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§8.2 ²¡���

8.2.1 ����§

3�m¥§L?¿ØÓü: A,B ���^�� `. éu�� ` þ?¿

: P ,du�þ
−→
AP ��þ

−→
AB ²1,��3¢ê t¦�

−→
AP = t ·

−→
AB u´

−→
OP =

−→
OA + t ·

−→
AB (8.1)

¡ (8.1)ª��� `�ëê�§,�"�þ
−→
AB

¡��� `����þ, t¡�ëê,� t�

H¤k¢ê�,ëê�§�Ñ�� `þ�¤k

:;� t�H«m [0, 1]�,���ã AB;� t

�H«m [0,∞)�,����
−→
AB.

O

A B P `

�: A��I� (a1, a2, a3),�þ
−→
AB ��IL«� (u1, u2, u3),: P
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��I� (x, y, z),u´�� `�ëê�§��¤�I/ª
x = a1 + u1t

y = a2 + u2t

z = a3 + u3t

(8.2)

l¥��ëê t,K����� `�:�ª�§
x− a1

u1

=
y − a2

u2

=
z − a3

u3

. (8.3)

~ 1 ²L: (2, 1, 5)��� (1, 0, 7)����§�
x− 2

1
=
y − 1

0
=
z − 5

7
.

5¿ d?, ©1¥� 0 �´L«��¥����I©þ, ¿Ø´^5

�Øê.
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8.2.2 ²¡��§

�½�m¥��:M 9�"�þ ~n§�3�����²¡ π LM �

� ~nR�.éu²¡ π þ?¿: P ,Ñk
−−→
MP ⊥ ~n,u´���ª

−−→
MP · ~n = 0. (8.4)

þª¡�²¡ π �:{ª�§. �"�þ ~n¡�²¡ π �{�þ.

���m�²¡ π ©¤nÜ©,÷v

−−→
MP · ~n > 0

�: P 3²¡�þý (~n ���@�ý), 

÷v
−−→
MP · ~n < 0

�: P 3²¡�,�ý,÷v
−−→
MP · ~n = 0�

: P 3²¡ π þ.

M P

~n

π
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�: M ��I� (m1,m2,m3), ~n��I� (A,B,C),: P ��I�

(x, y, z),K:{ª�§ (8.4)��¤�I/ª

A(x−m1) +B(y −m2) + C(z −m3) = 0.

òÙÐmÜ¿,��²¡ π ����§

Ax +By + Cz +D = 0. (8.5)

Ù¥ D = −(Am1 +Bm2 + Cm3).

~ 2 ¦L:M(1, 1, 1)Ú�� ` : x+ 1 = 2y + 3 = 3z− 5�²¡ π �

���§.

) ` ²L: A(0,−1, 2), π �{�þ�
−−→
AM 9 ` ����þ (1,

1

2
,
1

3
)

ÑR�§� π �{�þ

~n = (1, 2,−1)× (1, 1
2
, 1
3
) = (7

6
,−4

3
,−3

2
).

l�¦�²¡ π ����§�

7x− 8y − 9z + 10 = 0.
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²¡�ëê�§ 3�m¥, ü^���ØÜ���Ü¤��²¡. �

~u = (u1, u2, u3)Ú ~v = (v1, v2, v3)´²¡ π S�ü��þ.

§�kú�å: M(a, b, c). éu²¡ π þ?

¿: P ,Ñ�3¢ê s, t¦�
−−→
MP = s~u+ t~v.

u´: P ��I (x, y, z) �L«�'u s, t

��g¼ê
M

P

~u

~v

(x, y, z) = (a + su1 + tv1, b + su2 + tv2, c + su3 + tv3).

l 
x = a + u1s + v1t

y = b + u2s + v2t

z = c + u3s + v3t.

(8.6)

¡ (8.6)ª�²¡�ëê�§, s, t�ëê.
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~ 3 ¦²Ln: A(1, 2, 3), B(1, 3, 5), C(2, 4, 6)�²¡ π �ëê�§

Ú:{ª�§.

)
−→
AB = (0, 1, 2)§

−→
AC = (1, 2, 3),� π �ëê�§�

x = 1 + t

y = 2 + s + 2t

z = 3 + 2s + 3t.

d²¡�{��

~n =
−→
AB ×

−→
AC = (−1, 2,−1),

Ïd§�:{ª�§�

−(x− 1) + 2(y − 2)− (z − 3) = 0.
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������§ ü�Ø²1�²¡��u�^�� `. �ù�²¡��§

d���§ π1 : A1x+B1y+C1z+D1 = 0Ú π2 : A2x+B2y+C2z+D2 = 0

L«�,òùü��§éáÒ��� `��§:A1x +B1y + C1z +D1 = 0

A2x +B2y + C2z +D2 = 0
(8.7)

¡��� ` ����§. duÏL�^���±�Ã�õ�²¡, Ïd��

����§Ø��.

²¡π1�{�� ~n1 = (A1, B1, C1),²¡π2�{�� ~n1 = (A2, B2, C2).

du�� `R�u π1 �R�u π2,Ïd `���� ~n1 × ~n2.u´l���

���§¥¦Ñ��þ��:,ÒU�Ñ���:�ª�§.

��,d�� `�:�ª�§ (8.3)£b�Ù¥u1 6= 0¤,�éN´/�Ñ

`����§.
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8.2.3 :����ål

��� ` L: A, ���þ� ~u, P ��

m¥?¿�:. L: P ��� `�R�,Rv

� B. Ï� |~u×
−→
AP |´ ~u�

−→
AP Ü¤�²1

o>/�¡È,ù¡È��u |~u| · |
−→
AP | · sin θ.

u´,: P ��� `�ål�L� A B

P

` ~uθ

d = |
−−→
BP | = |

−→
AP | sin θ =

|~u×
−→
AP |
|~u|

. (8.8)

~ 4 : (1, 1, 1)��� x+1
4

= y+2
5

= z+3
6
�ål�

d =
|(4, 5, 6)× (2, 3, 4)|

|(4, 5, 6)|
=
|(2,−4, 2)|
|(4, 5, 6)|

=

√
24

77
.
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8.2.4 :�²¡�ål

�²¡ π����§� Ax+By+Cz+

D = 0,Ù{�þ ~n = (A,B,C),M(x0, y0, z0)

�²¡ π þ?¿�:, P (x, y, z) ��m¥?

¿�:. L: P �²¡ π �R�, Rv� Q.

Ï� |
−−→
MP |3{��ÝK��� ~n

|~n| ·
−−→
MP ,¤

±: P �²¡ π �ål�

M Q

P

π

~n

d = |
−→
QP | =

|~n ·
−−→
MP |
|~n|

=
|A(x− x0) +B(y − y0) + C(z − z0)|√

A2 +B2 + C2
.

q: M 3²¡ π þ,¤± Ax0 +By0 + Cz0 +D = 0,dd�

d = |
−→
QP | =

|Ax +By + Cz +D|
√
A2 +B2 + C2

. (8.9)
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8.2.5 ü��� �'X

�þ�m¥�?¿ü^�� `1 Ú `2, §��U�¡£²1!��!

Ü¤½É¡"� `1 L: A(a1, a2, a3), ���þ� ~u = (u1, u2, u3); `2 L:

B(b1, b2, b3), ���þ� ~v = (v1, v2, v3), K `1 � `2 �¡�¿©�7�^�

´ ~u, ~v,
−→
AB �¡,=

(~u× ~v) ·
−→
AB = 0. (8.10)

�¡�/:

� `1 Ú `2 �¡�, XJ ~u� ~v Ø²1, K¡ `1 Ú `2 ��, §�¤Y�

b�½�� φ,¡�ùü^���Y�. ��þ ~u� ~v ²1�,XJ B 3 `1

þ½ö A3 `2 þ,K§�Ü,ÄK�´²1. � `1 Ú `2 ���,§��å

lw,�";� `1 Ú `2 ²1�, `1 Ú `2 �ålÒ�u: B � `1 �ål.
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É¡�/:

� `1 Ú `2 É¡�, Ó�� `1 Ú `2 R�

����� CD ¡� `1 Ú `2 �úR�. ú

R�ã CD ��Ý |CD| ¡��� `1 Ú `2

�ål. Ï� CD R�u `1 Ú `2, ¤±
−−→
CD

� ~u × ~v ²1, l
−−→
CD �

−→
AB 3 ~u × ~v �

�þ�ÝK.Ïd

A

B

C

D

`1

~u

`2

~v

|CD| =
|~u× ~v ·

−→
AB|

|~u× ~v|
. (8.11)

�¦úR� CD��§, �I5¿��� CD ´²¡ ACD Ú²¡

BCD ���.²¡ ACD �{�þ� (~u× ~v)× ~u,²¡ BCD �{�þ

� (~u× ~v)× ~v.Ïd�±k¦Ñ²¡ ACD Ú²¡ BCD ����§,,�

¦Ñ�� CD ��§.
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~ 5 ¦�� `1 : x− 1 = y − 2 = z − 3Ú `2 : x = 2y = 3z �Y� θ!

ål d±9úR� `��§.

) `1, `2, ` ����þ©O� ~u = (1, 1, 1), ~v = (1, 1
2
, 1
3
)§~u × ~v =

(−1
6
, 2
3
,−1

2
). �

θ = arccos
|~u · ~v|
|~u||~v|

= arccos
11

7
√
3
, d =

|~u× ~v · (1, 2, 3)|
|~u× ~v|

=
2
√
26
.

qd (~u× ~v)× ~u = (7
6
,−1

3
,−5

6
), (~u× ~v)× ~v = (17

36
,−4

9
,−3

4
), �� `1 Ú `¤

û½²¡�:{ª�§� 7x − 2y − 5z + 12 = 0. Ón, `2 Ú `¤û½²¡

�:{ª�§� 17x− 16y − 27z = 0. u´ `����§�7x− 2y − 5z + 12 = 0

17x− 16y − 27z = 0
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8.2.6 ü²¡� �'X

��m¥ü²¡ π1 Ú π2 ����§�

πi : Aix +Biy + Ciz +Di = 0, i = 1, 2.

Kü�²¡�{�þ� ~n1 = (A1, B1, C1) Ú

~n2 = (A2, B2, C2). ~n1 � ~n2 ¤Y�b�½�

� φ,¡�ü²¡ π1 Ú π2 �Y�.

π1

~n1

φ

π2

~n2

φ

� ~n1Ú ~n2Ø²1�,ü²¡��u�^��.� ~n1Ú ~n2²1�,ü²

¡²1½Ü.

e
A1

A2

=
B1

B2

=
C1

C2

6=
D1

D2

, Kü²¡²1.

d�,²1²¡ π1 Ú π2 �ålÒ�u π2 þ?¿�:�²¡ π1 �ål.

e
A1

A2

=
B1

B2

=
C1

C2

=
D1

D2

, Kü²¡Ü.
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~ 6 ¦ü²¡ x + y + z = 0Ú x− y − z = 0�Y�"

) ü²¡Y��Ù{��m�Y�,=��þ ~n1 = (1, 1, 1)�

~n2 = (1,−1,−1)�Y�

φ = arccos
|~n1 · ~n2|
|~n1||~n2|

= arccos
1

3
.

~ 7 ¦ÏL: A(1, 1, 1)�Úü^�� `1 : x = y
2
= z

3
Ú

`2 :
x−1
2

= y + 2 = z−3
4
Ñ����� `��§.

) L: A Ú�� `1 �²¡ π1 �{�þ ~n1 = (1, 1, 1) × (1, 2, 3) =

(1,−2, 1),�²¡ π1����§� x− 2y+ z = 0. L: AÚ�� `2�²¡

π2�{�þ ~n2 = (0, 3,−2)× (2, 1, 4) = (14,−4,−6),Ón�²¡ π2���

�§ 7x− 2y − 3z − 2 = 0. `�²¡ π1 Ú π2 ���,� `����§�x− 2y + z = 0

7x− 2y − 3z − 2 = 0
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8.2.7 ���²¡� �'X

�m¥��^�� ` Ú��²¡ π � 

�'Xkn«�¹, =²1!�����3²

¡þ. �§���§©O�

` :
x− a1

u1

=
y − a2

u2

=
z − a3

u3

,

π : Ax +By + Cz +D = 0.

`

π

~n

ψ

ϕ

P�� `����þ� ~u = (u1, u2, u3),²¡ π �{�þ� ~n = (A,B,C),

ψ � ~u� ~n¤Y�b�½��. ¡

ϕ =
π

2
− ψ = arcsin

|~u · ~n|
|~u||~n|

(8.12)

��� `Ú²¡ π �Y�.
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� ~uÚ ~nØR��, `Ú π k����:,�ÏL)�5�§|¦��

:��I.� ~uÚ ~nR��,e Aa1 + Ba2 + Ca3 +D 6= 0,K `Ú π ²1;

e Aa1 + Ba2 + Ca3 +D = 0, K ` Ú π kú�: (a1, a2, a3), d� ` 3²

¡ π þ.

~ 8 ¦�� ` : x = 2y = 3z Ú²¡ π : x + 2y + 3z = 4 �Y� ϕ Ú

�: P .

) ~u = (1, 1
2
, 1
3
)§~n = (1, 2, 3),�Y�

ϕ = arcsin
|~u · ~n|
|~u||~n|

= arcsin
18

7
√
14
.

du: P 3 `þ§�� P :�I� (x, x
2
, x
3
). �\²¡�§,)� x = 4

3
. �

P :�I� (4
3
, 2
3
, 4
9
).
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