
"ÿ8 �Ì Lebesgue ½n

§5.2 ¼ê��È5

5.2.1 "ÿ8

½Â 1 � A´��¢ê8Ü.XJé?¿�½� ε > 0,�3k��½�

�m«m {In, n ∈ N}¦�

A ⊂
⋃
n∈N

In,

∞∑
n=1

|In| 6 ε,

(ùp |In|L« In ��Ý),@o¡ A�"ÿÝ8,{¡"ÿ8.

w,,k

1◦ �8´"ÿ8.

2◦ "ÿ8�f8�´"ÿ8.
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"ÿ8 �Ì Lebesgue ½n

~ 1 ?Û�ÝØ� 0�«mÑØ´"ÿ8.

y² Ø��T«m´ (a, b), a < b.éu?Ûm«m� {In},e

(a, b) ⊂
∞⋃
k=1

Ik,

Kk
∞∑
k=1

|Ik| > b− a > 0.

Ïd, (a, b)Ø�U´"ÿ8.
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"ÿ8 �Ì Lebesgue ½n

~ 2 �ê�"ÿ8�¿E´"ÿ8.

y² �k�ê�"ÿ8

A1, A2, · · · , An, · · · .

Ï� Ak ´"ÿ8,¤±éu?¿ ε > 0,�3m«m�

Ik1, Ik2, · · · , Ikj, · · ·

¦�

Ak ⊂
∞⋃
j=1

Ikj,

∞∑
j=1

|Ikj| 6
ε

2k
.

u´,k
∞⋃
k=1

Ak ⊂
∞⋃
k=1

∞⋃
j=1

Ikj,

∞∑
k=1

∞∑
j=1

|Ikj| 6
∞∑
k=1

ε

2k
= ε.

ùÒ`²
∞⋃
k=1

Ak ´"ÿ8.
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"ÿ8 �Ì Lebesgue ½n

~ 3 XJ A´�õ�ê8,@o A´"ÿ8.

y² � A = {a1, a2, · · · , an, · · · }. é?¿�½� ε > 0,-

In =
(
an −

ε

2n+1
, an +

ε

2n+1

)
, n = 1, 2, · · ·

Kw,k A ⊂
⋃
n∈N

In,�

∞∑
n=1

|In| =

∞∑
n=1

2
ε

2n+1
= ε.

dd��,knê�N´"ÿ8.
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"ÿ8 �Ì Lebesgue ½n

~ 3 XJ A´�õ�ê8,@o A´"ÿ8.

y² � A = {a1, a2, · · · , an, · · · }. é?¿�½� ε > 0,-

In =
(
an −

ε

2n+1
, an +

ε

2n+1

)
, n = 1, 2, · · ·

Kw,k A ⊂
⋃
n∈N

In,�

∞∑
n=1

|In| =

∞∑
n=1

2
ε

2n+1
= ε.

dd��,knê�N´"ÿ8.

~ 4 ��m«m (a, b)þ�Ãnê�NØ´"ÿ8.

y² duknê�N´"ÿ8, Ïde (a, b) þ�Ãnê�N´"ÿ

8,K (a, b)�´"ÿ8. ù´Ø�U�.
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"ÿ8 �Ì Lebesgue ½n

5.2.2 �Ì

½Â 2 � f(x)´«m I þ�k.¼ê. ¡

ωf(I) = sup
x,y∈I
|f(y)− f(x)| = sup

y∈I
f(y)− inf

x∈I
f(x)

� f(x)3«m I þ��Ì.

½Â 3 � f(x)´«m I þ�k.¼ê. éu x ∈ I, δ > 0,P

Ix(δ) = (x− δ, x + δ) ∩ I.¡

ωf(x) = lim
δ→0+

ωf(Ix(δ))

� f(x)3: x ∈ I ��Ì.

w,,� x ∈ I ⊂ J �,k

ωf(x) 6 ωf(I) 6 ωf(J).
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"ÿ8 �Ì Lebesgue ½n

Ún 1 � f ´«m I þ�k.¼ê. K f 3: x0 ∈ I ëY�¿©7�^
�´ ωf(x0) = 0.
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"ÿ8 �Ì Lebesgue ½n

Ún 1 � f ´«m I þ�k.¼ê. K f 3: x0 ∈ I ëY�¿©7�^
�´ ωf(x0) = 0.

y² (7�5) � f 3 x0 ëY. Kéu?¿ ε > 0, �3 δ > 0, �

x ∈ Ix0(δ)�,k

|f(x)− f(x0)| <
ε

2
.
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"ÿ8 �Ì Lebesgue ½n

Ún 1 � f ´«m I þ�k.¼ê. K f 3: x0 ∈ I ëY�¿©7�^
�´ ωf(x0) = 0.

y² (7�5) � f 3 x0 ëY. Kéu?¿ ε > 0, �3 δ > 0, �

x ∈ Ix0(δ)�,k

|f(x)− f(x0)| <
ε

2
.

Ïd� x, y ∈ Ix0(δ)�,k

|f(x)− f(y)| 6 |f(x)− f(x0)| + |f(y)− f(x0)| < ε.

dd��

ωf(Ix0(δ)) 6 ε.

dª%¹

ωf(x0) 6 ε.

- ε→ 0+,Ò�� ωf(x0) = 0.
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"ÿ8 �Ì Lebesgue ½n

(¿©5)� x0 ∈ I � ωf(x0) = 0.
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"ÿ8 �Ì Lebesgue ½n

(¿©5)� x0 ∈ I � ωf(x0) = 0.

5¿�

ωf(x0) = lim
δ→0+

ωf(Ix0(δ))

��é?¿ ε > 0,�3 δ > 0,¦� ωf(Ix0(δ)) < ε.Ïd,� x ∈ Ix0(δ)�,

k

|f(x)− f(x0)| < ε.

ù`² f 3 x0 ëY.y..
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"ÿ8 �Ì Lebesgue ½n

5.2.3 Lebesgue ½n

� f ´«m [a, b]þ�k.¼ê, δ > 0.P

Dδ(f) = {x ∈ [a, b] : ωf(x) > δ},

=,«m [a, b]¥ f ��ÌØ�u δ �@
:��N.

8/19

‖J I‖ J I �£ �¶ '4 òÑ



"ÿ8 �Ì Lebesgue ½n

5.2.3 Lebesgue ½n

� f ´«m [a, b]þ�k.¼ê, δ > 0.P

Dδ(f) = {x ∈ [a, b] : ωf(x) > δ},

=,«m [a, b]¥ f ��ÌØ�u δ �@
:��N.

w,,� 0 < δ1 < δ2 �,k

Dδ2(f) ⊂ Dδ1(f).
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"ÿ8 �Ì Lebesgue ½n

5.2.3 Lebesgue ½n

� f ´«m [a, b]þ�k.¼ê, δ > 0.P

Dδ(f) = {x ∈ [a, b] : ωf(x) > δ},

=,«m [a, b]¥ f ��ÌØ�u δ �@
:��N.

w,,� 0 < δ1 < δ2 �,k

Dδ2(f) ⊂ Dδ1(f).

2P D(f)�«m [a, b]¥ f �ØëY:�N,=,

D(f) = {x ∈ [a, b] : f 3 x?ØëY}.

·�ke¡�Ún.

8/19

‖J I‖ J I �£ �¶ '4 òÑ



"ÿ8 �Ì Lebesgue ½n

Ún 2 � f ´«m [a, b]þ�k.¼ê. ·�k

D(f) =

∞⋃
n=1

D1/n(f).
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"ÿ8 �Ì Lebesgue ½n

Ún 2 � f ´«m [a, b]þ�k.¼ê. ·�k

D(f) =

∞⋃
n=1

D1/n(f).

y² Ï��Ì�u"�:Ñ´ØëY:, ¤±é?¿g,ê n, k

D1/n(f) ⊂ D(f).Ï
∞⋃
n=1

D1/n(f) ⊂ D(f).
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"ÿ8 �Ì Lebesgue ½n

Ún 2 � f ´«m [a, b]þ�k.¼ê. ·�k

D(f) =

∞⋃
n=1

D1/n(f).

y² Ï��Ì�u"�:Ñ´ØëY:, ¤±é?¿g,ê n, k

D1/n(f) ⊂ D(f).Ï
∞⋃
n=1

D1/n(f) ⊂ D(f).

� x ∈ D(f).=, f 3 xØëY,�âÚn 1,k ωf(x) > 0.Ïd�3g

,ê n¦� ωf(x) > 1
n
.ùÒ´` x ∈ D1/n(f).Ï

D(f) ⊂
∞⋃
n=1

D1/n(f).

y..
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"ÿ8 �Ì Lebesgue ½n

Ún 3 � f ´«m I = [a, b] þ�k.¼ê. � Ij = (αj, βj), j =

1, 2, · · · ,´��m«m. P

K = [a, b] \
∞⋃
j=1

Ij.

XJ D(f) ⊂
∞⋃
j=1

Ij,@oé?¿ ε > 0,�½�3 δ > 0,¦�

|f(y)− f(x)| < ε, ∀ x ∈ K, y ∈ Ix(δ).
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"ÿ8 �Ì Lebesgue ½n

Ún 3 � f ´«m I = [a, b] þ�k.¼ê. � Ij = (αj, βj), j =

1, 2, · · · ,´��m«m. P

K = [a, b] \
∞⋃
j=1

Ij.

XJ D(f) ⊂
∞⋃
j=1

Ij,@oé?¿ ε > 0,�½�3 δ > 0,¦�

|f(y)− f(x)| < ε, ∀ x ∈ K, y ∈ Ix(δ).

y² (�y{)e(ØØ¤á,K�3 ε0 > 0,¦�é?¿g,ê n,�

3 xn ∈ K,9 yn ∈ Ixn( 1
n
),÷v

|f(xn)− f(yn)| > ε0.

�â Bolzano-Weierestrass ½n, {xn} kf� {xni} Âñ� x0 ∈ [a, b]. Ï�

yni � xni �ål�u
1
ni
,¤± {yni}�Âñu x0.
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"ÿ8 �Ì Lebesgue ½n

du xniØ3?¿m«m In¥,Ïd x0�Ø3?¿ In¥,u´ x0 ∈ K.

Ï� D(f) ⊂
∞⋃
j=1

Ij,¤± x0 ´ f �ëY:.
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"ÿ8 �Ì Lebesgue ½n

du xniØ3?¿m«m In¥,Ïd x0�Ø3?¿ In¥,u´ x0 ∈ K.

Ï� D(f) ⊂
∞⋃
j=1

Ij,¤± x0 ´ f �ëY:.

d

|f(xni)− f(yni)| > ε0,

¿- i→∞,��
0 = |f(x0)− f(x0)| > ε0.

ù´gñ! u´(Ø¤á.
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"ÿ8 �Ì Lebesgue ½n

du xniØ3?¿m«m In¥,Ïd x0�Ø3?¿ In¥,u´ x0 ∈ K.

Ï� D(f) ⊂
∞⋃
j=1

Ij,¤± x0 ´ f �ëY:.

d

|f(xni)− f(yni)| > ε0,

¿- i→∞,��
0 = |f(x0)− f(x0)| > ε0.

ù´gñ! u´(Ø¤á.

5¿ K ´��;8 (k.48), f 3 K þëY. Ïd, é?¿ ε > 0,

�3 δ > 0,¦�

|f(x)− f(y)| < ε, ∀ x, y ∈ K, |x− y| < δ.

��Ún�(Ø¥��¦ x ∈ K,Ø7 y ∈ K.
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"ÿ8 �Ì Lebesgue ½n

½n 1 (Lebesgue½n) � f(x)´«m [a, b]þ�k.¼ê,@o f(x)3

[a, b]þ Riemann�È�¿©7�^�´: f(x)�mä:�N D(f)´��

"ÿ8.
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"ÿ8 �Ì Lebesgue ½n

½n 1 (Lebesgue½n) � f(x)´«m [a, b]þ�k.¼ê,@o f(x)3

[a, b]þ Riemann�È�¿©7�^�´: f(x)�mä:�N D(f)´��

"ÿ8.

y² (7�5) �âÚn2, �Iy² D1/n ´"ÿ8. �Ò´�é�Ý

�Ú¿©��m«m�CX D1/n.

Ï� f 3 [a, b]�È,¤±é?¿ ε > 0Úg,ê n,�3 [a, b]�©�

T : a = x0 < x1 < · · · < xm = b,

¦�
m∑
i=1

ωi∆xi <
ε

n
. (1)

P

En = D1/n \ {x0, x1, · · · , xm},
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"ÿ8 �Ì Lebesgue ½n

�Iy² En ´"ÿ8. du

[a, b] \ {x0, x1, · · · , xm} =

m⋃
i=1

(xi−1, xi),

¤±

En = D1/n ∩

(
m⋃
i=1

(xi−1, xi)

)

⊂
m⋃
i=1

{
(xi−1, xi) : D1/n ∩ (xi−1, xi) 6= ∅

}
,

ù`² En ���m«mCX, z�m«m¥Ñ¹k D1/n �:. ?�

t ∈ D1/n ∩ (xi−1, xi). Kk ωf(t) > 1
n
. Ï� t ∈ (xi−1, xi), �� δ > 0 ¿©

�,¦�

It(δ) = (t− δ, t + δ) ⊂ (xi−1, xi).

u´

ωi = Mi −mi > ωf(It(δ)) > ωf(t) >
1

n
. (2)
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"ÿ8 �Ì Lebesgue ½n

^
∑′
L«é@
¦�D1/n∩ (xi−1, xi) 6= ∅� i¦Ú,Kl (1)Ú (2),��

ε

n
>

m∑
i=1

ωi∆xi >
∑′

ωi∆xi >
1

n

∑′
∆xi,

Ïd,k ∑′
∆xi < ε,

ù`²CX En �@
m«m��Ý�Ú�u ε.u´ En ´"ÿ8.

(¿©5) � D(f) ´"ÿ8. K�3��m«m (αi, βi), i = 1, 2, · · · ,
¦�

D(f) ⊂
∞⋃
i=1

(αi, βi), �
∞∑
i=1

(βi − αi) <
ε

2ω
,

Ù¥ ω ´ f 3 [a, b]þ��Ì.P

K = [a, b] \
∞⋃
i=1

(αi, βi).

14/19

‖J I‖ J I �£ �¶ '4 òÑ



"ÿ8 �Ì Lebesgue ½n

�âÚn 3,éþã ε > 0�3 δ > 0,¦�

|f(x)− f(y)| <
ε

4(b− a)
, ∀ x ∈ K, y ∈ Ix(δ).

�©�

T : a = x0 < x1 < · · · < xn = b,

¦� ‖T‖ < δ.ò

n∑
i=1

ωi∆xi ©¤üÜ©:

n∑
i=1

ωi∆xi =
∑

1
ωi∆xi +

∑
2
ωi∆xi, (3)

ùp
∑

1
L«éK Ú (xi−1, xi)�����@
 i¦Ú,

∑
2
L«éK

Ú (xi−1, xi)����8�@
 i¦Ú.

éu
∑

1
¥��,Ï�K ∩ (xi−1, xi) 6= ∅,?� yi ∈ K ∩ (xi−1, xi),d
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"ÿ8 �Ì Lebesgue ½n

Ún 3,�

ωi = sup
{
|f(z1)− f(z2)| : z1, z2 ∈ [xi−1, xi]

}
6 sup

{
|f(z1)− f(yi)| + |f(z2)− f(yi)| : z1, z2 ∈ [xi−1, xi]

}
6

ε

4(b− a)
+

ε

4(b− a)
=

ε

2(b− a)
.

¤± ∑
1
ωi∆xi <

ε

2(b− a)
· (b− a) =

ε

2
. (4)

2w
∑

2
¥��.Ï� ωi 6 ω,¤±∑

2
ωi∆xi 6 ω

∑
2

∆xi. (5)

éu
∑

2
¥��, Ï� K ∩ (xi−1, xi) = ∅, �� x ∈ (xi−1, xi) �, x 6∈ K,

Ï x ∈
⋃∞
k=1(αi, βi),=

(xi−1, xi) ⊂
∞⋃
k=1

(αi, βi).
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"ÿ8 �Ì Lebesgue ½n

¤± ∑
2

∆xi 6
∞∑
i=1

(βi − αi) <
ε

2ω
,

�\ (5),=� ∑
2
ωi∆xi <

ε

2
.. (6)

r (4), (6)�\ (3),=�
n∑
i=1

ωi∆xi < ε.

�â�È�¿©7�^�,�� f 3 [a, b]þ�È.y..
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"ÿ8 �Ì Lebesgue ½n

íØ 1 � f ´ [a, b] þ�k.¼ê. e f �õk�ê�mä:, K f 3

[a, b]�È.

íØ 2 � f ´ [a, b]þ��È¼ê. e 1
f
3 [a, b]þk½Â�k.,K 1

f
3

[a, b]�È.

íØ 3 e f ´ [a, b]þ��È¼ê,K f 3?¿f«m [c, d] ⊂ [a, b]þ�

�È.

íØ 4 � c ∈ (a, b). e f 3ü�f«m [a, c] Ú [c, b] þÑ�È, K f 3

[a, b]þ��È.
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"ÿ8 �Ì Lebesgue ½n

½Â 4 �/(ØA0�«m I ¥�:k'. XJ¦/(ØA0Ø¤á�:�

N´ I ¥�"ÿ8,K¡/(ØA03 I þA�??¤á,P�

/(ØA¤á0(a.e.)

“a.e.”´ almost everywhere� �.

½n 2 � f(x)´ [a, b]þ��È¼ê. e f(x) = 0 (a.e.),K f(x)�È©

�".

½n 3 � f(x) ´ [a, b] þ��K�È¼ê. e f(x) �È©�", K

f(x) = 0 (a.e.).
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