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1 AR Pose Ty

SRKITRE v + Ay = 0(0 < & < 1) ££ FHB SS9 A A A R

(1) y'(0) = 0,y(l) = 0;

(2) y'(0) = 0,y'(1) + hy(l) = 0;

(3) ¥'(0) = ky(0) = 0,y'(1) + hy(l) = 0(k, h > 0).

Sol:

A S-LEHIATAL: A >0, A= 0 YEMCYWEEIAS 1T 2550 7% (3R THEEH
A >0 HAUEE 1T F50 R A =0, BNAEMR)

(1) X[

{ y' (@) + Ay(z) =0
y(0)=0, y(1) =0

EIESSDY 2 S0, Ni53] y(x) = Acoskx + Bsinkx,0 < x <.

H v'(0) =kB=015%] B=0, N y(z) = Acoskz,0 <z <.

H y(l) = Acoskl =0, WORIEFMEN A#0, i kl=5%+nr,n=0,1,2,---

it k= 25, WIEAER A, = (B)°, EAEHY yo(2) = cos I 0 e N,

2l

(2) XFF i)

{y”(x) +y(z) =0
y'(0) =0, y'(I) + hy(l) = 0

EIESS A2 0, M52 y(x) = Acoskr + Bsinkz,0 <z <.
H v'(0)=kB=01%] B=0, N y(z) = Acoskz,0 <z <.

H v (D) +hy(l) = —kAsinkl+Acoskl = 0 = —A(ksinkl—hcoskl) = —AVk? + h? sin(kl—
@) =0, Hrf tanp =2, ¢ = arctan 2

k
PR

ﬁ}\ﬂ%jt{gﬁﬁlﬂu A\/ kQ + h2 7£ Oa E& knl - arctan% =nm, ﬁ1ﬁj‘j )‘n — k?p ﬁ@ﬁj"j
Yn(z) = coskpx,n =0,1,2,-- .

(3) Xt T Rl

{y"(ﬂf) +Ay(z) =0
Y (0) = ky(0) =0, /(1) + hy(l) = 0 (k, h > 0)

IESS /\d:efu2 >0, M52 y(r) = Acos px + Bsinpz,0 <z <.

RAFE, A LA USTC AW, 28 (- VER A
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R H ARG

y'(0) — ky(0) = uB —kA=0
y' (1) + hy(l) = —pAsin ul + puB cos ul + hAcos ul + hBsinul =0

N k — AY (0
hcos pul — psinpul  hsin pl + pcos pul B 0

afE AR B AAEEM. NARBUTHIEDN 0:

k —[

= (kh — p®)sin ul + (kp + ph) cosul =0
hcos ul — psinul  hsin pl + pcos pul ( p) sin pl + (ks + ph) H

2] pn W2
(kh_ui)tanunl"’_un(k—’_h) - O,Tl - 1727"'

ﬁtﬁ{ﬁj"j )\n = M12z’ ﬁ@éﬁj"j yn(x) = COS lnT + llin Sin,unx>n - 1; 27 IR
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2 1R Posp T

i N B E A E A

) { ' —2ay + A\y=0 (0 <z <1,a NEE),
y(0) =y(1) =0;
) { (r*R") + M?R =0 (0 <7 < a),
|R(0)| < 400, R(a) = 0;
YW+ Ay =0 (0<z <),
{ y(0) =y() =y"(0) =y"(1) =0

[H275

>
&
<
I
!
=

(3)

Sol:
(1) AT w2 — 2au+ A =0, it A& a2 — A,
%)\<6L2, I)_l” A>0,u1,2:aj:\/ZGR’y:Aeuw_}_Beugx’ ﬁ//(

y(0)=A+B=0
y(1) = Ae"™ + Be" =0

= A=B=0.

% )\:CLZ, m\” A:0>u1,2:aERmy:Aeax-i_Bxeaw: E&

y(0)=A=0
y(1) = Ae" + Be" =0

= A=B=0.

B >a?, M A<0,u12=axivV—Ay=e(Acos VA —a?x + Bsin V) — a’z), i

e = A=0)\ —a’=(nm)’,n=1,2,---
y<1):6a(ACOS\/m+BSiHM):O y A\ny , .2,

WIEAER A\, = (WT)Q +a?, [EHEEECH yn(x) = e sinnmra,n € N,.

2% 40) =) B R = 2. B () = S ) = £ 20y 242
RNZE TG rR(r) + 2R (r) + ArR(r) = y"(r) —l— Ay(r) =0,0<r <a, R
{y”(r) +Ay(r)=0,0<r<a
y(0) =y(a) =0

g Strum-Liouville ;FHEHR[E] A > 0, A4 A defp2 5 0, M y(r) = Acoskr + Bsinkr.

1 y(0) = A = 0 @75 y(r) = Bsinkr; Hi y(a) = Bsinka = 0, #CRIGFAEZM, W)
B#0,k,a=nm,n=12,---
FUILEEER A = ("2)°, EAGHREH R.(r) = Lsin " n e N,.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 4
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(3) B A >0, 4 NS wh, (w > 0), JXIPEHAE AP EHIE R

km:w(Qi@i) ,k34:w<_—\/§i£i>
! 2 ’ 2 2

2

AL R 32 S 7 R A A

2 2 2 - 2
y(x) = Clegwx cos gwx + C’gegwx sin iwm + Cge_gwx cos gwx + C’&Tﬂ‘"w sin gwx

RANBFEZMAE:CL = Cy=C3 = Cy =0, I X > 0 B ICH A (E.
T A=0, N y(z) = Cs2® + Cya? + Ciz + Cy, NI

(

y(0)=Co=0
y(1) = PCs + PCy +1C1 + Co =0 i
' 3 2 1 0 - Cl — 02 — 03 = 04 =0 (’f%@”%éﬁﬁ)
y'(0)=2C, =0
y'(1) = 61C54+2C, =0

\

B <0, 4 A% ot SXPERHE N TREEAE 4 DMEFEAR : kup = +w,  ksq = Fiw
Rl 158): y(z) = Cre** 4+ Coe™* + O3 coswz + Cy sinwz.
RNHFZEAE y(0) = y(1) = y"(0) = y"(1) = 0, 32 :

Cl+02+03:0, Cl+CQ_C3:0
Cret + Che ™! + C5coswl + Cysinwl = 0
Che?t + Che ! — Cycoswl — Cysinwl =0

%@%—E’f Cl = 02 = 03 = 0, 048111&.)[ =0
FrABCRAEZ M, HA Co #0, Pt sinwl =0 = wli=n1 = w=", n=12,--
RIS BIFE AN N, = — (25)", EHRECH yu(r) = sin 222, n € N,

REFTE, MM LE USTC S, ZEIEAERDILE(EH]
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3 K Py T3

EHLNZEET 2 =0 K o =1, FHEN—BEH . SRFIRE 4L (L h) HTE
E’J}M%éﬁ, WA, HIA NIV, SKREZVERTR B 78 R AL
Sol:
BOLRS RO u(t, ), Hl e ry T REN

Uy = a*Ugzy (t>0,0 <2 < 1).
u(t,0) = u(t,l) =0

h
w(0,2) = —x(l — ), u,(0,2) =0

1T X"(x)

FT0 ~ X = —A, 1GEIE A ERH:

S ult,x) = T()X (z), 5FBEAGHE:

2"+ =0
X(0)=X({)=0

iy Strum-Liouvilla ZFER[H A > 0, 4 A\ Lfy2 - 9, 53
X(x) = Acoskx + Bsinkx.

f X (0) = A =0, i X(2) = Bsinka: i X(I) = Bsinkl = 0, #REIEZMN B 40,
Wkl =nm,n=1,2,-
B E AT A, —kQ—( ) EH BN Xo(2) = sin 70,0 € N

nmat . mrat

BEJE R T T(t) i) ODE: T7(t) +a*\,T(t) = 0, 53] T,,(t) = A, cos l + By, sin l

+00
ZhASE]: u(t,z) = >, <An cos m;at + B, sin m;at) sinn% t>0,0<z<I.
RNFNESA

n=1

u(0,2) = ;An sin = Z_Qx(l —z) = f(x)
”;Oo = B,=0n=1,2,--)
nma nmx
ut(O,.r):; l nsmT:O

N [f(z), Xu(2)]
An - y = 1,4,---, X

l !

1 2nmx [

i 2 gn’ﬂ'l‘d /_ ] d ]

|| X0 ()] —/0 sin - =15 — cos — z=

"4h nmw o 2
f x)dr = Z—Qx(l — x) sin de =4hl | (tsinnrt — ¢ sinnnt) dt
0 0

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 6
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3o
. ~1 ! 1 oot 1

/ tsinnmtdt = — [ td(cosnnt) = — —tcosnwt| + —/ cosnmtdt = ——(—1)"
0 nt Jo nm o N /o nm

1

—1
/ t*sinnmtdt = — [ t*d(cosnnt)
0 nm Jo

—_

1

1, e
= — —t*cosnmt| + — 2t cos natdt
0

nm o nm
1 W2t
=— %(—1) + (mr)2/0 td(sin nmt)
1 , S
=— %(—1)” Wt sin nrt 0 = )2 /0 sin nrtdt
1 , '
= E(—l) + ()’ cos nmt )
1 n 2 n
- 1 s 1 - 1
A A 2]
32h
, X, 2 2 16h g n=2k+ 1
o= R = 1M Gt~ )= gl = (1) = B
" 0 ,n=2k(keN)
32k I 1 (2k + V)mwat . (2k+ )7z
W ou(t,x) = 3 ];)(2k+1>3cos l sin l , 1>0,0<z <.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 7
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4 WK Py T,

TR I PN K R Tl — e =, @lfﬂmﬁ{ u = f . HrR f N
1) f=A(FE);
2) f = Acosb,

400
AIRIAE B NI T2 5 E ST FE AN u(r, 0) = Cy + > r8(Cy cos kO + Dy sinkd),r < a.

400

(1) XF ul,_,=f=A, A ula,) =Co+ > r*(Crcoskd + Dy sinkf) = A
k=1

A C,=Dr =0 (ke N,),Co = A, i ulr,0)=Ar<a.

+o00
(2) &F u|,_, = f=Acosh, WH u(a,0) = Co+ > r*(Ck cos kf + Dy sin kf) = Acos b
k=1

A A
Kl C = E’Ck:() (k=0,2,3,4,---),D, =0 (k€ Ny), it u(r,0) = Ercose,r<a.

A
(3) X+ ul,_, = f = Azy = Ar*sinfcosd = EGQ sin 20
+oo A
AT w(a,0) = Co + > r*(Cy, cos kO + Dy sin kf) = Eaz sin 20
k=1

A A
K Dy = E,Dkzo (k=0,1,3,4,5,---),C, =0 (k € N), i u(r,0) :§T2COSQ,T<CL.

(4) T u|,_, = f =cosfsin20 = % (sin 36 + sin 6)

+oo 1
AT u(a,0) = Co + > r¥(Cy, cos kf + Dy sin kf) = 3 (sin 30 + sin 6)
k=1
1 1 1[r r\3
j( = — = — Sy — — | —g] — 1 , .
K1 Dy 2a,D3 5 , HAR O, W u(r,0) 2[a81n0+(a> smBG] r<a
A+B B-A
(5) XIF u|,_, = f=Asin?0 + Bcos? 0 = ; + ——5—cos 20
oo A+B B-A
AT w(a,0) = Co + > r*(Cy, cos kf + Dy sin kf) = —5 +—3 cos 26
k=1
A+ B B—-A A+B B-A
K Cp = —; ,Cy = 53 , HAEAO0, i u(r,0) = —g + 5 T—200s29r<a.
a a

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 8
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5 RA Py Ts

ﬁ#??ﬂﬂzﬁﬂrltﬂﬁﬁ
utt—aum(O<x<l t>0),

(1) § ult,0) = u.(t,1) =0,

u(0,z) = 0,u(0,z) = x;

U = a*u, (0 <z <I,t>0),

(2) € u(t,0) =u(t,l) =0,

u(0,2) = z(l — z);

U = @y — 20wy (0 <z <1,t>0,0<h <™ h NEH),

(3) § ult,0) =u(t,l) =0,

[ w(0,2) = ¢(z),u(0, ) = (x);

Ut = U (0 < @ < 1,1 > 0),

(4) € uy(t,0) =0,uz(t, 1) + hu(t,l) = 0(h > 0,h FHEE) ,

[ w(0,2) = @), u (0, 7) = p(x);
Asu = 0(r < a),
ur(a,0) — hu(a,0) = f(0)(h > 0),

(6) PRSP 2K FGA]

R, TR f(0) = cos® 0 I u H91H;

Au=0(a<r<b)

(7) FR T3 A E2K R ]
Aou=0 (r<a0<6<a),

u(r,0) = u(r,a) =0
u(a,0) = f(0).

. _X'x) -
TET T X)) A, 152 [E A E A

X(0) = X'(1) =0

iy Strum-Liouvilla FFR[HI A >0, 2 A\ defp2 0, 153 X(x) = Acoskx + Bsinkx.

1 X(0) = A =0, W X(z) = Bsinka; i X'() = kBcoskl = 0, #RIGIEZ RN
kB 0, E&knl:2n+1ﬂ,n20,1,2,~--
2
B A 1 An:kg=<2”2j %) AN X, (@) = sin 2 e e

WS AERT T(t) 1 ODE: T"(t) +a®\,T(t) = 0, 153

2n+1 2n+1

T,(t) = A, cos rat 4+ B,, sin 5 mTat.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 9
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oo 2 1 2 1
EHASE]: u(t,z) = >, <An cos - + wat + B,, sin nt

n=0 21 2l
RNVME S
+oo
2n+1
pu— A 1 pu—
u(0, ) Z% n S —— 72 0
"+OO( ) = A, =0n=0,1,2,---)
2n + 1)ma o 2n+1
u (0, x) = ; TBn sin —,—72 = @
21 X,
LT B, = X)) 012, Sl

(2n + V)ma || X, (x)]]?

l l
2 1 1 2 1 l
||Xn<x>||2:/sm2 nt mdm:/ L Ceos 2 Ve = L
0 2 0 2 l 2

K] HA S )
20 [r,X,(x)] 2 2 472 161

B 2n+ Dra || X, (2)]? ~ 2n+Vma | (2n+1)272 (=1 = (2n + 1)37T3a<_1)n

1612+ (=1 . (2n+1) o1
W ou(t,x) = 5 nZ::O Gt 1) - sin — —mat - sin — —mz, t>0,0<z<l.
1T X ) \
(2) % ult,z) = T(OX(2), B S0 = 20 i

a?T(t) X(x)

i Strum-Liouvilla 5EELA[41 A > 0, 4 A< k2 >0, 155 X(2) = Acoskz + Bsin kx.

i X(0)= A =0, I X(z) = Bsinka: i X(I) = Bsinkl = 0, FCREIEZMN B £0,
Wkl =nm,n=12---

HUIEATE =2 = (O0) " BAHEECH X(r) =sin 70 n e N,

BEIEARSET T(1) 10 ODE: T'(£) + a®A\T(t) = 0, f38] T(t) = e~ @Mt = o~ (9%,

+00
BNUEF]: u(t,z) = 3 Cpe (7% sm”lﬂ.
n=1

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 10
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RNIMESEA: w(0,2) = 7 Cysin —— = 2(l — ).
[z(l — z), Xu(z)]

. AR Cn: 2071727"' 9;5\:
AT BRI I
: 1 2 l
|| X (2)|]” = / sin? T 4y = / “(1—cos T ) dr = -
0 l 0 2 [ 2
: nwx !
[z(l — x), X, (z)] = / x(l — x)sin de = / (tsinnat — t* sinnt) dt
0 0
Hrp
! ~1 /! 1 oo 1
/ tsinnrtdt = — [ td(cosnnt) = — —tcosnwt| + —/ cosnrtdt = ——(—1)"
0 nm Jo nmw o T Jo nm
1 -1 1
/ t*sinnmtdt = — [ t*d(cosnnt)
nm
0 1 L 0 1
= — —t*cosnmt| + —/ 2t cos nmtdt
nw o T Jo
1 1
= E(—l)" + (n)? /0 td(sin nmt)
1 . , L R
= — E(—l) + Wzﬁ sin nt ) — W/o sin ntdt
1 2 '
- (—1)" t
mT( )"+ () cos nw 0
1 2
- (1) )1
1) o [ - 1
A A 2]
812
[zl —2), X, (x)] 2 2 . 47> . —— ., n=2k+1
Cn= || X0 ()] 2 :j.n?’ﬂ?"[l_(_l) ]:n37r3.[1_(_1> J=qm
2 oo 1 12 2 1
54 u(t,x):8l e~ (T’ gip kot mr, t>0,0<z <l

™2 Rk+ 13
1T 2hT'(t)  X"(x)

(3) % ult.x) = TOX(@), HEERS: 5700+ 570 = Yo

{ELIRJ 8L

— A, BEIEE

1 Strum-Liouvilla SEHAH A >0, & A& k2 >0, 123 X(z) = Acoskx + Bsinkz.

11 X(0) = A= 0, Bt X(x) = Bsinke: 1 X(I) = Bsinkl = 0, GoREERAN B £ 0.
Wkl =nm,n=12---

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 11
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nnw

FHULFE AR A, = k2 = (”f) . EAEHCH Xo(z) = SmT neN,.
b BT T () g ODE: T"(t) + 2hT'(t) + a®\,T(t) = 0, /\tp 0<h< TCL HASAETT

FEA K2 420k + (M79)? = 0, FEVEHFR k1o = —h+14/(279)% — A2, W0 w, = /(%F%)? — A2,
g3 T,(t) = e ht(A Coswt+B sin wt).
SRR u(t,z) = Z e "M(A, coswt + By, sinwt) s1n#
n=1
RIS u(0.2) = 3 A,sin ™7 = olo), ELFHCH

I
A, = L), Xn(@)] _ 2/0 @(x) sin LR

I Xn(0)]]? 1 !
+o00
Su(0,2) = 3 (wa By — hA,) sin Zﬂ’ = (). 195
n=1
[0(2), Xo(2)] / s
wpB, — hA, = (x)sin —da;
HX H2
hA . onmx

Kt B, + w_ fo ) sin de

B u(t, z) = Z ht(Ancoswt—I—aninwt)sinn—?lTCE,t>0,0<x<l, Hrp

2 [ _hA, 2
= () An:—/0@< 7)sin “-da, B, = R ¢( o) sin T dr.

l

(4) 4 u(t,z) = T(H)X (x), 4V i?ff; - );(ﬂf)) = . B A

X'(0) =0, X'(I) + hX(1) =0

i Strum-Liouvilla R H A > 0, & A 2 5 0, 538 X(z) = Acoskzx + Bsinkzx.

H X'(0)=kB=0= B=0, Ith X(z)= Acoskz;
Mt X'(1) +hX(l) = —kAsinkl + hAcoskl = 0 = AVh? + k? Sin(arctan b kI), #kis

JEEMN] AVRh2 + k2 #0, %k, l—arctan— =nm = tank, l— Ln=12-
.ﬁt.ﬁ/fﬁjj )\ —k k {W‘j/% kntanknl—h’ .7@1_@517'7 Xn( ):COSknfEaHEN—i—'

b T T(t) 1Y ODE T"(t) + a*N\,T(t) =0, 153 T,,(t) = A, cos k,at + B, sin k,at.
EhISE]: u(t,z) = Z(A cos kpat + B, sin k at) cos k.
n=1
12

REFTE, MM LE USTC S, ZEIEAERDILE(EH]
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X 5=
RNHME AT N
u(0,x) = ZAn cos kp,x = p(x)
n=1
+
= kqaB, cosk,x = ()
n=1
A2, z
[o(z), Xn(2)] 1 /
A, = = o(x) cos kpyxdr,n € N
1Xn()[[2 [ cos knzl[* Jo ’
1 [y(x), Xn(2)] /Z
B, — _ kpadz,n € N
b X @IE  Fnal[cos byl J V1) cosharden € Ny
/\EFI
: "1 o1
|| X (2)||? = / cos? kpzdr = / (14 cos2k,z)dr = = 5t — sin 2kl
0 0 2 4k,
1 n 1 sinkplcosk,l 1 N 1 tank‘nl
2 2k, sin?k,l+cos?k,l 2 2k, tan®k,l+1
R S B
2 2k, h2+E2 2 2(h2+k2)
+00
W u(t,x) = > (ancos kyat + by, sin kyat) cos kpz,t > 0,0 < z < LHAL N, = k2 (n =
n=1
1727 te )7kn 7\% knta‘nknl =h EqiEij:E: E—
x) cos kpxdzx, B, /w ) cos kpade, | X,|* = l h
A, narde, _ zdz, = —_—.
||X " ok allX " EICEYD

(5) FIENAEIR N iZ32 8 T FRRYIafME A u(r,0) = Co + Jio r8(Cy cos kf + Dy sinkf),r < a.
k=1
AWISUETS- S

f(0) =u.(a,8) — hu(a,0)

= ka*=! (Cy cos kO + Dy sin k6) —
)

+o00

hCo+ h Z ak (Ck cos kf 4+ Dy sin k)

“+o00
=—hCo+ Y (k= ha)a*"! (Cycoskf + Dy sin ko)
k=1
e 2 271 + cos 2k6
||cosk:0||2:/ cos® k9d9:/ ng:ﬁ’ ke Ny;
0 0
27 2T 1— 2
|| sin k6||? = / sin? kOd = / %kede =, keN,.
0 0

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 13
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( 1 2
%—7%Afmw
1 2w
= Ck - (/{ak*1 _ hCLk)W ; f(e) Ccos kﬁde, ke N+
1 27
D, = .
\ k (kab=1 — ha®) 7 J, f(0)sinkfdd, ke N,

+o00
A AR MR u(r, 0) = Co + > r*(Crcoskf + Dy sinkf),r < a, REUW AR,
k=1

R, Y4 f(G)zcoszezé—i—%cosZ@ B, A

11 - _
5 T gcos 20 = —hCo + ;(k‘ — ha)a*~! (Cy cos kO + Dy sin k@)
1 1 1 72 cos 20

B3] Cy= -\ Oy = L EAN 0. [HTTL u(r,0) = — 4 520
538 Cy ,Cy H40 0. A, u(r,0) o + 20 (2 = ha)

2 2a(2 — ha) R

+o0o
(6) FTAIERAI%IE R BN u(r,0) = Cot Dolur+ 3 (Cr® -+ Dyr=)(Ay cos k+
k=1
By sinkf), a <r <b.

HNBFEAE, 15
( +o0

u(a,0) =Co+ Dylna + Z (Cra® + Dypa™) (Ay cos k0 + By sinkf) = 1
k=1

u(b,0) = co+ Dolnb+ Z (C’kbk + Dkb_k) (Aj cos k@ + By sinkf) =0
k=1

\ =

(C, =Dy =0,k >0 Ch:—Jﬂﬂ_
:>< CQ+D01na:1 = lﬂb_—llna
(Co+ Dol =0 D= b=t
Inb—1
RIEE): u(r,0) = 20Ty
Inb—Ina

R R Q" def
— = =\
©

(7) 4P, 4 u(r,0) = R(r)O(0), 45 r*— +r4 =
P A5 281 P A (B ) A

0" (0) + AO() = 0
0(0) = O(a) =0

i Strum-Liouvilla ZHER]EI A > 0, 0% A def 2 S 0, N ©(f) = Acoskf+ Bsinkf, 0 <
0 < «.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 14
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H ©(0) = A =0, 18%] ©() = Bsinké;  ©(a) = Bsinka = 0, #CRIEEMN B # 0, #F
nm

Lo ="T =12 EEAEY A= () EAEEEO) 0,(6) =sn "7 n e N,.

2
AN, FKTRMFSEE] Buler JiFE: r2R(r) +rR/(r) + ( 5) R0 = 0. i Ra(r) =
Cora +Dyr—a.
H IS 28R u(r,0) = > (Cura + Dyr~ e ) sin —
n=1
RNDLF S5

lu(0, 0)]<—|—oo =D, =0,neN,

ZC a'e sinn—ﬁ:f(H)

e L 10.6,0)
ARG = el

ne Ny, Hr

ol
o il a1l —cos Y a
10.(0)]1 :/ sin? d0_/ oy

:/ f(6) s1nn—7T9d9
0

2 o, . nmd )
Bl Co = — [ f(ﬁ)sm%de,nel\hr, s

2 X s\ . nwé . nml
u(r,@)—a;<a) /0 f(f’)sde{’smT, r<a0<60<o.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 15
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6 K Poss Tg

Ko 20 W AIRT, W S a8k, A B anIE

oo {i (jo 1] < A<1)
0 (Hmw),

R (e, ) Bt - oo ITAIHRSL 324 A — 0 B, SREGHIRI{T?
Sol:
FI D B AR

(ut:a2um, t>0,0<xz<?2l

< ug(t,0) = u,(t,20) =0

Lo lr—l <A<l
u(0,2) = p() =4 22 !
0, HiWe

17t X" ‘
& ultyn) = TOX (), st 5 = 200 — -, @RIEA

\

2"+ xx =0
X'(0) = X'(20) = 0

1 Strum Liouvilla, FEATAT A > 0, 24 A — 0 I/EFIEA AT Xo() = 1; % A > 0
i, 4 A k2 >0, 85 X(2) = Acoskz + Bsinkz, k # 0.
H X'(0) = kB =0, A X(2) = Asinkz; B X'(2) = —kAsin 2kl = 0, FCRIGIEEM
N kB #0, % 2k, =nm,n=1,2,--
. 9 nm\ 2 . nw
FULEAEN A= k2 = (57)  EAHREY X () = cos = -n €N.

WIS RS T T(t) (5 ODE: T'(t) + a?A,T(t) = 0, 183 T,(t) = Cpe™ (5% n € N,
+o0

BINHE]: u(t,a) = 3 Coe”CF)" cos =

n=0

C s Foo nmwx
FABIMES AR u(0,2) = 5 Cooos 25 = (o).
n=0
A2,
o Oglga(:c)dx 124 1
0 [P1ode 2 2420
2l nmwx
. J, cos 790(@(135 1 /H-A 1 y
- = —-cos ——dx
fOQl cos2 %dx I Ji_a 2A 21
_ ! sin nr(l+4) sin el = A)) 2 sin nrd cos — neN
nmA 21 21 ~ Anm 21 2’ "

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 16
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[

(t ) ]_ + ]_ f 2 . TL7TA 2 _ %)Qt nmtx
Uu Tr) = — vy — Sin cosnmz - e - COS ——
U2 gAenT 2 20

1 1 &1 kA ra k
:2_Z+W_A;E8m 7; coslmre_(kT)%-cos%x

1 1 R (—1)k . k'T('A kﬂ'a)Qt

= =+ — sin e

20 wA k [

~cosk%x, t>0,0<z<?2.

T A—=0f&t— +oo, BT u(t,r) € C?, H Dirichlet YSUEF I A1 H Fourier 24—
Bk, Ao

1 1 X (=1)F | krA kway2 kmx
; e T ; ; (5797t . bt
tLlanoo u(t, x) TR i sin — LLIE]OO@ l ] cos —
1
2
lim u(t, z) — 1 +§ 1 krA] (—=1)F ~(kmayey krx
lim u(t,z) = o 2 lim — sin — PR cos —
1 1 & kma kﬂ'l’

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 17
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7 i%zii P253 T7

i B RE i )

.
up = a*Asu

(1) 4 ul,—p = 0,u(t, 0)HIR,

\ u|t=0 - f(?“);
e RIBRAIER, AERA A u = u(t.r)
?‘%2 =a %(t>0 0<z<l)

u(0,2) = x(l — x),u(0,z) =0,
u(t,0) = u(t,l) =0,
Uz (t,0) = ugy(t,1) =

(2)

Sol:

ou 10 du
(1) FEBERALTR R T I 120 S G 29 ( 25)
T'(t) 11 y def
) 2R -

SEAR R, A ut,r) = TR, 5E
i AT [ A )
(r’R'Y +M?R =0
|R(0)| < 400, R(r) =0

i Strum-Liouville 2FEA[ A A > 0, 4 R(r) = @’ 0 R(r) = v'(r) _u(r) r?R/(r) =

2 7
rv'(r) — o(r), (PR (r)) = r?"(r). " "
I, ZEFFRAA ' (r) +  (r), & X=k*>0,k#0, | v(r) = Acoskr + Bsinkr.
H 0(0) = rR(r)|,—o = A =0, £3%] v(r) = Bsinkr; i v(R) = BsinkR, HCRIEZMM

H kR =nm, E&k:%nzl,z

RitsIE Ay A= (2 @ﬁ@ﬁcﬂwuzlm%,nem

r

BT T(E) 5 ODE: T/(8) + AT(t) = 0 193] To(t) — G
1 nmwr

+00
SHIMSE]: u(t,r) = Z Ce (R Ssin— 1> 0,7 > 0.

nmr

RNPMEZA: uw(0,2) = ZO —sin?:f(r).
2 5 7 R R M ULy p( )=, N

1 ! R
||—s1nw||2:/0 r? (;Sm%) drzE;
1
J), osin =] o
= Cn=—7 rmﬂﬁR =z tf(t)sin —dt
I sin —|1” ’

KRR, A3 L USTC ShW, ZEIEAVER A A 18
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RS w(t,r) = T <f0R tf(t)sin n%dt) cem R’ gin %,t > 0,7 > 0.

n=1

" @)
(2) 4B 4 ultr) = T(HOX (), 8 20 XT@) aer

2Tl X(z)
figg AT T (B A -

A.

{X(4)(a?) +AX(z)=0
X(0) = X(1) = X"(0) = X"(I) = 0

BT [IAX%de = — [ XD Xde = — [} XdX® = [ XO) X'de = [} X'dX" = — [(X")2dz <
0, Bl A [ X2de <0, T [, X2dz >0, HUf A <O0.

HA=0/, X(z) = Az + B, HLASZHNEG A= B =0, B2FM, K <0, &
—w!, IXRRRFE T FRAFAE 4 DMRHIEIR . Ko = dw, kgy = Fiw

U RT3 2] y(x) = Cre*® 4+ Cae " 4 C3 coswr + Cysinwe.

RNHFZEAE y(0) = y(1) = y"(0) = y"(1) = 0, 7 HFF2] -

def
A =

Ci+Cy+C3=0, C;+Cy—C3=0
Cre¥t + Che ! + O coswl + Cysinwl =0
Cre! + Che ™! — Cycoswl — Cysinwl = 0
15 C,=Cy=C3 =0, Cysinwl =0
FrWCRAERM, HA Ca#0, Bt sinwl =0 = wl=nr = w="" n=12,--
FUL AR BIEAEN Ay = — (20)", EARECN yo(r) = sin ™2 n € N,.
B ARET T(t) 19 ODE: T'(t) + a?AT(t) = 0, {3%] T,(t) = A, cosh {(”—”

l)at} +

nwx
SiIlT, t>0,0<x<

nm

B, sinh [(”l”) at} .

BER:u(t, z) = Jri‘ol A, cosh [(nl_7r> at} + B, sinh [(nl—ﬂ> at} }

WNILIEE SR
-~ nwx
u(0, z) ZAn sin — = z(l — z)
" = B,=0n=1,2--)
nmy\ 2 nmw
u (0, 2) = ; (T) aB, sin —— = 0
s o= ), Xa(a) "
[/J\‘F_I:I_‘ﬁ ATL - ||Xn(l‘)H2 ) n 1727 H /\EFI
!
|| X (2)|]” = / sin? T 4y = / 1 (1 — o8 ang) dz = !

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 19
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: nmx !
[x(l —x), X, (z)] = / z(l — ) sin Tdaz = / (tsinnrt — t* sinnrt) dt
0 0
st

1 1
1 1
+ —/ cosnmtdt = ——(—1)"
0

1 1
—1 1

/ tsinnmtdt = — [ td(cosnnt) = — —t cosnmt

0 0 nm nm

nm J, nm

1 1
—1
/ t*sinnmtdt = — [ t*d(cosnnt)
0 nm Jo
1

1, 1!
= — —t cosnnt| +— [ 2tcosnmtdt

nmw nm Jo

1 0 !
=——(=1)" td(si t

mr( )"+ (mr)2/0 (sinnmt)

1 o2
= — —(—1)" tsinnmt| — in nartdt

mr( ) () sinnw Ty /0 sinnw

1 1
=——(-1)"+ cosnmt

nm (nm)3 0

1 2
- (1) )1

N e SV

A AT 2
812
z(l —xz), X, ()] 2 2P \ 412 N —— ,n=2k+1
e o A A= S S A hbeee=Rl il il Al R
" 0 ,n=2k(keN)
[% t0 1 2k +1
E&U(t,l'):i—meCOSh[(?)af]Sln l_‘_ 7T£C,t>0,0<$<l.

k=0
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8 AR Pysy Ty
—A2N a WREETE A, LR R _ERIR AR u(a,0) =T0(r —0), MEALAR L
I B 2, AR T 2, 3sCSRMR A ) A T JEE 401
Sol:
REEASE v =u(r,0), 153 E MR

u(a,d) =TO(m —0)
u(a,0) =u(a,m) =0

RII R/ @ll o
SRR 4 u(r6) = R(r)O), 8] 5 trg = 5 & C N, LA A

0" (0) + O(0) =
0(0) = O(r) = 0

def

i Strum-Liouville FEFER]H1 A > 0, A4 A= k%2 > 0, 53] 0(0) = Acosk+Bsinkf, k #

H ©'(0) = A=0, lthf ©(0) = Bsinkf; ff ©O(r) = Bsinkr = 0, CRISFIEFMN] B # 0,

Wk, =nm,n=12,---
FILEAER Ny = k2 =n?, EFERECH ©,(0) =sinnd,n € N,.
BE)J5 R T R(r) i) ODE: r2R"(r)+rR'(r)+ A\ R(r) = 0, 158 R,(r) = C,r"+D,r~",n €

+oo

ZHSE]: u(t,z) = > (Cpr™ + Dypr~™) sinnb.
n=1
RNBFFAT
|u(0,0)] < +00 = D, =0,n € N}
+oo
= Z Cpa"sinng =T6(r — 0)

n=1
> NI _ i . [T9<7T_0)7@n(9)] _ =
LT3 Cn=— .0 n=12---, Hrf

o]

™ ™ 1
110,.(0)|]* = /0 sin® nfdf = /0 3 (1 —cos2n6)df =

T 1
[TO(m —6),0,(0)] = / TO(m — 6)sinnfdb = 7r3T/ (tsinnt — t* sinnt) dt
0 0

Hrp
! ~1 [ 1 oot 1
/ tsinnrtdt = — [ td(cosnwt) = — —tcosnmt| + —/ cosnrtdt = ——(—1)"
0 nm Jo nm 0 nm Jjo nim
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1 1
—1
/ t*sinnmtdt = — [ t*d(cosnnt)
0 nm Jo
1

1 I

= — — {2cosnrt + —/ 2t cos nmtdt
nm o N /o
1

w2t
=— —(-1) +(n7r)2/0 td(sin nrt)

nm
1 9 L
— sin nmtdi
0

o (nm)?

= — E<_1)n -+ Wt sinnmt

cosnmt

0

[(=1)" = 1]

A A2

[T6(r = 0),0,(0)]
ar ICAGIIE

T -

T
AT S okt
— 1= (=1)"] = { wnian
0 ,n=2k(keN)

20

Hour o) = Ly "N sin(2k +1)6, ¢ > 0.0 0<6
uf(r, )—?;m(a> -sin(2k+1)0, t > 0,0 <r <a,0 <0 <.

REFTE, MM LE USTC S, ZEIEAERDILE(EH] 22



2021SP 3 FE B 03 YL g (N e g XJefs 52

9 RAK Pysy Ty
;‘Rﬁﬁljﬁ Upge — Uy = 0 jﬁ/@%/ﬁ:

lim wu(z,y) =0

r——+00

T w(z,y) = X(2)Y(y), B vee = X" (@)Y (y) = uy = X(2)Y'(y), 155

X" (x) _ Y'(y) _def
X(z)  Y(y)

Heal 1525 X(x) f1 Y(y) F9P4 ODE:

X"(x)+kX(x)=0, Y(y)+kY(y) =0

K Y (y) = Coe v,

27 k<0, N X(z) = Acosv/—kx+ Bsinv/—kx, BIA L Igrlloou(x,y) =0; &4 k=0,
MW X (2) = A+ B, BAUARL lim ulz,y) =0, Bk >0, {35 X(z) = Cre vk 4 CheVhe,

T lim ue,y) =0, H lim X(x) =0, Bk G2 =0,X(z) = CreVke

FFLMEE] u(z,y) = X ()Y (y) = Ce VEh | b k>0, C REZHEL
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10 R Pasy Tio
(= a?u,,
(1) € u(t,0) = ug, uy(t,1) =0
[ u(0,7) = p(x)
( ;= auy,
2) { u(t,0) = 0,u(t,l) = —%
u(0, ) = ug
#Zk l1m u(t x);
( 82u ,ou Cor
@ — CL E + A 2 = 0
(3) 9 u(t,0) = u(t,l) =0
L u(0,2) =Tp
[ uy = a®uy, + bsinhz
(4) ¢ u(t,0)=u(t1)=0
[ u(0,2) = uw(0,2) =0
( Ut = Ugy +g(g ?’\Jﬁ%ﬁ(),
(5) ¢ u(t,0) =0,u.(t,l) = E(E AHE),
| u(0,2) = Ex,u(0,2) = 0;
FEn: JosR—Mi e E T AL AR E v(z), 58 u(t,z) = w(t, z) +v(z).]
) | Bau= kb o) ab iR < )
u(R,0) = c(c MEED).
Sol:
(1) % u(t,z) = v(t,x) + ug, M v(t,x) WiL:
U = 02Uy
v(t,0) = v, (t,1) =0
0(0,2) = () — uy
T X" . X
SRR 4 olt0) = TOX(). 88 57 = 0 S R
X"(z)+ X(z) =0
X0)=X(1)=0
H1 Strum-Liouville ZZHIA 1 A > 0, 774 A € k2 > 0,753 X(x) = Acoskx+Bsinkz, k #
0.
H X(0) = A =0, i X(z) = Bsinkf; i X'(I) = kBcoskl = 0, FCRISIEZMN
kB #0, #k, = EEUT 010

REFTE, MM LE USTC S, ZEIEAERDILE(EH]
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2n+1 on+1

A LA Anzkzz( . w) | BBy X, (2) = sin

mx,n € Nj.

o 2 1
&t z) =Y T,(t)sin nQ—ZF .
n=0
2n+1

b5 R CT T(t) 19 ODE: T'(t) 4+ a?XT(t) = 0, {85 T,(t) = e @Mt = e~ (5@’ p e N,

. too 2n4+1 \2 2 ]_
BIEE]: o(t,z) =) Ce 5% gin HQ—; .
n=0
S > " Too . 2n—|—1
ROBIES P 0(0,2) = 3 Cosin TS = () — uo,
n=0
B2 FREN
2 1
[o(x) — ug, sin n2—l|— ]
T
i
o
2 [ 2n + 1
= —/ (p(z) — up) sin nt rrdr
L Jo 21
2/l (z)si 2n+1 d 4y
= — 1n Y
1), 20 YT it
&)

(2) 4 ult,2) = v(t,2) = L. I o(t,2) WL

Uy = A%V
v(t,0) = v, (t,1) =0

v(0,2) = up + %x
1T'(t)  X"(z)

def 71N S g
AT - X)) = A, FELA AR R

X"(x)+ X(z)=0
X(0)=X'(l)=0

iy Strum-Liouville ZEFER]EI A > 0, A] 4 A el 2 5 0,785 X(z) = Acoskx+Bsinkzx, k #
H X(0) =A=0, Wl X(z) = Bsinkf:; i X'(I) = kBcoskl = 0, #RIGIEZ MM

kB 40, Wk, = ";; mon=01,2, -
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2n+1
21

AEAEN A = ki = (

+0oo
EMRE]: v(t,z) = > Che 7o

sin 5] T
n=0
S S " oo . 2n + ]_
ARG A5 v(0,2) = 3 Cysin 5 T = Uo + %5[;
n=0
L ZE -
2 1
[ + %x, sin n2—lk ]
Cn = Con+1
|| sin 57 x|
2 [ 1
= 7/ (uo + Ex) sin 5 maxdr
0
/\EFI
/l 2nt1_ 21 m+1 | 9
Sin rar = — 0S T
0 T (2n +1) o " T @t )
/szin2n+1mzdx— — x0082n+17rxl 21 l0082n+17m;dx
21 (D 21 @2n + D) 2
0 0
A2 om+1_ |
= sin nt T
(2n + 1)272 21 0
472
(2n + 1)%72 (=1)
21 2q 412 Qg 8¢l

(—1)".

s v 2Uo n

\ q 8ql el v2, . 2n 41 .
Aok t -2 —1)" (F5-a)*t =]
WA u(t, x) k:r:—i— § [(271 T + k2n 1)27r2( ) ]e i sin ——e, 5
. q
[ —=
2 thin u(t, ) Rz

(3) JooRAEXS R Y 75 UK )7

AUy = Uy
u(t,0) = u(t,l) =0

T/(t) X”(l’) def

T = X(o) v RN R

AEAELE: 4 u(te) = T(H)X (x, 135 o
X"(x) + X(z) =0
X0)=X({)=0

def

i1 Strum-Liouville FEFERTHI A > 0, ]S X\ = k? > 0,153 X (z) = Acoskx+Bsinkz, k #
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2021SP 3 FE B 03 YL g (N e g XJefs 52

0.

H X(0) = A=0, I X () = Bsinkf; i X(I) = Bsinkl = 0, HCREFIEZMM B # 0,
Eﬁ kn:$> n:1727"'

HH AN A = k2 = ( ) EIATBECH X, () = sin 20 € N,

Wu(t,r) = Z C,T,(t) sin @

nmwx T

% f(z) = Ae~2 = ansm— T, = z‘” tasin 7 MRIFRECNY:

2 (1 . . nmw 2nmA n ol
fn = /0 Ae sin Tdﬂ? m[l — (—1) (& ]

2 [ 2T,
t, = / To sin ?dl‘ = 01— (—=1)"]
0

1 nm
RN 1
<= nmwx e - nmwx
2 / . T . ' Sl . [aied
a ZT”( ) sin ZT ( ) sin— —|—;fnsm l
_nmr <X o
ZT sm— = tn smT
n=1
XF AR B
, nm\ 2
AT+ () Tul®) = fu
T,(0) =t,
ESligCEE
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(4) SEsRARR A5 VI

Uy = azuxm
u(t,0) =u(t,l) =0

LT'(1)  X(x)
ST X(a)

{X”(a:) + X(x)=0

SRR S oultr) =TH)X (v, 1535 — N, LA G 1

X(0) = X(I) = 0

i Strum-Liouville SZFFER[EI A > 0, °A] 4 \ defp2 o 0,153 X(x) = Acoskz+Bsinkx, k #

0.

H X(0) = A= 0, it X (2) = Bsinkf; i X (1) = Bsinkl = 0, §OR{EIEEHN B A0,
i knzg, n=12"

HUEEATE A= = (O0) " BAHEECH X(r) = sin 70 n e N,

% u(t,z) = z T,,(¢) sin ”lﬂ

nmwx T

4 f(x) = bsinhx = ansmT To = Zt sm%, ) T 250 -

nmwx

2b
fn= —/ bsinh z sin —dxz
L Jo [

20 [ nwx |l ! nmw nmwT
= — |coshzsin —| — cosh x - T cos de
0 0

o [ !
_ 2 cos nre d sinh LI;|
L Jo [

r I 2 rl
= 2—b _nr cos nrr sinhx’ — (@> / sinh z sin @dx
I 1 l 0 [ 0 l

2b 1 nmw n
20 (%
= f,=—- 1)"*sinh!

+o0 +oo
; T"(#) sin —”m — Z T (”m> sin —mlm +3 " fusin —”7;‘75
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X HE AR B

ISAGEE

2 2
mTM@:BW*QLJ RIO,%ﬂE%=—<JL>ijﬁﬂmy:TE%%:o,@

nma

B A, =0, FrLMEAN:

+00 2
l nmat nmwx
ta) = — ) fu(1- G
u(t, ) ; <n7ra> f ( cos — )sm l
+o00 2 nm
2 na
= <L> 2 LQ - (=1)"*'sinh <1 — Cos mrat) sin
~\nma) | 14 (%) [ [
2i%sinhl <= (—1)"*+ nrat\ . nwr
T Z n(l? + n’n?) (1 B ) T

(5) % u(t,z) =v(t,x) + g, W v(t,z) FHL:

Vit = VUge + 0
v(t,0) = v,(t,1) =0
v(0,2) = v(0,2) =0

T'(t)  X"(x) aer . -
ﬂw_ﬁw@—-A’%uT@ﬁ@@@.

IR A o(tn) = T(H)X (2), 155

{X”(:r) +X(x)=0
X(0)=X'"(1)=0

iy Strum-Liouville Z2H#EA]HT A > 0, A] 4> A def

k* > 0,153 X(z) = Acoskx+Bsinkx, k #
B X(0) = A =0, IWEf X(2) = Bsinkf; i X'(I) = kBcoskl = 0, #HCRISAEZMN

kB 40, éﬁzkn:w, n=0,1,2--

ﬂ%ﬁﬁ@ﬁAfﬁﬁ:< o + 1

21

2n+1
21

mr,n € Ny.

w),ﬁﬁ@ﬁ%xumzmn
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pUPSER
oo 2 1
wo(t,x) =Y C,T,(t)sin n;l— X,
n=0
o 2n+1 s
2 g= > gnsin TR IVESEES Sk
n=0
2 /l g 2n + 1 d 4g
= = in radr =
I =7 ), T Ty 2n + )7
RN A -
+oo +00 2 400
2 1 2 1 2 1 2 1
nZ:OT,;’(t) sin n2—li_ T+ nZ_OTn(t) ( n2—ll- 7r> sin n2—li- T = nz_ogn sin n2-ll- T
+o0 +oo
2 1 2 1
;T/L(O) sin nQ—; T = ;Tn(()) sin n;; mx =0
X E R E S -
m+1 \°
1)+ (5 ) Tlt) = on
21
T,(0) = T,(0) = 0
S CEEE
2n + 1 2n + 1 41%g,,
T.(t) = A, t+ B, si t
(t) cos —r—mt + By sin — —mt + n + 1277
41%¢ 41%¢ 2n +1
T,00)=A,+—— =0, 8% A, = ——-—; HHT(0) = ‘B, =0,
T (0) T onr e 3% ony g M0 ===
38 B, =0, PrLif53]:
+oo
41%g,, 2n+1 o 2n+1
U(t,iﬁ) = nz% m <1 — COS 9l 7Tt> S ol ™
16912 <X 1 on + 1 C2n+1
= 3 ;0 @n+ 1) 1 — cos 51 7t | sin 51 T
A, AT -
169> <X 1 on + 1 2n + 1
u(t,z) =v(t,x) + Ex = Ex + ng ; I (1 — o8 n;l— 7rt> sin n;l— .

0? 0? JR .
(6) T Agu = a—;; n a—;j FFLATT LARIZE 7 T KA R (XKD -
uy = 2 (® +y*) + b (z* —yh) = 24 ir"‘ cos 26
4 12 4 12
LT, T USTC AN, A5 - (R (6
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VEAsHa: u=v+u =V + Zr% %r”‘cos%), A -

{AwQQMﬁﬁﬁw<m

{175 Laplace JrRUAE B PIRT—RASL, TTiR

v(r,0) = Ay + f: (%)n (A, cosnb + By, sinnf)
n=1

R AT

- b
v|,_p = Ao+ Z (A, cosnb + B, sinnf) = C — %RQ — ER4 cos 26

n=1

N o NAYs b N NESEAS
ﬁtﬁttﬁk%ﬁ{%iu AO =C — %R27 AZ = _ER47 :/H\:%E/\J Anan %ﬂgj‘j 0’ ﬁ‘)ﬁé U<Ta 9) =

C— ZRQ — 1—bQR27"2 cos 20, 5157 :

u(r,0) =v(r,0) +u, =C+ Z (r* — R?) + 1—l)2r2 (r* — R?) cos 26
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11 U Pyss Ty
TETFHIRMT, KINE a <r <b NIHATTHE Aou=A (A HFEED WMt

(Du(a,d) = uy,u(b,0) =
ou(b, 0)
on

uy (ug, ug M HEY);

= Uy .

(2)u(a, ) = uy,

Sol:
HTIAREHAE 0, ATH: w=u(r), H52

Agu = u"(r) + 11/(7“) =A
r

= (ru'(r)) = Ar

A
= ru'(r) = 57"2 +

A O
/ - —_— —
= u'(r) = 2r+ .
A
=>u(r):Z7“2+Cllnr+C'2, a<r<b

(1) NI F 2

( A
A Uy —U2+Z(62—a2)
Ulpeq = —a* +CrIna+ Cy = uy C, =
4 Ina—1Inb
A = A
Ulpep = Zb2 +CiInb+ Cy = uy A Uy — sy + Z<b2 —a?)
Co=uy— —b* — Inb
\ 4 Ina—1Inb
A
A up — uy + —(b* — a?)
RIS 2N AE AT u(r, 0) = ug + Z(?‘Q —b?) + e —41nb -(Inr —1Inbd), a <r <b.

(2) NI FE TR

A A
U|r:a = ZCIQ + Ol Ina -+ Cg = Uz Cl = Ugb — 552
=
A C A A
u/|r:b = Eb —+ Tl = U3 CQ = Uy — Za2 — (Ugb — 552) Ina

A Ab
AN ulr,6) = u + 502 a?) + b (W _ 7) il a<r <
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12 A Poss Tho

i AT X3k A FO R o ] A

(Aou= f(z,y) (0<z<a,0<y<b)

(1)q w0, y) = p1(y), ula, y) = wa(y)

\U(I, O) = ¢1(=’L")a u(x, b) = 77Z}2(x)

Fen: Jesk— R LD RS HHS REL Ax + B, 85 REA R T 2K 7]
(wy =a®Aou (t>0,0<z<1,0<y<ly),

(2)< u|x:0 - u|m:ll - u|y:0 = u|y:l2 = O’
ulyzo = Azy (i — ) (2 — y) .
\ utlt:() - 0’

(= a*Dgu (t > 0,0 <7< 15,0 <y<ly)
(3)¢ ul,_y = ul 0,

. u|t:0 = go(x, y)

= u|y:0 = ul

ac:ll y:lz =

Sol:
(1) @5, WEELERET » MR MR = oi(y) + 220 AW,
JJ:EHTJ" ia U(Z’,y) = U + U(l’,y), ﬁ%ﬂ ’U(:I;’y) ﬁ&

(

) ©3(y) — ¢iy)

Ugg T Uyy = f(l‘, y) | 90111<y T

v(0,y) = v(a,y) =0
) v(x,0) = Y1(x) — 1(0) — Mﬁ

o(a,b) = ta(a) — gy () — L2 =210,

\ a

FESR AR R 7K [

{vm + Uy =0
v(0,y) = v(a,y) =0

X”(t) _ Y”(y)
X(1) Y(y)

DEAE: L v(r,y) = X(@)Y(y), 53]

X"(x)+ XX (x) =0
X(0)=X(a)=0

def

X, R A

i Strum-Liouville FFFERT I A > 0, 7] A = k? > 0,153 X (z) = Acoskx+Bsinkz, k #

0.

H X(0) = A =0, I X(z) = Bsinkz: i X(a) = Bsinka = 0, ARIFIEZMEN

B#0, k=" n=1,2,-
a

REFTE, MM LE USTC S, ZEIEAERDILE(EH]
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2021SP #uHJ5## B 03 ¥f 55— B SRS
RN M= k2 = ("), BEEECH Xo() =sin ™" n € N.
(o) = 55 aly)sin 22, fay) - () - LU AW, 5 g M
n=1
o - %/0 lf( g — o) — W) = . %(y)x] sm%dx
RN R
[ S{C PRPRICNG S PRLE S
n=0
+oo
{ ;fn(o) Sin@ — 1 (z) — 1(0) 2(0) ; ¢1(0)
+oo
| > h(0) sin T~ () — a (8) — 220 - #1(0)
X H RS
= () 5t =2 [ 1) = st - DA iy M
10 =2 [ into) = o) - 200,y 27,
: 2(b) —i(b) ]
PR 755 :

u(z,y) = ¢1(y) + P2(y) +an sm@,
et £, (y) i [(DJODE Mt .

(2) B A ult,z,y) = TO)X (2)Y (y), 155
LT"(t)  Y'(y) _ X"(t) qor

ETw) Yy X
1T YY)
2T T T Yy

T2 LAR B [ A ) -

{X”(m) +AX(z) =0 {Y”(y) +AY(y) =0
X(0)=X(l,)=0

REFTE, MM LE USTC S, ZEIEAERDILE(EH]
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H Strum-Liouville EFERIHT A, > 0, A4 A 2 S 0, 53 X(z) = Acoskz +
Bsinkz, k # 0.
H X(0) = A =0, MH X(z) = Bsinkz; g X(l,) = Bsinkly = 0, #CRIGIEZMN

B #0, ﬁ_ﬁzknzré_w’ n=12---
1

2
T X (2) BIREETEN Ay = K2 — (””) . BAEHCY X,(0) = sin "™ n e N

1

[\S]

ST T V() WA o = (3 ECH Yaly) = sin T 0 € N,
BE)JEfi#oeT T(t) iy ODE: T"(t) + a*(\ + u) ( 0, 153 Tn(t) = Cppn coswpmpat +
D, sinwppat, m,n € N, Hf w,,, = \/( ©)% + ()2
ARG FAA
+o0 +o0 oy
u (0,2, y) = ;;wmnaDmnsm L smT—O:> Dy =0,m,n e N,
(0,7, y) f fc wsin P MY Apy (1 — ) (1 — y)
m=1 n=1 h by
ARRE Cn N

mmnx

L pls
Con = / Azy(ly — z)(ly — y) sin sin —dydx
l l2 ll l2

1 1
= 4AI%13 [/ x(1 — z)sin mwxdx] : [/ y(1 — y)sin nwydy]
0 0

/\EFI
1 -1 [t 1 ! 1 ! 1
/ zsinnrrdr = — [ td(cosnmzr) = — —zxcosnrx| + —/ cosnrrdr = ——(—1)"
0 nmw 0 nm o N7 Jo nm
1
—1
/ r?sinnrrdr = — [ 2*d(cosnmr)
0 nm Jo
Loy
=— —2%cosnmx| + —/ 2z cos nmrdx
nm 0 nm Jo
1 W2t
_ %(_1) (717)2/0 zd(sin nmr)
1.2 oot
=— —(-1)"+ —asinnrr| — 5 | sinnmzdz
nm (nm) o (nm)? ),
12 '
=——(-1)"+ 5 COSNTX
nm (nm) 0
1 2
= — — —]_ n _]- " — ]‘
) s 1 = ]
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A A 2]
_ 212 2 m 2 n] __ 16Al%lg m n
Cmn = 4Al1l2 . W[l - <_1) ] . (717'(')3 [1 - <_1) ] - m3n37r6 [1 - (_1> ][1 - <_1) ]
WAL u(t, 7,9) = 5% 5% o cos [ [+ ()Pa sin 7% sin "7 4 C,p
m=1n= 1 2

b prd

2T V() X0
17T'@)  _Y'(y)  der
2T T TV

i Strum-Liouville R A A\, > 0, A4 P = 58] X(z) = Acoskr +
Bsinkx, k # 0.
H X(0) = A =0, A X(2) = Bsinkz: t X(l,) = Bsinkly = 0, SCRAFIEZMN

B%O’ ﬁkn:rré—ﬂ-’ ’)’L:1727...
1

FUET X(2) EETEN A = k2 — (
2
FEEATTE, %F Y (y) MEGEY = (m) | FEATERECY Yaly) =sin Y n e N,
0

ly
s /%[@U Tmn(t) - €7a2(/\m+‘u")t =

b JE AR T T(t) i ODE: T'(t) + a®(A + p)T(t) =

67[<T—;>2+<7—;)2]a2t7m7 DEN
+m +m m7'r nw
EIFE: ult,z,y) = >0 > Cone [ o 2+(T)2]a2t sin m;r:r: sin@
m=1n=1 1 2
oy s . PRy . mmTr . N7 2 .
RAERES: w(0,2,9) = 3 3 Crnsin s sin =2 = (z,y). FHIREL Coun N

m=1n=1 ll lg

mmnx

Lol
Con = L l2 / (x,y)sin L sin Tdydx

“+o00 400

ABLATIE N u(t,z,y) = 3 Z e (R et )

m=1n= ll

mmx n7ry

sin —=, R Cp, WL
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13 HiEm)q

ARG G T AN BT R BRI B A, N7 (B[R A1 > R E H O E R RS
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olWnT), Jo Wy 03 2[R2+( )]]o(wR) (1+ 2k2>]0(a)R)
2 O f rf()]o(w,r)dr shw,z
u(lr,z) =—= Jo(w,,7)
Rz; (1 N zkz)/o( R) shw,h Jo
fi:
B E PN
(n+ Dppes () —x2n + Dp,(x) + np,_,(x) =0,n =1
A
po(x) =1
p(x) =x
ARKAx =0
(TL + 1)pn+1(0) + nPn_l(O) =0n=>1
PR

Yn=2k-2,k=12-

Bp

P2k(0) Pa—>(0)

(n+ 2)pps2(0) + (n+D)p,(0) =0,n =0

2kpyic(0) + 2k — 1)py—,(0) = 0

P (0) = Pax-2(0) pzk—4(0)

kR MR T 492, 2k, 3k

Yn=2k—-1,k=12-8

P2 (0) _ 2k-1)
Par-2(0) ~ 2k
_p:(0) B (2k -D|[ @k-3)
AOK Po(0) = [ 2k — 2)] [

(2k + 1Dpoi41(0) + 2kpy_1(0) = 0
pi(x) =x=>p;(0)=0
k =1,3p;(0) + 2p,(0) = 0= p;(0) = 0

Pt VA

P2-1(0) =0
ol

1L,n=0
2k — 1)1
= —1)k = =
pn(0) {( 1) Zion ,n k=12,

Oon=2k—-1

EREE NN
NP1 () = pp(x) + xpp_y'(x) = 0

AKAx =0

¥n=2k+1,k=012-B

Pa1(0) = (2k + Dpy (0) = (2k + 1 (-1*

Yn=2kk=12-8F

npn_1(0) — p;(0) = 0

pn(0) = np,_,(0),n = 2

2k -1

=D —=—

2k -1
kN

2k + D!

(Zk)” = ( 1)k

2k



P2(0) = 2kpy_1(0) = 0
Po(0) =1=p;(0) =0

FIT A
0,n =2k
pn(0) = {(_1)k (Zéczz)i)!! ne kg k=012
21, f#:
&
Pre1(0) = ppoa () = @n+ Dp,(x),n = 1
"
pn(x) = pra(x) = 2n— Dpp_y(x),n =2
Fir A
Pr2(x) = pp_a(x) = 2n = 5)pp_3(x),n = 3
Pr-a(x) = pp_s(x) = 2n — Npp_s(x),n = 3
% XAaAe
pn(x) = 2n — Dp,_1 () + 2n = 5)pp3(x) + 2n = Dp, s(x) ++,n =2
pi(x) =1=(2x1—1)p,y(x)
Zk
Pn(x) = 2n — Dpp_1 () + 2n = S)pp_3() + @n— p,_s(x) +-,n =1
22. @ (1)
m < nhf,

m
X" = Z Aipi(x)
=0

gAipi(X)} P, (x)dx = figflmi(x)lpn(x)dx = iAi J:pi(x)pn(x)dx

i=0

| llxmpn(xmx -(

ii%jﬁ'lf_llpi(x)pn(x)dx =0,i#n

H
1
f x™p,(x)dx =0
-1
m > nif,
i3]
np,(x) — xp;,(x) + py_1(x) =0
1 1 1 1
n [ e Godr = [ i) - phs@ldx = [ xm g - [ g Gdx
-1 -1 -1 -1
1 1 1
f XMl () dx = f X dp, () =2 p, GO — (m + 1) f XD dx = pu(1) = (~1)™1p, (~1)
-1 -1 -1
1 1
—(m+ 1)-[ x"p,()dx =1 — (=)™ —(m + 1)J- x™Mp, (x)dx
1 -1
1 1 1 1
[ xmpis@ax = [ xmdp, 160 = xmp @It = m | 2@y =1- 0 = [ e @i
-1 -1 -1 -1
1T

1

[ wmpuGoax = pmm

7



nf(mn) =1— (=)™ — (m+ 1Df(m,n) — [1 - (=)™ —mf(m—1,n—1)]
nf(m,n) = —-(m+ Df(mn) + mf(m—1,n-1)

m m—1
m+n+1 m+n-—

fmn) = fm—-1,n-1) = 1f(m—Z,n—Z)

m
m+n+1

_ m m—1 m—2
“"m4+n+1 m+n—1m+n—

3f(m—3,n—3)

_ m! 1 1 mongy — m (m-n+DI1+ (D)™™
T m—n)! (m+n+1)!!J._1x x_(m—n)!(m+n+1)!! m-n+1
(m—n+ 1N
. oml (m-n-D! meny M 1+ (1™
_(m—n)!(m+n+1)!![1+(_1) ]_(m—n)!!(m+n+1)!!
fl Oom<n
xmpn(x)dx = m! 14+ (=)m™m
-1 m—mlimensn™="
2
1
f xPm ()P, (x)dx
-1
RAL
m+1

D) = ) A ()
i=0

m+1

Z Aipi(x)] po(x)dx = Tilfli f_ llpl- ()pn (x)dx

f_ 11XPm () () dx = f_ 11

A, Sm+1<nbiy, GEXHBTH EXFTO
B, T
n+1
xPy(0) = ) Bpi(x)
i=0
Pk, n+1<mbit, BEXH TR EXETO
HAEITHE, m—n=0,+1

m-—n=—18
B X = f XPn—1 (P (X)dx
-1

N X (1)

np, —x2n — Dpp_1 (1) + (0 — Dppp(x) = 0

#
n n—1
X1 () = o Pn 5 Pr2 (0)
ARNFF B B P
C_ n 2 _ n 2 _ 2n
RA = gl = G i T e =1
m—n = 08

l?i\=f xp,* (x)dx
-1

M Ff(x) = xpp? (), f(=x) = —xp, > (=x) = —x[(=D)?*p, (V]* = —xp,*(x) = —f (x)
baa



BRX =0

m—n= 18

1
BE = [ 35, (e @ix
-1

BB AKX (1)

(n+ 1)pn+1 —x(2n+ 1)pn(x) + npn—1(x) =0

n+1 n
xpy(x) = Tngbret mpnq(x)

RNF g JE 5T
. n+1 _n+1 2 2(n+1)
B = el = e s T @ Dan 3
1
2n
( 4nz—_1,m—n =-1
B X = 4 Oom—n=#+1
L 2(n+1) 1
Cn+Den+3) ™ T
23. f#&:
& JE %)
d
o [ = xHp," ()] +n(n+ Dp,(x) =0
1 1 1
| a=db@rax = | -2, @dp,w = 0= 2001 - [ pu@dla - xp@)ax
-1 -1 -1
1 2 1
=n(n+1) f_lpnz(x)dx = %
24. & (1)
f)=x%-1<x<1
f(x) = Caps(x) + Cyp; (x)
ps(x) = ;x3 —%x,m(x) =x
#
2 3
flx) =§p3(x) +§P1(x)
2)

)

f)=x*-1<x<1

f(x) = Cups(x) + Cop,(x) + Copo (%)

5 15 3 3 1
= xt— x4, =—x2—2, =1
pa(x) g ¥ Xty p2(x) 72X =5 Do (x)
35
[ Fa=1
3 15
ECZ—TC4=0
1



[
o
|

——t——
3
N
Il

w

Ll oNlsai~

o
[

#H

4 1
fx) = 35p4(x) + 7172(36) + gpo(x)

(3

f)=Ix,-1<x<1
)= ()
1t 1
=E£1f(x)dx=5

2n+1
G, =

j lxlp,(x)dx,n = 1

J:lepn(x)dx = J.lxpn(x)dx - ijpn(x)dx

0

0 et 1 1
f xp, (x)dx = —f tp,(—t)dt = (—1)"‘1f x pp(x)dx
-1 0 0

[ b = 11+ 1071 [ xp G = {zf Pl M=Ky g
-1 0

On=2k-1
W3R A& P280 1] 1

1 1 1
fo xpar(x)dx = mj; Pak—1(x)dx

BB EN KX (6)

1
[ v s = 3 e o0) = ) =

pERp ol
1 +00
Wit x) = s = ;pn(x)t el <1
)
w(t,0) = o, |t <1
S|
PR o G [ [-—-(n >] R ST c o n-vy
m—(1+t)2—; — ) —;( 1 Zn, Z( D"
BT VA
{ 0, n=2k+1
pa(0) = (2k — D k=012,
(=1Dk o =2k
k=1
ka(O):(—l)k il
2k —3)I!
Pak—2(0) = (=1)F* ((Zk — 2))!
2k — 1) (2k = 3)N 2k(2k — 3)! 4k — 1)(2k — 3)1
p2(0) = py(0) = (e T DK I (g 2RI, (B m DR 3)

KN 2k(2k —2)11 =D* 2N



FIT VA

1 . ! L k=31
J; xpy () dx = T ZJ; Pak-1(X)dx = TTHE-D [Pai2(0) = P (0)] = (=1)* G
2k = 2)!
1 2k —=3)1(4k + 1) +1(4k+1)m
Cuc = (k1) [ pn (e = (COF g = (0 B
= (1) (4k+1DQk=2)! (—1ye (4k +1) (2k —2)!

2641 (ke + 1)1 2k-1(k — 1)! 22¢(k — D! (k + 1!

10, o @k+D) k-2
fO) =2+ ;(—1)" 1mmpzk(ﬂ

25. f#:
ARAERLIRR T E5 T2 oA K4 Laplace @M (GRAA KX)

+oo
u(r,9) = ZAnr"pn(cose)
n=0

+o0
2 1
u(a, 6) = ZAna"pn(cose) = cos?0 = §p2(c059) + §p0(COSG)

n=0
1 2
Ao = §.Az =W:An =0(n=02)
1 2r? 1 2r?2/3 1\ r? rz2 1
=—=4 — =4+ —|-= 20 ——) = — 2 —_— 4=
u(r,9) = 3 + a2 p,(cosH) 3 + 302 (2 cos?6 2) 5 COS 302 + 3
26. fi&:
ARBEHRAARE T E5H12 AR K4 Laplace 7AZi@ M (GRAA X)
+oo
u(r,8) = ZAnr"pn(cose)
n=0
+00
u(1,0) = ZAnpn(cose) = 3c0s20 + 1 = 6¢c0s2?6 — 2 = 4p,(cosh)
n=0
A, = 4,4, =0(n#2)
3 1
u(r,8) = 4r?p,(cosh) = 4r? (E cos?6 — E) == 2r2(3co0s%6 — 1)
27. f#&:

ARIERLARE T 5 F12Ap K4 Laplace ZAZiBM (BRI X)

+oo
u(r,9) = Z B,r~™*p (cos)
n=0
400 2 1
u(1,0) = Z B,p,(cos6) = cos?0 = Epz(cosﬁ) +§p0(0059)
n=0
2
By==,B, = §,Bn(n *0,2)

1 2 1 2 1 1 1
u(r,9) = 3 + ﬁpz(cose) =3 + ﬁ(icoszﬂ — E) = §T‘1 +7r3cos%0 — §r‘3

28. f#: KR EZEHAa
(1) FF AR — TR, WIREHFulr, 0)ik L.



(Au=0,(OSr<a,OSBSTt
T
u|r=u=u0,0<9S§
Ulg=o =0

s
{ u|r=a=—u0,—E§9<0

MBHRLFRATEFTZ AR #4 Laplace ZAZ@M (GEAH X)

+00
u(r,8) = ZAnr"pn(cosa)
n=0

N

s
U, 00 <=
+o0
fis
u(a, ) = ZAna"pn(cose) = 0,0 = 3
n=0

m
—u05<‘9$n

4cosh = x

U, 0<x <1
W) FrAZEEAL R K Lé‘i{ 0,x=0 6915 2 et -¥h ik B R
Uy, —1<x<0

THE AT HHK, KRAFHAZHTHA O
! 3
C, = 3u0f xdx = -u,
o 2

B 3R 24. (3)

n=18 Cpus
1
= (4n+3) f UgPzn+1 () dx
0

(4n+3)2n— DN

1 1
=(4n+ 3)“0_’; Dan+1(x)dx = (4n + 3y, - n+3 [920.(0) = D242 (0)] =0 (=D Zn+2)!

Fir vA

_ 3y, (4n+3)2n-DI 1

A= G A =D G ST e = L2

2a
A 3t

(an +3)an = D1y

(ZTI. + 2)” erL+1(COS€)

+oo

_ 3u, N

u(r,9) = ECOSQ +u, Z;(—l) a
(2) HFRibm—wEaGR, BHAGRDRERFRE, WEELHul, )L

{Auz0,0STSa,OSGSn
u|r=a=u0

ARBHRALIRE T EH12 ALKt Laplace HAZiEM (BRAA KX)

+oo
u(r,9) = ZAnr"pn(cose)
n=0

+00
u(a,0) = ZAna”pn(cose) = Uy =uypo(cosh)

=
Ay =up, 4, =0(n=1,2,--+)
BT VA
u(r,8) =y,
29. M HFEoHARSEOR, (2830 =10, £(5) =2 HUREEAIH KLEHRE)
W& B F Hu(r, 0) ik %



ARERLARR T 5712 Akt Laplace A2l i

+o0
u(r,0) = )[4 + B~ lp, (cos6)

n=0

R <[ (R\" R\~*D A
u (56) = Z) [An (5) +B, (E) ]pn(cose) =3 (1 — cosB)
+00

A
u(R,9) = Z[AHR” + B,R~*V]p, (cosh) = > (1 —cos6)

n=0

t g F H AT

2B, A, 4B, A
Ay + R + 7RCOSQ + FCOSG = E(l — cos8)
B, X A
Ay + 7 + A,Rcosf +ﬁcosl9 = 5(1 — cos6)
{An_o,n 2,3,
B,=0.n=23,
%
2B, A
Ag+—=2== A
R 2 Ay =%
B, A~ 2
AO+E=E By, =0
A, 4B, A 34
2T ) AT R
B, A A
AR+ p=-5  (Bi=-7R
)
2



H s

H

1 fR Pyos Ty

1.1

PRA Paog Ty(1)

1.2

WA Psos Th(2)

1.3

BRA Psog Ty(s)

2 K Psos T2

2.1

TR Psos To1)

2.2

AR Poz Toa)

2.3

PRA Psog Tos)

.4

TR Psoy Toa)

2.5

A Pyos Tos)

2.6

TR Psos Toe)

2.7

AR Psoq Tory

3 BAtf)n

BT SE S

PUPSEES

2021 4£ 4 H 30 H



2021SP #FEJ5FE B 03 ¥F BUUTEE 2 S XI5 5

1 A Psos Ty

1.1 PRAK Pz Tig)
PR B B0 A 51 A T -
Asu =0 (—00 < z < +00,y > 0),
u(x,0) = f(z),
a2 + y? — +oo B, u(z, y) — 0;
Sol:
HT « WHEYETEEICH, "X o /E Fourier 484, 18 a(\,y) = Flu(z,y)], Ffid FON) =
F[f(x)], BILAFZIIT ODE:

RN a(h,y) = AN + BN)e™, FIEAFIEMAIARIERMA

fN)e™ x>0
(A y) = = f(A)e P
fN)eM, A <0

R S A A 2 -
1 +o00 ) 1 “+o00
Fle ] = — / e Averr) = — / e cos AzdA
2m J_ T Jo
+o00
COS AT e~
1 —xsin\x —ye M 1 y
T (—y)? + a2 o 2?2

= u(z,y) = FFO) « P e

12

B o0 f(€ - w)dg
_ﬂ/_oo 24y

REFT, MM LfE USTC S, 25 IEVERDIE L H] 2
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1.2 A Pyos Ty(z)

AR EE AR R 51 e [ A -
U = a*ugy + f(t,2) (>0, —00 < z < +00),

u(0,z) = 0;

Sol:
HT « WBYETEEITCHL, A% o AF Fourier 484, id u(t, \) = Flu(t,z)], Ffic f(@ ) =
Flf(t,z)], FIEF2F ODE:

di
d—;‘ a2 = f(t, )

@(0,A) =0

t t
it, \) = e~ N / e N7 f(r, N)dr = / e N f(r, Ndr
0 0

A I e st 21 -

400 t
F~'a(t,\)] = ENED F(r, dT} AT
e )= [ | [ e o

t “+o00 ~
_ / / TN (T gide F(7 )\)d)\] dr
0 —00

2a\/7r t—1)
//+00€ 4‘(12(75); (7.9 d§d7
2a\/_ ViE—T1)

PLEEHEI 2

+OO 212 . +oo 212 1 172
/ e VNN = / e~ TN cos Axd)\ = e~ 1%
o _

o0 2av/ 7t

RAFT, AL USTC SR, 25 R VER A ) 3



2021SP #FEJ5FE B 03 ¥F BUUTEE 2 S XI5 5

1.3 A Pyos Tys)
F e EEL A48 A 2710 S i [
U = a*Upe (0 < & < +00,t > 0),
u(t,0) = p(t),u(0,z) =0,  (FIEZAZH)
u(t, +00) = uy(t,+00) =0

Sol:
T o BUETSEIfE B b, B A0 o EIFSR A, 30 a(t, ) = [)7" ut, z) sin Aada,
iIAIEE]

i

2 “+00 92
F [@1 :/ a—sm Axdx = %sm)\w
0

oo o 0u
s A Pcoshad
0 0 Oz . /0 o

+o0
= — Aucos Az|g> — \? / wsin Azdzx
0

= —Ap(t) — N\

K240~ ODE:

da
d_?: + a® N = a*Ap(t)

(0, \) =

REFT, MM LfE USTC S, 25 IEVERDIE L H] 4
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2021SP %5 #E B 03 PE BB SRS X 5=

AL S AR A 2] -

g
—~
\'PF

8
~—

Il

400 t
e‘“Q)‘Qt/ a*Xp(7)e” N 7 dr sin Azd A
0

S
Q

400
2o(1)dr / Asin Aze= M=)
0

Nl 3= N 30 3w

©
—~
2
o
\]
S—
+
8
&z
=
>
IS
o
)
Q
%
T
2
o,
>

t 1 —+o0
W(T)df - / cos Aze~F =T )

/ ik T) / Re {e’”} e~ TN
0 t— 7- 00

+oo ix ac2
i/ e T)dT Re{/ e_aw(t”)“_w—ﬂy-ew%—ﬂdk}
2 Jo t—T _

| —

[\
3

KRR, A3 LML USTC ShW, ZEIEVER A ] 5
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2 A Psos T
2.1 R Psog Ty

PR AR R T 471 K ik i L

D*u
=1
910y (x >0,y >0)

u(0,y) =y + 1,u(z,0) =1,

Sol:

Xt @ { Laplace 2246t 10 a(p,y) = Llu(z, y)]. MAKR:

ou -
L[@m] =pu—u(0,y) =pu—y—1

AR £ ODE:

1
—(i—-y—1)= =
a(pu y—1) p
1
0) = =
(p,0) ’
. ou 1 1 . P L
A5 21 - 8_y:p_+§ A2 a(p,y) (p), feC
i a(p,0) = f(p) = —, 5] a(p w:p;1y+%

R S AR s %'J ‘

u(z,y) = L i(p,y)] = L V;l

1
] =xy+y+ 1
p

PS: nlXf y /f Laplace 2##, id a(z,p) = Llu(x,y)], MAKR:

ou
L B — = 0 — — U — 1
[ 8y] pt — u(z,0) = pi

REFE, PMF A USTC AW, A - Rl



XJefs 52

W

4
i

2021SP #{F )52 B 03 PE BUUTEE 2%

AIEAFEIIn N ODE:

0 1
ISR a—zzﬁ, A a(p,w:]%wf( ), fect
i | R r+1 1
EBu(O,p):f(p):]—erE, 23] u(z,p) = 0 +];

A A A 21 -

_ Szl 1
u(z,y) = L~ [a(z,p)] = L™ [xp2 +2—9] =y+ay+1L

PS: i LIAH] Laplace ARHARH, EAH] 55— R AR ETHL AT

EfZ USTC e, 28 IEARR A ]

4

REFE, M
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2.2 PR Paog Tae)
FHAL R AR 45 F T 51 5 e ] A
Uy = a*uge(t > 0,0 < z <)
\U(O,ZC) = ul(ﬁﬁ) ;
Sol:
%4 t 1 Laplace 258, i2, i(p,z) = Llu(t, z)], 4514 F ODE:
p’& — W = agﬁazm
u(p.0) = 0,(p,1) = >
p
HALL BT pi — wy = a*Uge FH T LU JTHE
G _@0 (. wm
Ty T e\
15328 : ulp,x) = pl +Ash\/75x+Bch\/7]3x
AWISuE S SEEE
lp(p,0) = A- *f:o:»A:o
\/2_7 Ug Uy — Uy
="y ¥ =" g
ilp.1) p a p pch \/Tﬁl
VP
- Uy Up — Uy ch ¥~
= a(p, + . a
Hp, ) = P ch¥Z
RNV HIET R (B 0) B p (ES:
2
p=0, pp= l—(% i 1)”‘”] kcZ,
21
ANAFE, MMEEME USTC S, 25 EVERDIEETH 8



2021SP %5 #E B 03 PE BB SRS X 5=

RlAE Laplace Sz AR #4521 -

u(t,r) = L '[u(p, )] = us + Z Res

Uy — Up Ch\[ ]

y Pk
— p hfl
+oo VP
D — Dk Ch7$
)+ )3 [P0 S
= a P—DPk

+o0o 2
21 2k + 1)mx  _[@k+1)ma)? . —
:UO_<UO—“1>Z{lm] 'COS%-(&[ 2l ]t-hmp pk}

prd p—pe ch \/7131
/\l:':[
— 1 22k +1 22k + 1
lim 272 _ Lim = a‘( + 7 :(_1)k.u
p=pr ch Y21 pome _L_gh ¥P) Psin(km + ) 12
a 2a./p a
K52

X (—1)kH 2k + 1)rx (2kt1)ma )2
u(t,z) = up + — uo—ulz2k+1 . ( 2l> e

k=0

KRR, A3 LML USTC ShW, ZEIEVER A ] 9
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2.3 PR Paos Tos)

FHE RIS T 51 S A [l -

p

Uy = a* Uy — hu(x > 0, > 0, h > 0, AL

w(0,2) =b (EE) ,ult,0) =0

lim wu, = 0;
\ T—+o0

Sol:
XI t /f Laplace 224k, i u(p, ) = L[u(t, )], 32T ODE

pt — b = a*Uy, — hi

Uz(p,0) =0, lim a(p,z) =0

HAor DL BRI pit — b = a?y, — hat ST LUR iR

b p+h p+h
v AN A a T B— a T
1528 : ulp, ) p+h+ e + Be
NN KA
lim 4, =0=A=0
r——+00
b b
N)=——+B=0=B=——
i(p, 0) sz—hJr p+h
b _VpEE
= u(p,z) = p+h~<1—e ax)

RIAE Laplace S AR#f5 2«

u(t,x) = L7 a(p, x)] = be [1 —erfe (2;/12)]

KRR, A3 LML USTC ShW, ZEIEVER A ] 10



2021SP U2 B 03 JF BTN SH M NS
Hrp RIRER A erfe(z) 5 erf(z) BIRRN:
erfc(z) =1 —erf(z) =1 — 2 /w eV dy
VT Jo
Rt A
u(t, r) = be Merf (251/%) = j—;e_ht /Omﬁ eV dy
KEFE, MG USTC FN, 25 (- VERT LA 5 11
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XJefs 52

2.4 PR Paos To

FHE RIS T 51 S A [l -

(
Uy = a Uy (z > 0,1 > 0)

u(0,2) = 0,u,(0,2) = b

u(t,0) =0, lim w, = 0;

\ r——+00

Sol:
XI t /f Laplace 2246, it a(p,x) = L[u(t,r)], 732/ ODE:

p?u — b= a’ly,,

a(p,0) =0, lim @, =0

r——+00

KRNI FFZMA
b
u(p,0)=A+B+— =0 A=0
R = p = ulp, @) =
lim @, = lim (Aegm + Be gm) =0 B = -
r—>+400 T—+00 P

RAFE, A LA USTC AW, 28 (- VER A

12
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2.5 PR Pios Tos)

P T AL T 471 5 Ak (1

Up = Uy (t > 0,0 < x < 4)
u(t,0) = u(t,4) =0

u(0,x) = 6sin % + 3sinmz;

Sol:
Xt /£ Laplace 484, ic a(p, x)

Liu(t, z)], f%/4F ODE:

pU — 6sin¥ — 3sinmx = Uy,
u(p,0) =0,a(p,4) =0

B35 u(p, ) = AevP® + Be VP FIHHR u*(p, z) = C'sin X + Dsinnx
=]

HrbRe R RN RS -

2
x x x
p(C’sin% + Dsinrmx) — GSin% — 3sin7e = ——C'sin — — m2Dsin 7z

4
T sin% Hl sinme HEER, FATE

2 C = 6
pC=6==70C P+
3
D—3=-n"D =
b T p+ w2
6 3
R fE A u(p, z) = AeVP® + Be VPT 4 5 sin 7%’17 + T sin Tz
p+7
RNIBFZHA

up,0)=A+B=0 A=0 6 w3
= = U(p,r) = ——5sin — + —— sin7x
i(p,4) = Ae"VP + Be VP =0 P+ prm

Rl Laplace [z A8 #1152 :

a2
u(t,z) = L™ [a(p,x)] = 6e~ T 'sin % +3e " tsinma

REFE, PMF A USTC AW, A - Rl

s N

XJefs 52

13
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2.6 PR Pios To
FHAE b7 A 4 A 471 2 g [ 7 -

Up = Uz (0 < < 2)
uz(t,0) = u,(t,2) =0

u(0,2) = 4 cos T — 2 cos 3mx;

Sol:
% ¢ {f Laplace #e, it @(p,2) = Llu(t, )], {3511 F ODE:

Pt — 4 cosTx + 2 oS ITx = Uy,
Uiy (p,0) = 0,1, (p,2) =0

RE|55EfR: u(p, x) = AevP® + Be VP* FIF§iR u*(p, x) = C cosma + D cos 3mx
HA AN T #2715 -

p(C cosTx + D cos 3nx) — dcosmx + 2cos 3rx = —m>C cos mx — 972D cos 3w

BT cosma fl cos 3wz MHEIEAS, KHLAI1E

4
pC —4 = —72C N C:p_|_7r2
pD+2=-92°D |p—__2
p+ 972
4 2
R fE A a(p, z) = AeVP® + Be VPT 4 T COSTE — 0w cos 37T
p+m T
RN A
i, (p,0) = \/p(A—B) =0 N A=0 = a(p,7) 4dcosmxr  2cos3mx
i(p,x) = -
Uiz (p,2) = /p(Ae*VP + Be *VP) =0 B=0 p+7n?  p+9n?

KIEAE Laplace e AR 52) :

u(t,x) = L™ [a(p, z)] = de™™ " cosa — 2t cos 3

RAFT, AL USTC SR, 25 R VER A ) 14
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XJefs 52

2.7 iRA Psos Tor
FHALE R I AR50 A T 51) S ik ) A

e = a’Agu(t > 0,7 > 0)

ulymg T, = /2T + 7+ 22

uli=o = 0, us|—0 = (1 +7%)7%

[#on: FIHAEEZREGT D H 5 HPERFHIB

Sol:

HTRIEFE RS r BK, M u=u(t,r), 2550’ Asu = a®(up + %ur)» WS v(t,r) = ru, {4

P E I RE M ]

vy = @0 (t > 0,7 > 0)

Vo B R, T = Va2 +y? + 22

r
U|t:0 = 07Ut|t:O =

(L+r2)2

Xf u(t,r) i Laplace 44, % o(p,r) = L[v(t,r)], FIER153]:

- T -
PQU(P, 7’) - m = GQU(PJ’)

[5(p, 0)] < 400

X O(p,r) FEIERAS R, 2 V(p,w) = Fli(p,r)] = [, #(p, r) sinwrdr, WA

F,[0,,] = intd 0, sinwrdr

“+oo
= ¥, sinwr|§>® — w/ ¥, cos wrdr
0

—+o0
= —w/ cos wrdv
0

+oo
= —w [17 coswr|d™ + w/ ﬁsinwrdr]
0

= —w?V

RAFE, A LA USTC AW, 28 (- VER A
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XJefs 52

HINEA

F. " /+OO " si d
s = —————sinwrdr
HpE] "l ey
1 [t 1
= _2/0 sin wrd <1—|—r2>
1 +oo T coswr
—w ﬁdr
0 0 1+7r

w /+°° coswr
=— dr
2 /o 1+ 72

sin wr
1472

2

Pl s o = (52 )
Al

o(t,r) = LHES V(p,w)]] = FHLTHV (p,w)]]

it —awit
- eawit _ o B
=F; 1 |:7T€ ¥

8ai

=F! [167“’ sin awt}
4a
2

—+oo
= — —e ¥ sin awt sin wrdw
m™Jo 4a

1 [T

= — e “[cosw(r — at) — cosw(r + at)|dw
4da J,

1 1 1
T da [1+(r—at)2 B 1+(7‘+at)2}
t
1+ (r+at)?][1+ (r — at)?]

Sol* (RHIF Laplace 24k, EIZ(EH d'Alembert A3X) :

TR %, Bw = u(t,r), BAME A = a2(u, + 2u,), A v(t,r) = ru,

RAFE, A LA USTC AW, 28 (- VER A

16
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P30 RE A ]

vy = a0 (t > 0,7 > 0)

VoA T = Va? +y? 4 22

r

V=0 = 0,¢]4=0 = m%

AT v R RITRBUE S BRI, W] 2% B AT e 3 1531 B 4 B2 R A

Vit = a*Vy(t > 0,2 > 0)

V’xzoﬁﬁ

T
Vo = 0, Vi|t=0 =

(L+a2)?

AR d’Alembert 22 U321 :

z+at

xr+at
¢ 1 1
t = — _— .
Ven=g | | arer=u Tie

r—at

1 1

da [1+(:c+at)2 1 (a:—l—at)2]
xt

[+ (z + at)?][1 + (z — at)?]

IR V(t, o) HRBREIZE © > 0 GRFR 7 > 0), ATF53 S T0 B xR 300 R e i) JT ) e -

rt

v(t,r) = 1+ (r+at)?][1 + (r — at)?]

RIS JEr = S 35 80 75 R o A S e -

_u(tr) t
u(t,r) = r 1+ (r+at)?][1+ (r—at)?]

RAFT, AL USTC SR, 25 R VER A ) 17
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3 HiERE

AREFATET AR NS EEL T RE AR FEAE . Oy R 212 X LAMIEH E S RN S
RZ M HWAUH 7 —F7%, (RS, BRI REYHENR, S a R
E45 Tt

A, ZBBIASE L RGeS A E R R, ISP RES A B IR, LAt
BEHT, XA REAAAE B R, IRIE R A i, [RS8 R 2P A E TR 5 B 2R Y
PR RY A B o

2020-2021 FFHAEUETTRE B B2
AR} 18 g Ik FNAS AR B XI5
2021 F 4 H THIE

REFT, MM LfE USTC S, 25 IEVERDIE L H] 18


http://home.ustc.edu.cn/~lwh1106/file/2021SP/Answer4.pdf

KIETAER AT AL ALK

. R

(1) B BMR, A

+00
f x6(x)dx = x|=g =0

X Hx #08, 6(x)=0,x6(x)=0
Frvidx = 08, x86(x) =0
FIT VA
x6(x) =0
(2) HTHEEHHgHx)EK, A

f ICFO8(x — @)dx = f(@)g(a)

=fmﬁ'g@w@—ww=f 90If (@) 6(x — )dx

FIT VA
f(x)6(x—a) = f(a)d(x —a)
) MFHEZEHHKg(X)EK, A

a> 0f
f+ g(x)é(ax) dx =>f 6(t)dt = —g(O)
=5ﬁwgww&wx=£mgmgawa
FIT VA
1
6(ax) = a&(x)
a < 08

f_:og(X)B(ax) =5 [ +:9 AETOIEETOE

= ifﬂo (x)6(x)dx = f+00 (x)ic?(x)dx
- —aJ_ g B —o0 g —a
PIT VA

1
o0(ax) = _—a(S(x)

6(ax) = i6(x),a =0
|al
@) 3 FTEZRHIESf(X) EK, A

j f(x) 6" (=x)dx _x==§f f(=0)8"(®)dt = =[f(=B)]'|e=0 = ' (=D)l¢=0 = f'(0)

f FOI-8'W]d f FG)8' @dx = £(0)

FIT VA
6'(—x)=-=6"(x)



6) MTHEEHHKSf(X) EK, A
f fx)x6" (x)dx = f xf (08" (x)dx = =[xf (x)]'|x=0 = —f(0)

| rwswlac=- [ r@sed=-£©
FIT VA
x6'(x) = —6(x)
2. f&:
st FAEE LS (x,y) €K, A

+00 400
f f f(,¥)0(x — x0,¥ — yo)dxdy

MEEH

{x =x(&n)
y=y(¢mn)
FIT VA

400 t00
f f £, )8(x — %0,y — yo)dxdy =

1
f f PR, Y6 B, m) = 30, Y6, m) = o) ol
D

1
f f L, 1),y mD) 8xCE,m) = 0, (6, 1) = yol -l
D

1
=[] 1o mod v o) O m & )

1 1
f f F1E0rm0)s ¥ Eormo)] S1(E ),y (6] = déln = f f £(Eormo) 5 m)— dédn
D I]l D |]|

- FCE1) 6CE — €011 = 110)

Thak

B 3t

+ oo +o00 1
f f £, Y)8(x = x0,y — yo)dxdy = f f FOE) 8(E — &0, — 110) — dédy
—00 —00 D

/1
#%
1
8(x —x0, ¥y —Yo) = m5(f—fo;77 — 7o)
*F & E
{x =Tcost S 00<0<2r
y = rsinf
Jl=r
1
O0(x —x0, ¥ —Yo) = ;5(7”—7'0:9 —0y)
3. &

(1) waBEEE, Kult,x) =TE)X(x)



TN ERTEFEAKL Tt 542
{ X'(x)+1=0
X0)=x()=0

T'(t) + 2a®T(t) = 0

H X Txt) 74243 B A 1A, —(E) B A F X, (x)—smT n=12,-

P VAT, (t) = exp{ (nna)z t}

u(t,x) = Z Anexp{ (mlm) t} sin?

u(0,x) = Z Ansing =8§(x—-¢§&)

2 nné

A, lf S(x—E)SLn—dx—TsmT

+00

2
wen =7 ) el () dfsin Tsin
2 asHTEk, Fu(t,x) = T(t)X(x)
TR EREFHHX Tx, t0 742
{ X"()+1=0
X =Xx0=0
T"(t) + 2a*T(t) = 0

% Tk AR E A, = 0, (5 ) BA X, (x) = 1,

nmwx
X, (x) = cos——,n = 1,2,

B AT, (t) = Ag + Bot, T,(t) = Apcos ==t + B, sm—t

O nma nmwx nma nmwx
u(t,x) =Ag+Byt+ ) A costhosT+B smthosT
n=1
+00
nmwx
u(0,x) = Ay + AncosT=0ﬁA0=An=0
n=1

n

u, (0, x)—BO+Z —B cos%—(S(x—f)

G FHE( - HBATRBAMBET, F—ANT[[6(c—dl =1

1
BOZT



nma 2 (! nmx 2 nné
—B,=-] 6(x—&cos—dx =-cos—
l L), l l l
2 nné
n = a0 T
+00
t 2 nné  nmat nmx
u(t,x) =-+ cos sin cos
l nra l l l
n=1
1)
fig .
X
X=x
{_ i
y ﬁ}’
Uy = Ugx
1
Uyy = ﬁuii

FIT VA

2 — —
Uyx + B Uyy = Ugz + Uyy = 0

2t EoR . Fo R PR U N

1
Uy +.82ﬁyy = lgg +ﬁ3737 =6(x,y) = E(S(f:y)
y 2
) = InF = [52 4 52 — 2 Z
u(x,y) 2nﬁlnr,r X2 +y x +(ﬁ)

B VAP A3 2 g A

u(x,y) = ﬁln [xz + (2/—3)2]

() = —— In[f?x? +y?]

4np
HRR
1 2 1 1
u(x,y) = ﬁln [xz + (%) ] = mln(ﬁzxz +y?) - mlnﬁz
HF
1
—ﬁln[)’z

B EER, TREB AR RRRAER ARSI, T ek
(2)

fig .
A Ayu =10
3
v(x,y) = Au
| A

A2U=0



) A A AR T AR
Ay =6(x,y)

1
v(x,y) = = Inr

Aru = o Inr

BHAEE AR A, Prdiku =u(r)

0 A
d’u 1du 1
i Trar

BAHRA—RAZTAL, MEEHIR

|

u=———+Dt+C

()—1 2] ! 24+ Dlnr+cC
uT‘—ST[T' nr 87_[1' nr

A,C =0
A,Dinr = 2nD6(x, y)
1 1
2=
A2 87rr 21

A
— 1 .__1
A,C =0,4, L
AFR, RERILERRAIR &b R0 .
A,Dinr = 2nD6(x, y)
A,A,DInr = A,2nD6(x,y) = 2mDA,8(x,y) # 0
FEARILE AR R TR T A,

A KAEA
1
u= grzlnr
i
A3A3u = 0
%
v(x,y,2) = Asu

) A

A3U = 0
W) A H KR T A
Azv =68(x,y,2)



ZHAEEARAr, FrAitu =u(r)
) A

a2 rar  amr
BTN TAE, MTEH%

)
d*u du et
—— = -
dt? dt 4

5t H AR TR AR A (A 2 BARILAE TR MR vk, 3R T AR LA A iR 69 %Rk,

HOZA &M, NEZFHRITAZE D)

1.
8w
B AR 13 75 A2 AR AR
1
= — gr
i -
AR

Asu+ k?*u = 68(x,y,2)
P = 2% E et R B

3

L8
+eo teo teo . . .
= f f f u(x,y, z)e Xy +ivzgydydz
FIT VA
(A2 = —vd)u+k*i=1
B 1
u =
2 — (2 + 12 +v2)
1 +oo oo oo 1 T
w2 = Wf_ j_ f_ EoErE v dadudy
1%
,5 = (’1; u, V);F =(x,¥,2)
il
p=+A%2+pu?+v?
r=.x%+y?%+ z2
4

OAp, 7Rk A, FrvihEATR ), BORAARRR
A = psinfBcosp
U = psinfsing

v = pcosé



1 fZT[ T +00 p2 . B
Uu=-—— d(p] sinedef e~tPTeostdp
(2m)3 J 0 o k*—p?

1 +oo p2 4 )
u ] — dpf sing e~Preost gg
o ki—p 0

= am? _
T . L t=coso (1 . sinpr
f sinfe~tPreosfgp = —f e~ Preosbdcosh ——= | e WPTidt =2
0 0 -1 pr
. 1 f+°° psinpr )
2n?r ), k?—p?
it
+° psinpr
fo Kz — p2 P
AR AT I T kT Ry, Ak
+%° psinpr 1 (** psinpr
fo k2 — p2 pzzf_mkz_pzp
e
Zeirz
f@O=m—r7

RE#EwE: EPRRFRGFZAR, DFRGFEHa. BE T @A L4 T m,

dz + dz + dz + dz + dz + dz=0
fc f(2)dz ff f(2)dz fd f(2)dz fg f(2)dz f f(2)dz fh f(2)dz
AR > +o0,a—>0
iR ES AR

ff(z)dzzo
O REING] =

—ikr

f f(2)dz =i(0 —m) limk(z +k)f(z) =in
d o=



ikr

[ r@a=i0-nime-ore =n

2
X #h 35
—k
f f(2)dz =] f)dx
f —o0
k
[ r@az=| reax
g -k
400
| r@az= [ reax
h k
FIT VA
+ o0
f f(x)dx + imcoskr = 0
teo yxelrx oo x o (T xsinrx _
f_w mdx = f_w m(cosrx+ isinrx)dx = lj.—oo mdx = —imcoskr
#
J‘+°° psinpr  mcoskr
o KkZ-—p? p= 2
1 f+°° psinpr 1 ( ncoskr) _ coskr
U= oy o k?—p? P = oner 2 T 4nr
6. f#:

(D) B P xoy A, £ A ZENOAKE—KDHeWEE, A THHEx=0,y=0&
R[N 0, FEEEAEXTFE x=0 AR E BE, —n, OR/KE— KD AH—ct§RF, KL
H £, B EXT-F@ y=0 3F#r & C(—¢,—n, ORHKE—K ) Aety ey, C EXTF@E
x=0 3 AR & D(=&,n, XM E— KA —eb EIT,

B =48 X & w4749 Green o4
1,1 1 1 1
G=p(z4——m-— )
4t\ry 1 TR Tp
AP

=V =2+ (=2 + (2 - ()?
==+ (y+ )2+ (z-9)?
re=JE+O+ G +mE+ (2 -0)?




=@+ + @ —n?+(z—)?
(2) W B P xoz @, £ CEENOAKE—K DA O R, H THEx = 0ok dm i
CHHAH 0, EFECEXTFE 2=0 A& G AKE—K I AH—ct s, CEX

Tk @ AR = E %ﬁiﬁ"k/]\i’v—piséﬁ Wi, EAXT-F@ z=0 34k & F & E—

klj\ﬁpigéé‘g%}, Hdp, = |DC| = JE +nZ + (2.
0

-2

ﬂ |

B =2 M X B R 8 Green 3L
= 1 1 4 a 1 1 a 1
B 4 r(MIC) p()r(M,F) r(MrG) pOr(M!E)

HPM(x,y,2).

(3) B Fr=, xoz B @, £O0<z< HRA B & ORKE— KR ) Aetho sy, 2% EB
BRERT, ATHFz=00EHH 0, FLAED &En -7 (B EXT z=0 4934k
B) KE—KRDA—eth iy, ATIEz=HFEHEG EEn{+2H) (B E%AT z=H
a9 AR &) RE— KD A—etEIT,

AN RITZ )G, RFG-TFEARR St — T AATH, & BAe NF 6 R -FAr
BAE(E,n,2nH + ORMKE— KN Aet e iT, ¥AEE N 2nH —e) KX E— KD A—¢
e n=-,-2,-101.2,



W =2 X AT A9 A A 2K

n=+oco

1 1 1
G=Enzz_m(a‘r,;)
b
rm=J@ =2+ (y -2+ [z— @nH + )P
m=yJ(x =82+ —n+[z— @nH - J?
i

(1) WwEEASEDRKAE—K Ao, ATx=0y=0uHEHH0, §
B A EET x=0 3 AR5 B(E, —) KA E — K I H—eth B, LA, B EE
F y=0 5 AR 5 C(=, —) RAE—K D Heh B, C&%TF x=0 34k 5 D(—&,7)
R B — K Hy et B

W 2 X S RATH Green F

1 1 1 1 1
G = —(ln—+ In——In—- ln—)
21 T4 Tc Tg 18]

%



==+ (y—1n)?
15 = (x — 2+ (y +1)?
e =@ +O2+ (y+n)?
=&+ + (y—n)?
(2) WBHTED SENDRAE—K N He O, K Tihx =04 Bl %
0, EEAED 5ET x=0 A& F A BE—K P A—eh B, D &% TF ki

5 E Miﬁfkwg—piga@ B, E 5% T x=0 555 G &tz‘iﬁf—k»biyﬂisé@
€A, £ py = |DC| = /&2 + 1.

h 2 X S AT Green B
1 ( 1 1 1 1 1 1 )

6=\ T o oo T oL " oy tr LB

HEPM(x,y)
il ARAAARRRU(L, x) i 2
{Ut = a%U,, + bU(t > 0,—0 < x < +0)
Ulg=o = 6(x)

Khﬂ'«‘*}ﬁﬁ"f E;}%, ‘iifj(t, ﬂ,) = f_-':: U(t, x)eilxdx

FIT VA
{ill_lt] = (b —2?a®)U
mt:o =1
#
U(t, 1) = exp{(b — 12a®)t} = ebte~2a’t
FIT VA

U(t,x) = ePtF=1[e=2a%]



1t 2 2
ﬁf e—t/lx—/’l a tdﬂ

_ 1! fﬂo Zt(,1+ X )2 * 1
2ml)_, N 2a%t 4a’t

F—1[e—)12a2t] —

x2
exp {_ 4a2t} +oco lx 2 lX
B O O VTP | PRI
2mant f_oo exp{ [a\/_( +2a2t }a\/_ +2a2t
x2
2mavt 2av/mt
2
U(t,x) =2aj/ﬁe —4zzt+bt

fE: (1)
1% [9) ALk A R
{Ut =—al,, (t >0,—0 < x < o)
Ulg=o = 6(x)

+00
U(t, ) =f U(t,x)e™dx

W _ a0
‘it_la
Ult=o =1

J = e—iakt

1 (t® . , 1 (t®
U(t,x) = EJ. elhate=ilx gy =§f el-x+ad gy — §(—x + at) = §(x — at)

u(t,x) =U(t,x) *p(x)+ ftU(t —17,x) * f(t,x)dt
0
¢
= §(x — at) *(p(x)+f Slx —a(t—1)] * f(r,x)dt
0

= ¢@(x —at) + ftf[r,x —a(t—1)]dr
0

(2) AL A AR ih R
0’V U _ L0
otz "ot ¢ ox2
Ult=0 = 0,U¢|t=0 = 8(x)
i
~ +m .
U(t,/l)=f U(t,x)e™dx
) A
d2U+2dU— (Fa* +2)U
dt? dt @

U|t=0 =0, Ut|t=o =1

_ 1
U=———==e"tsin\/A2a2 + 1t
VA%2aZ +1



sinat //12 —2
e tsiny/A2a? + 1t] =e tF1
1’ _2

U(t,x) = F1 [

1
VA2a? +1

-t

e 1
= z]o (a\/ a?t? — xz) h(at — |X|)
= ez—ajo (E\/aztz — xz) (—at < x < at)

E: RALWNAXAIR, REA

_ [sinavaz + b2 1 e B
\/m 2]0 (b a X )h(a |X|)
-t

at 1
uex) = UER) w0 = [ 5o (5= 8w - g

10. f#:
‘h:éﬁiﬁiff]ifﬁiéﬁﬁiﬁ”
| 1)
Ut,x,y) = { 2ma ff J@)? = (& Eigz —(n—y)2 dfdn,xz +y2 < a2t?
\ 0,x% + y? > a*t?
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