�È©�,P�∫∫
D

f(x, y) dxdy ½

∫
D

fdσ.

w,,du fD(x, y)3 D 	���",ù�È©�½Â�«m I �À�

Ã'.�� f 3 D þ�È�,K f 3l D �K��"¡È8�8Üþ�

´�È�,�È©ØC.

1/16

‖J I‖ J I �£ �¶ '4 òÑ



k.8þ�È© ¡È È©²þ�½n

½n 1 � D ´k.8. XJ f 3 D þ�È,@o f 3 D þk..

�â Lebesgue ½n, k.8 D þ�k.¼ê f �È�¿©7�^�´

fD �mä:�N´��"ÿ8. e¡´��¿©^�.

½n 2 � f(x, y)´k.8D ⊂ R2þ�k.¼ê. XJ ∂D±9 f 3D

þ�mä:�NÑ´"ÿ8,@o f 3 D þ�È.

½n 3 �D´k.8. e f Ú gÑ3Dþ�È, c1, c2´~ê,K c1f+c2g

�3 D þ�È,�∫
D

(c1f + c2g)dσ = c1

∫
D

fdσ + c2

∫
D

gdσ.

½n 4 � D ´k.8. e f Ú g Ñ3 D þ�È,K fg �3 D þ�È.
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½n 5 � D ´k.8, f Ú g Ñ3 D þ�È.

(1)e f > 0,K

∫
D

fdσ > 0;

(2)e f > g,K

∫
D

fdσ >
∫
D

gdσ.

½n 6 � D ´k.8. XJ f 3 D þ�È, @o |f | �3 D þ�È, �

k ∣∣∣∣∫
D

fdσ

∣∣∣∣ 6 ∫
D

|f |dσ.

½n 7 (È©�8Ü�\5) � D1 Ú D2 ´k.8,¿� D1 ∩D2 ´"¡

È8. XJ f 3 D1 Ú D2 þÑ�È,@o f �3 D1 ∪D2 þ�È,¿�∫
D1∪D2

fdσ =

∫
D1

fdσ +

∫
D2

fdσ.
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y² ù�Ø���"¡È8 D1 ∩D2 �	,�ª

fD1∪D2 = fD1 + fD2

¤á. �Ý/ I ⊃ D1 ∪D2,Kk∫
D1

fdσ +

∫
D2

fdσ =

∫
I

fD1dσ +

∫
I

fD2dσ

=

∫
I

(fD1 + fD2) dσ

=

∫
I

fD1∪D2dσ

=

∫
D1∪D2

fdσ.
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½Â 2 (k.8�¡È) � D ⊂ R2 ´k.8. e��� 1 �~�¼ê

3 D þ�È,K¡ D ´��k¡È�8,Ù¡È½Â� σ(D) =
∫
D
1 dσ.

½n 8 � D ⊂ R2 ´k.8. K D ´"¡È8��=� D k¡È�¡È

�",= σ(D) =

∫
D

1 dσ = 0.

½n 9 � D ⊂ R2 ´k.8. K D k¡È��=� ∂D ´"¡È8.

½n 10 � D ⊂ R2 ´k¡È�8. K f 3 D þ�È�È©�u A�¿

©7�^�´: é ∀ ε > 0, ∃ δ > 0,eò D ©��k��pØU�k¡

È��¬ D1, · · · , Dn, P λi � Di ��». ��©��°Ý λ = max
16i6n

λi

÷v λ < δ,@oé ∀ pi ∈ Di,Ñk∣∣∣∣∣
n∑
i=1

f(pi)σ(Di)−A

∣∣∣∣∣ < ε.
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k.8þ�È© ¡È È©²þ�½n

¡È�,��½Â � S´��k.8Ü,K�3��Ý/ I = [a, b]× [c, d]

¦� S ⊂ I ,� I �©� T ò I ©¤Xe�Ý/: I1, I2, · · · , In.P@
��
�¹3 S S��Ý/�N�¡È�Ú� A−n (S), @
� S kú�:��Ý

/�N�¡È�Ú A+
n(S),w,,XJ S k¡È�{,K¡È A(S)�½0u

A−n (S)Ú A+
n(S)�m.

ØJwÑ�X©��5�[,

A−n (S) üN4Okþ.,  A+
n(S) ü

Neüke., Ïdü�ê�Ñkk

�4�.XJ A−n (S)Ú A+
n(S)�4�

��,K½ÂT4��:8 S �¡È.

N´wÑ, Ý/«�¥�kn:

�Nvk¡È,�§´"ÿ8.
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k.8þ�È© ¡È È©²þ�½n

½n 11 (È©²þ�½n) � K ´ R2 ¥dk�^1w��¤�k.

4«�,¼ê f, g 3 K þëY,� g 3 K þØCÒ.K�3 ξ ∈ K ¦�∫
K

fgdσ = f(ξ)

∫
K

gdσ.

y² ëY¼ê gÚ fgÑ3K þ�È.Ï�K ´k.48,¤± f 3

K þ�����mÚ���M.�3 K þ g > 0,ù�é�� p ∈ K k

mg(p) 6 f(p)g(p) 6Mg(p).

3 K þÈ©,�

m

∫
K

gdσ 6
∫
K

fgdσ 6M

∫
K

gdσ.

XJ
∫
K
g dσ = 0, @o g 3 K þð�", ¤y�ªg,¤á. XJ∫

K
g dσ > 0,@o

m 6

(∫
K

gdσ

)−1 ∫
K

fgdσ 6M.
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Ï� K ´ëÏ�, f 3 K þëY,�d0�½n�,�3 ξ ∈ K,¦�

f(ξ) =

(∫
K

gdσ

)−1 ∫
K

fgdσ.

ùÒ´�y�.

AO� g = 1Ò��:

íØ 1 � K ´ R2 ¥dk�^1w��¤�k.4«�, e¼ê f 3

K þëY,K�3 ξ ∈ K ¦�∫
K

fdσ = f(ξ)σ(K).
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½n 12 �¼ê f(x, y) 3k.4«� K þ�È. XJ K ´ù��«

�:§d x = a, x = b, y = y1(x)Ú y = y2(x) (y1(x) 6 y2(x))�¤,=

K = {(x, y) : y1(x) 6 y 6 y2(x), a 6 x 6 b},

Ù¥ y1(x) Ú y2(x) 3 [a, b] þëY. XJéz�� x ∈ [a, b], f(x, y) 3

[y1(x), y2(x)]þ�È,K

ϕ(x) =

∫ y2(x)

y1(x)

f(x, y)dy

3 [a, b]�È,¿k∫ b

a

ϕ(x)dx =

∫ b

a

dx

∫ y2(x)

y1(x)

f(x, y)dy

=

∫
K

fdσ. a b
x

y

O

y = y1(x)

y = y2(x)

K
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k.8þ�È© ¡È È©²þ�½n

y² � c = inf{y1(x)}, d = sup{y2(x)}.KK ⊂ I = [a, b]× [c, d].Ï

� f 3 K þ�È,¤± fK 3 I þ�È,�∫
K

fdσ =

∫
I

fKdσ.

d^�éz���½� x ∈ [a, b], f(x, ·) 3 [y1(x), y2(x)] þ�È, Ï

f(x, ·)3 [c, d]þ�È.�âÝ/þÈ©�\gÈ©úª,k∫
I

fKdσ =

∫ b

a

dx

∫ d

c

fK(x, y)dy

=

∫ b

a

dx

(∫ d

y2(x)

+

∫ y2(x)

y1(x)

+

∫ y1(x)

c

)
fK(x, y)dy

=

∫ b

a

dx

∫ y2(x)

y1(x)

fK(x, y)dy

=

∫ b

a

dx

∫ y2(x)

y1(x)

f(x, y)dy. a b
x

y

O

c

d

y = y1(x)

y = y2(x)

K
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½n 13 �¼ê f(x, y) 3k.4«� K þ�È. XJ K ´ù��«

�:§d y = c, y = d, x = x1(y)Ú x = x2(y) (x1(y) 6 x2(y))�¤,=

K = {(x, y) : x1(y) 6 x 6 x2(y), c 6 y 6 d},

Ù¥ x1(y) Ú x2(y) 3 [c, d] þëY. XJéz�� y ∈ [c, d], f(x, y) 3

[x1(y), x2(y)]þ�È,K

ψ(y) =

∫ x2(y)

x1(y)

f(x, y)dx

3 [c, d]�È,¿k∫ d

c

ψ(y)dy =

∫ d

c

dy

∫ x2(y)

x1(y)

f(x, y)dx

=

∫
K

fdσ. x

y

O

c

d

x = x1(y)

x = x2(y)
K
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k.8þ�È© ¡È È©²þ�½n

~ 1 ¦
∫∫

D

x2y2dxdy,Ù¥ D d y = 0, x = aÚ y = b
a
x�¤.

) Ï� D = {(x, y)| 0 6 x 6 a, 0 6 y 6 b
a
x},�∫∫

D

x2y2dxdy =

∫ a

0

dx

∫ b
ax

0

x2y2dy

=
b3

3a3

∫ a

0

x5dx =
1

18
a3b3.

x

y

O a

b
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~ 2 ¦
∫∫

D

(x2 + y2)dxdy,Ù¥ D ´d (a > 0) y = a, y = 3a, y = x

Ú y = x + a�¤�²1o>/.

) D : a 6 y 6 3a, y − a 6 x 6 y,�∫∫
D

(x2 + y2)dxdy

=

∫ 3a

a

dy

∫ y

y−a
(x2 + y2)dx

=

∫ 3a

a

(
ay2 +

y3

3
−

(y − a)3

3

)
dy

= 14a4.

XJ�ké y È©, ÒI�r D ©¤n�«

�.
x

y

O

y = x

y = x + a

a

3a
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~ 3 ¦d x2 + y2 6 a2 Ú x2 + z2 6 a2 ��Ü©�áN�NÈ V .

) ù�áN31�%�@Ü©´��ºÎN,Ùº� z =
√
a2 − x2,

.´²¡«� x2 + y2 6 a2, x > 0, y > 0. dé¡5��

V = 8

∫∫
x2+y26a2
x>0,y>0

√
a2 − x2dxdy

= 8

∫ a

0

√
a2 − x2dx

∫ √a2−x2

0

dy

= 8

∫ a

0

(a2 − x2)dx

=
16

3
a3. x

y

z

O
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