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1 3 Ù ��¼ê��©Æ

§3.1 �ê

3.1.1 �ê�½Â

1◦ ­����

Äk�²(�o /́­�þ�:���0. 3Ð�AÛ¥,Ï~ò���

±k���:���, ½Â�����. ,
, éu��­�5`, ù«½Â

�ªÒØ·Ü
. ~Xéu�Ô�£ã 3.1¤,w,�u�Ô��: A���

kõ^,Ù¥k�²wÒØ´��.
éuã 3.2,���ã«­�uü:,w

,3�: A?, ��AT´/��0. éuã 3.3¥�­�3 A:k��k

:. 3k:?,�­����:���%kõ^.
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@o,XÛ½Â��­����Q?���1�å»´l��m©,ë�

­� C þü: M0 ÚM , ��^�� L£ã 3.4¤, �: M ÷X­� C w

Ä�M0 �,XJ Lk��/4� �0,·�Bòù�/4� �0���,

½Â�­�3�:�M0 ���.

²¡þL�:����d��� x ¶����Y� α 5L�. ù�Y

� α ´�� x ¶7�:÷_����=Ä, ¿3ÄgC��T��²1�

¤×L��Ý,Ïd÷v 0 6 α 6 π. �Ý��� tanα¡�����Ç.
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� α(M) ´�� M0M � x ¶�Y

�,XJ

lim
M→M0

α(M) = α

K4�� α AT´ M0 :?���

x ¶�Y�. y3b�­� C d¼ê

y = f(x) L«£½ö`­�´¼ê

f(x)�ã�¤,: M0 ��I´
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6

∆y

x0 x

α

L

`

y = f(x)

M0

M

ã 3.4

M0(x0, f(x0)),Ä:M ��I´M(x, f(x)),¤±����Ç´

tanα(M) =
f(x)− f(x0)

x− x0

�þã¦4��L§Ò´

lim
x→x0

f(x)− f(x0)

x− x0

= lim
x→x0

tanα(M) = tanα

XJ�>�4��3�{,T4�Ò´����Ç.
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2◦ ��$Ä�:�]m�Ý

�	÷���C�$Ä����:. ��:¤$Ä�ål��m�m�

'X� S = S(t). Ïd3l t0 � tùã�mm�S,�:$Ä�²þ�Ý´

v̄ =
S(t)− S(t0)

t− t0
w,,ù�²þ�Ý¿ØU���N�:3 t0� tùã�mS�äN�$Ä

5Æ.XJ�
)�:3,���$Ä�Cz5Æ£=�Ý¤,��þã²þ

��mm��5�á. AO,XJ4�

lim
t→t0

v̄ = lim
t→t0

S(t)− S(t0)

t− t0
�3,K¡�3�� t0 �,�:$Ä�]��Ý.

ÃØ´AÛþ�l�����, �´Ôn¥�l²þ�Ý�]��Ý,

4��/ªÑ´���. Ä�/`,Ñ´�y¼ê3�:�Cz�Ç.½ö`

´3�:¼ê�Czþ�gCþ�Czþ�m�'Ç. ·�òÙÄ�Ñ5,

Òk
'u�ê�½Â.
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½Â 1 � y = f(x)3 x0 ���¥k½Â,XJ4�

lim
x→x0

f(x)− f(x0)

x− x0

�3, Ò¡§� y = f(x) 3 x0 ��ê£½�û¤, P¤ f ′(x0),
df
dx

∣∣
x0
½

dy
dx

∣∣
x0
,¿¡ f(x)3 x0 ��.

lþ¡�1��~f��, ¼ê��ê�AÛ¿Â, Ò´­�3�:�

����Ç, 
l1��~f��, �ê�Ôn¿ÂÒ´3�����]�

�Ý.

XJ¼ê3�:��êØ�3, ��¹
�«�U, Ò´4��uÃ¡

�. éuù«�¹�AÛ)º´, ¼ê�ã�3�:�����Ç´Ã¡�,

�Ò´��²1u y ¶. ¤±·���Ø�Ä²1u y ¶���.
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½Â 2 �¼ê f(x)3: x0 �m>C�k½Â,XJ ∆x > 0,�

lim
∆x→0+

f(x0 + ∆x)− f(x0)

∆x

�3,K¡§� f(x)3 x0 �m�ê,P¤ f ′+(x0),¿¡ f(x)3 x0 m��.

aq�½Â y = f(x)3 x0 ����Ú§���ê f ′−(x0).

w,, f(x)3 x0 ���¿©7�^�´ f(x)3 x0 �!m��,¿k

f ′+(x0) = f ′−(x0).

½Â 3 XJ y = f(x) 3«m I �z�:Ñ��, K¡ f(x) 3 I þ��,

f ′(x) ´ I þ��¼ê¡� f(x) ��¼ê. XJ«m I �¹kà:, K3

Tà:?, f(x)�Ik�A�üý��5.

y = f(x)��¼ê,��P¤ y′, dy
dx
�.
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~ 1 � y = c (~ê),¦ y′.

) y′ = lim
∆x→0

∆y
∆x

= lim
∆x→0

0
∆x

= 0.

~ 2 � y = xn, x ∈ (−∞,+∞),Ù¥ n´g,ê. ¦ y′.

) éu?¿¢ê x,d��ª½n�

∆y = (x + ∆x)n − xn = nxn−1∆x +
n(n− 1)

2!
xn−2(∆x)2 + · · · + (∆x)n

�

y′ = lim
∆x→0

∆y

∆x
= lim

∆x→0

[
nxn−1 +

n(n− 1)

2!
xn−2∆x + · · · + (∆x)n−1

]
= nxn−1.

= y = xn ��¼ê´ y′ = nxn−1, �¼ê�½Â��´ (−∞,+∞). AO,

� n = 1 �, ¼ê y = x ��¼ê�~�¼ê y = 1, = y = x 3z�:�

����ÇÑ´ 1.
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~ 3 ¦¼ê f(x) = ex ��¼ê.

) Ï�

lim
∆x→0

ex+∆x − ex

∆x
= ex lim

∆x→0

e∆x − 1

∆x

= ex

¤± (ex)′ = ex.
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~ 4 ¦éê¼ê y = loga x, x ∈ (0, +∞) ��¼ê, ùp a > 0, �

a 6= 1.

) �â�.úª,éu?¿� x > 0,k loga x = lnx
ln a

,�

∆y

∆x
=

loga
(
1 + ∆x

x

)
∆x

=
1

ln a

ln
(
1 + ∆x

x

)
∆x

|^4�

lim
x→0

ln(1 + x)

x
= 1

�

(loga x)′ =
1

x ln a
.

AO� a = e�,þ¡�(J�

(lnx)′ =
1

x
, x ∈ (0,+∞)

dd��,éu± e�.�g,éê��êAO{ü.
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~ 5 ¦�u¼êÚ{u¼ê��¼ê.

) P y = sinx, x ∈ (−∞,+∞). Ké?¿�: x,

∆y = sin(x + ∆x)− sinx = 2 cos

(
x +

∆x

2

)
sin

∆x

2

d cosx�ëY5±9Ä�4�

lim
x→0

sinx

x
= 1

�

lim
∆x→0

∆y

∆x
= lim

∆x→0
cos

(
x +

∆x

2

)
lim

∆x→0

sin ∆x
2

∆x
2

= cosx

= (sinx)′ = cosx.

aq�� (cosx)′ = − sinx.

10/41

‖J I‖ J I �£ �¶ '4 òÑ



3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 6 ¦e�©ã¼ê��¼ê

f(x) =

 x3, x > 0

x2, x < 0

) ¼ê f(x)d¼ê y = x3 (x > 0)±9 y = x2 (x < 0)3 x = 0?

©�
¤. � x > 0�, f ′(x) = 3x2,� x < 0�, f ′(x) = 2x,� x = 0�,

lim
∆x→0+

f(0 + ∆x)− f(0)

∆x
= lim

∆x→0+

(∆x)3

∆x
= 0

lim
∆x→0−

f(0 + ∆x)− f(0)

∆x
= lim

∆x→0−

(∆x)2

∆x
= 0

¤±

f ′(x) =


3x2, x > 0

0, x = 0

2x, x < 0
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½n 1 � f(x)3 x0��,K f(x)3 x0ëY.�é{`,XJ¼ê3�:

x0 ØëY,Kw,3 x0 ?Ø��.

y² d®�^�,4�

lim
x→x0

f(x)− f(x0)

x− x0

= f ′(x0)

�3. ¤±

lim
x→x0

(f(x)− f(x0)) = lim
x→x0

(
f(x)− f(x0)

x− x0

(x− x0)

)
= lim

x→x0

f(x)− f(x0)

x− x0

lim
x→x0

(x− x0)

= f ′(x0) · 0 = 0.

dd�

lim
x→x0

f(x) = f(x0),

=, f(x)3 x0 ëY.
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~ 7 ¼ê f(x) = |x|3 x = 0?ëY,�´3 x = 0Ø��.

y² � x = 0�

f ′+(0) = lim
∆x→0+

∆x− 0

∆x
= 1,

f ′−(0) = lim
∆x→0−

−∆x− 0

∆x
= −1.

¤± f(x) = |x| 3 x = 0 ?Ø��. 5¿, lã3.5 �±wÑ, ¼ê3 x = 0

k��k:,=3 x = 0Ø1w,¤±vk��.

-

6

.

................................................................................................................................................................................................................................................................................................................................................

............................................................................................................................................................................................................................................................................................................................................... x

y

ã 3.5
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3.1.2 ¼ê�oK$�

½n 2 (¼ê�Ú�Èû��ê) � f(x)Ú g(x)��,K

f(x)± g(x), f(x)g(x)9 f(x)
g(x)
£� g(x) 6= 0�¤���,¿k

1◦ (f(x)± g(x))′ = f ′(x)± g′(x);

2◦ (f(x) · g(x))′ = f ′(x)g(x) + f(x)g′(x);

3◦
(
f(x)

g(x)

)′
=
f ′(x)g(x)− f(x)g′(x)

g2(x)
.

y² 'u 1◦,��d�ê�½ÂÚ4��$�=�y�. 'u 2◦,|^

e�ð�ª

f(x + ∆x)g(x + ∆x)− f(x)g(x)

= f(x + ∆x)g(x + ∆x)− f(x)g(x + ∆x) + f(x)g(x + ∆x)− f(x)g(x)
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�

(f(x)g(x))′ = lim
∆x→0

f(x + ∆x)g(x + ∆x)− f(x)g(x)

∆x

= lim
∆x→0

f(x + ∆x)g(x + ∆x)− f(x)g(x + ∆x) + f(x)g(x + ∆x)− f(x)g(x)

∆x

= lim
∆x→0

g(x + ∆x)
f(x + ∆x)− f(x)

∆x
+ lim

∆x→0
f(x)

g(x + ∆x)− g(x)

∆x

= f ′(x)g(x) + f(x)g′(x).

'u 3◦,Äk5¿�,¼ê g(x)3: x?��,¤±3ù�:ëY.Ïd3 x

?, ^� g(x) 6= 0 ¿�X3 x �NC g(x) �Ø�". ¤±�gCþ�Oþ

∆x�~��, g(x + ∆x) 6= 0,ù�k
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(
1

g(x)

)′
= lim

∆x→0

1

∆x

(
1

g(x + ∆x)
−

1

g(x)

)
= − lim

∆x→0

1

∆x

g(x + ∆x)− g(x)

g(x)g(x + ∆x)

= − lim
∆x→0

1

g(x)g(x + ∆x)
· lim

∆x→0

g(x + ∆x)− g(x)

∆x

= −
g′(x)

g2(x)
.

2d 2◦ =��(
f(x)

g(x)

)′
=

(
f(x)

1

g(x)

)′
= f ′(x)

1

g(x)
− f(x)

(
1

g(x)

)′
=
f ′(x)

g(x)
−
f(x)g′(x)

g2(x)
=
f ′(x)g(x)− f(x)g′(x)

g2(x)
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 8 � f(x)��,K (cf(x))′ = cf ′(x),Ù¥ c´~ê. ù�(Ø´w

,�.

~ 9 ¦ f(x) = x2(sinx + cosx)��ê.

)

f ′(x) = (x2)′(sinx + cosx) + x2(sinx + cosx)′

= 2x(sinx + cosx) + x2(cosx− sinx)

~ 10 ¦¼ê tanxÚ cotx��ê.

)

(tanx)′ =

(
sinx

cosx

)′
=

(sinx)′ cosx− (cosx)′ sinx

cos2 x

=
cos2 x + sin2 x

cos2 x
=

1

cos2 x
= sec2 x.

aq��

(cotx)′ = −
1

sin2 x
= − csc2 x.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3.1.3 EÜ¼ê�¦�{K

½n 3 (EÜ¼ê��ê) �¼ê y = g(x)½Â3«m Iþ,¼ê z = f(y)

½Â3«m J þ,� g(I) ⊂ J . XJ g(x)3: x ∈ I ?��,
 f(y)3:

y = g(x)��,KEÜ¼ê f ◦ g 3: x?��,�k:

(f ◦ g)′(x) = (f(g(x))′ = f ′(g(x))g′(x)

y² ·���Ä?¿�: x0 Ú g(x0) ÑØ´¤3«m�à:��

¹£éuÑyà:��¹,�I3e¡�y²¥��
{ü?U¤. �	

f ◦ g(x)− f ◦ g(x0)

x− x0

=
f(g(x))− f(g(x0))

x− x0

=
f(g(x))− f(g(x0))

g(x)− g(x0)
·
g(x)− g(x0)

x− x0

.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3þª¥,�k� g(x)−g(x0) 6= 0�âk¿Â.�´� g(x)−g(x0) = 0

�, þªm>�1��©ª�©f�´" f(g(x)) − f(g(x0)) = 0, ¤±·�

�½ù�©ª� f ′(g(x0)) Ø�´Ün�, 
�þª�üàÑ�u". Ïd

E,¤á. �âù��©Û, þªé?Û�¹Ñ´¤á�. - x → x0, du

g(x)ëY,¤± g(x)→ g(x0). Ïd3þª¥�4�,Òk

lim
x→x0

f ◦ g(x)− f ◦ g(x0)

x− x0

= lim
x→x0

f(g(x))− f(g(x0))

x− x0

= lim
x→x0

f(g(x))− f(g(x0))

g(x)− g(x0)
lim
x→x0

g(x)− g(x0)

x− x0

= f ′(g(x0))g
′(x0)
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

EÜ¼ê�¦�{KÏ~¡�/óª{K0. 3¢S¦^¥,½n 3��

±L«¤:
dz

dx
=
dz

dy
·
dy

dx
.

�Ò´`, XJ z ´Cþ x �EÜ¼ê, ¥mCþ� y, K�
¦ z é x �

�û dz
dx
,�k¦ z é¥mCþ y ��û dz

dy
,2¦¥mCþ y é x��û dy

dx
,

ò¤�(J�¦Ò�� dz
dx
.

õ�¼êEÜ�k�A�/óª{K0.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 11 ¦ z = sin(cosx2)��ê.

) T¼ê´ z = sinu, u = cos v, v = x2�n�¼êEÜ
¤�. ¤

±

(sin(cosx2))′ = (sinu)′(cos v)′(x2)′ = −2x cosu sin v = −2x cos(cosx2) sinx2.

~ 12 ¦ z = (1− x)9 ��ê.

) ò (1−x)9^��ª½nÐm,A^ (xn)′ = nxn−1±9�ê�oK

$�,�±¦ÑT¼ê��ê. �´XJòT¼êw¤´ z = y9Ú y = 1−x
�EÜ,K$���{ü

((1− x)9)′ = (y9)′(1− x)′ = −9y8 = −9(1− x)8.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 13 ¦ z =
(

1+x
1−x

)3

��ê.

) T¼ê�±w¤´ z = y3 Ú y = 1+x
1−x �EÜ¼ê. ¤±[(

1 + x

1− x

)3
]′

= (y3)′
(

1 + x

1− x

)′
= 3y2 ·

1 · (1− x)− (1 + x)(−1)

(1− x)2

= 3

(
1 + x

1− x

)2

·
2

(1− x)2

=
6(1 + x)2

(1− x)4
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 14 � f(x) 3: x ?��, � f(x) 6= 0, K¼ê ln |f | 3: x ��,

�

(ln |f |)′ =
f ′(x)

f(x)
.

AOk

(ln |x|)′ =
1

x
, x 6= 0.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 14 � f(x) 3: x ?��, � f(x) 6= 0, K¼ê ln |f | 3: x ��,

�

(ln |f |)′ =
f ′(x)

f(x)
.

AOk

(ln |x|)′ =
1

x
, x 6= 0.

y² du f(x) 3: x ��, ¤±ëY, Ïd�3��¹ x �«m

(x− δ, x + δ),¦�¼ê f 3Ùþ����±ÓÒ.

�3 (x − δ, x + δ) þ��Ò�, |f | = f , = ln |f | = ln f , §´¼ê

z = ln y, y = f(x)�EÜ¼ê.

Ïd

(ln |f |)′ = (ln y)′ · f ′(x) =
1

y
· f ′(x) =

f ′(x)

f(x)
.

�¼ê3 (x − δ, x + δ) þ�KÒ�, |f | = −f , ¤± ln |f | = ln(−f),
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

§´¼ê z = ln y, y = −f(x)�EÜ¼ê,d�

(ln |f |)′ = (ln y)′ · (−f ′(x)) =
1

y
· (−f ′(x)) =

f ′(x)

f(x)
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

§´¼ê z = ln y, y = −f(x)�EÜ¼ê,d�

(ln |f |)′ = (ln y)′ · (−f ′(x)) =
1

y
· (−f ′(x)) =

f ′(x)

f(x)
.

~ 15 � y = xα, (x > 0),ùp α´?¿¢ê. y² (xα)′ = αxα−1.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

§´¼ê z = ln y, y = −f(x)�EÜ¼ê,d�

(ln |f |)′ = (ln y)′ · (−f ′(x)) =
1

y
· (−f ′(x)) =

f ′(x)

f(x)
.

~ 15 � y = xα, (x > 0),ùp α´?¿¢ê. y² (xα)′ = αxα−1.

y² � α ´g,ê£�) α = 0¤�, ·�®²�â¼ê�ê�½Â

��
y². � α 6= 0 �£�,��)��g,ê¤, xα = eα lnx, §´¼ê

y = eu Ú¼ê u = α lnx�EÜ¼ê. ¤±
dxα

dx
=
deu

du
·
du

dx
= eu · α ·

1

x

= xα · α ·
1

x

= αxα−1.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 16 � u(x), v(x)��,� v(x) > 0,K¼ê y = v(x)u(x) ��,Ù�

ê´

(v(x)u(x))′ = v(x)u(x)

(
u′(x) ln v(x) +

u(x)v′(x)

v(x)

)
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 16 � u(x), v(x)��,� v(x) > 0,K¼ê y = v(x)u(x) ��,Ù�

ê´

(v(x)u(x))′ = v(x)u(x)

(
u′(x) ln v(x) +

u(x)v′(x)

v(x)

)
.

y² Ï� y = v(x)u(x) = eu(x) ln v(x)§´¼ê y = ew, w = u(x) ln v(x)

�EÜ,¤± y 3 x?��ê´

y′(x) = eu(x) ln v(x)(u ln v)′(x)

= v(x)u(x)

(
u′(x) ln v(x) +

u(x)v′(x)

v(x)

)
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3.1.4 �¼ê�¦�{K

½n 4 (�¼ê��ê) � y = f(x)3«m I þëY,�k�¼ê f−1,X

J f 3: x ?��, � f ′(x) 6= 0. K½Â3«m J = f(I) ��¼ê f−1

3: y = f(x)���,�

(f−1)′(y)f ′(x) = 1

½�¤

(f−1)′(y) =
1

f ′(x)
=

1

f ′(f−1(y))
.

y² ·��é x±9 y Ø´«mà:��¹?1y². éuà:, �

Iòe�y²��:?U=�.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

l½ÂÑu,�y²�¼ê f−1(y)���5,Òw

lim
h→0

f−1(y + h)− f−1(y)

h

�4�´Ä�3.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

l½ÂÑu,�y²�¼ê f−1(y)���5,Òw

lim
h→0

f−1(y + h)− f−1(y)

h

�4�´Ä�3.

Ï� y Ø´«m J �à:,¤±� hé��, y + h ∈ J = f(I). qÏ�

f ´î�üN�, ¤±7�3��� u = u(h) ∈ I , ¦� y + h = f(x + u),


�,��¡î�üN5�y
� h 6= 0�, u 6= 0. ,��¡ f−1(y)�ëY

5�y
� h→ 0�,

lim
h→0

(x + u) = lim
h→0

f−1(y + h) = f−1(y) = x,

=� h→ 0�, u→ 0.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

u´3

f−1(y + h)− f−1(y)

h
=
f−1(f(x + u))− f−1(y)

h

=
u

f(x + u)− f(x)

=
1

f(x+u)−f(x)
u

¥, � h → 0�, þª�mà�'ª�4�´ 1
f ′(x)

, `²�à3 h → 0 ��

4��3. =

lim
h→0

f−1(y + h)− f−1(y)

h
=

1

f ′(x)
=

1

f ′(f−1(y))
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 17 ¦�n�¼ê��¼ê.

29/41

‖J I‖ J I �£ �¶ '4 òÑ



3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 17 ¦�n�¼ê��¼ê.

) y = arcsinx ´ x = sin y, |y| < π
2
��¼ê, 
 x = sin y 3«

m
(
−π

2
, π

2

)
S��, � (sin y)′ = cos y 6= 0, ¤±3éA�«m (−1, 1) S,

y = arcsinx��,�

(arcsinx)′ =
1

(sin y)′
=

1

cos y
=

1√
1− sin2 y

=
1

√
1− x2

.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 17 ¦�n�¼ê��¼ê.

) y = arcsinx ´ x = sin y, |y| < π
2
��¼ê, 
 x = sin y 3«

m
(
−π

2
, π

2

)
S��, � (sin y)′ = cos y 6= 0, ¤±3éA�«m (−1, 1) S,

y = arcsinx��,�

(arcsinx)′ =
1

(sin y)′
=

1

cos y
=

1√
1− sin2 y

=
1

√
1− x2

.

aq/,��

(arccosx)′ = −
1

√
1− x2

, x ∈ (−1, 1).
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

y3�Ä¼ê y = arctanx, §´ x = tan y ��¼ê, Ï�3«m(
−π

2
, π

2

)
S, (tan y)′ = sec2 y 6= 0,¤±

(arctanx)′ =
1

(tan y)′
=

1

sec2 y
=

1

1 + tan2 y

=
1

1 + x2
, |x| < +∞.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

y3�Ä¼ê y = arctanx, §´ x = tan y ��¼ê, Ï�3«m(
−π

2
, π

2

)
S, (tan y)′ = sec2 y 6= 0,¤±

(arctanx)′ =
1

(tan y)′
=

1

sec2 y
=

1

1 + tan2 y

=
1

1 + x2
, |x| < +∞.

aqk

(arccotx)′ = −
1

1 + x2
, |x| < +∞.

30/41

‖J I‖ J I �£ �¶ '4 òÑ



3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3.1.5 Ä�Ð�¼ê��ê

(c)′ = 0 (c�~ê);

(sinx)′ = cosx; (cosx)′ = − sinx;

(tanx)′ = sec2 x; (cotx)′ = − csc2 x;

(arcsinx)′ = 1√
1−x2

; (arccosx)′ = − 1√
1−x2

;

(arctanx)′ = 1
1+x2; (arccotx)′ = − 1

1+x2;

(ex)′ = ex; (lnx)′ = 1
x
;

(ax)′ = ax ln a; (loga x)′ = 1
x ln a

;

(xµ)′ = µxµ−1;
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3.1.6 p��ê

� y = f(x)3«m I ��, §��¼ê y′ = f ′(x)�¡�¼ê f ��

��ê£�û¤. y′ = f ′(x)�� x�¼ê,E,�±ïÄ§3�:��ê.

XJ f ′(x) 3�: x0 ��, K¡¼ê f(x) 3 x0 ����. Ù�ê�

(f ′(x))′|x=x0 Ï~P�

f ′′(x0), y
′′(x0),

d2f

dx2

∣∣∣∣
x=x0

,
d2y

dx2

∣∣∣∣
x=x0

¡�¼ê f(x)3 x0 ?����ê.

k�ÿ3ØÚå· ��P

d2f

dx2

∣∣∣∣
x=x0

=
d2f(x0)

dx2
,
d2y

dx2

∣∣∣∣
x=x0

=
d2y(x0)

dx2

aq�±?Ø¼ê y = f(x) 3�: x0 �n�!o� · · · �ê
f ′′′(x0), f

(4)(x0), · · · ±9n�!o� · · · �¼ê f ′′′(x), f (4)(x), · · · .
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

��/,é n > 1,XJ¼ê y = f(x)� n− 1��¼ê f (n−1)(x)3:

x0 ��,K¡ f 3 x0 ? n���,P�

y(n)(x0), f
(n)(x0),

dny

dxn

∣∣∣∣
x=x0

, ½
dnf

dxn

∣∣∣∣
x=x0

¡�¼ê f 3�: x0 ?� n��ê.

XJ f (n−1)(x) ��¼ê (f (n−1)(x))′ �3, K¡Ù�¼ê f � n �

�£¼¤ê,P�

y(n)(x), f (n)(x),
dny

dxn
(x), ½

dnf

dxn
(x).

w,k
dnf

dxn
=
d

dx

(
dn−1f

dxn−1

)
.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

��¼ê��¼êØ�½��,$�Ø7ëY.~X,¼ê

f(x) =

x2 sin 1
x
, x 6= 0

0, x = 0

3?¿:��,�

f ′(x) =

2x sin 1
x
− cos 1

x
, x 6= 0

0, x = 0

w, f ′(x)3 x = 0ØëY.

Ïdé¼ê¦����¦�p, é¼ê����õ. ± f(x) = |x| ù�
~fw, T¼ê3 x = 0 Ø��, ¼ê�ã�3dk��k:, Ø1w. Ïd

��¼ê��,Ï~/�/¡¼ê1w. ¼êäk�p�p��ê,K¼êÒ

�/1w0. Ïd,��
ó,¼ê�5��Ò�Ð.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

½n 5 (Leibnizúª) � u(x)Ú v(x)Ñk n��ê,K

(uv)(n) =

n∑
k=0

Ck
nu

(n−k)v(k). (1)

y² é n^8B{. n = 1�´w,�,� (1)é n¤á,K

(uv)(n+1) =

(
n∑
k=0

Ck
nu

(n−k)v(k)

)′
=

n∑
k=0

(
Ck
nu

(n−k+1)v(k) + Ck
nu

(n−k)v(k+1)
)
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

½n 5 (Leibnizúª) � u(x)Ú v(x)Ñk n��ê,K

(uv)(n) =

n∑
k=0

Ck
nu

(n−k)v(k). (1)

y² é n^8B{. n = 1�´w,�,� (1)é n¤á,K

(uv)(n+1) =

(
n∑
k=0

Ck
nu

(n−k)v(k)

)′
=

n∑
k=0

(
Ck
nu

(n−k+1)v(k) + Ck
nu

(n−k)v(k+1)
)

= u(n+1)v +

n∑
k=1

Ck
nu

(n+1−k)v(k) +

n∑
k=1

Ck−1
n u(n+1−k)v(k) + uv(n+1)
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½n 5 (Leibnizúª) � u(x)Ú v(x)Ñk n��ê,K

(uv)(n) =

n∑
k=0

Ck
nu

(n−k)v(k). (1)

y² é n^8B{. n = 1�´w,�,� (1)é n¤á,K

(uv)(n+1) =

(
n∑
k=0

Ck
nu

(n−k)v(k)

)′
=

n∑
k=0

(
Ck
nu

(n−k+1)v(k) + Ck
nu

(n−k)v(k+1)
)

= u(n+1)v +

n∑
k=1

Ck
nu

(n+1−k)v(k) +

n∑
k=1

Ck−1
n u(n+1−k)v(k) + uv(n+1)

= u(n+1)v +

n∑
k=1

(Ck
n + Ck−1

n )u(n+1−k)v(k) + uv(n+1)
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½n 5 (Leibnizúª) � u(x)Ú v(x)Ñk n��ê,K

(uv)(n) =

n∑
k=0

Ck
nu

(n−k)v(k). (1)

y² é n^8B{. n = 1�´w,�,� (1)é n¤á,K

(uv)(n+1) =

(
n∑
k=0

Ck
nu

(n−k)v(k)

)′
=

n∑
k=0

(
Ck
nu

(n−k+1)v(k) + Ck
nu

(n−k)v(k+1)
)

= u(n+1)v +

n∑
k=1

Ck
nu

(n+1−k)v(k) +

n∑
k=1

Ck−1
n u(n+1−k)v(k) + uv(n+1)

= u(n+1)v +

n∑
k=1

(Ck
n + Ck−1

n )u(n+1−k)v(k) + uv(n+1)

=

n+1∑
k=0

Ck
n+1u

(n+1−k)v(k),

=, (1)é n + 1¤á. d8B{��,½n¤á.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 18 ¦ f(x) = eax, x ∈ (−∞,+∞),Ù¥ a´~ê.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 18 ¦ f(x) = eax, x ∈ (−∞,+∞),Ù¥ a´~ê.

) (eax)′ = aeax, (eax)′′ = (aeax)′ = a2eax, · · · ,��k

(eax)(n) = aneax

AO

(ex)(n) = ex
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 18 ¦ f(x) = eax, x ∈ (−∞,+∞),Ù¥ a´~ê.

) (eax)′ = aeax, (eax)′′ = (aeax)′ = a2eax, · · · ,��k

(eax)(n) = aneax

AO

(ex)(n) = ex

~ 19 ¦ sinxÚ cosx� n��¼ê, x ∈ (−∞,+∞).
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 18 ¦ f(x) = eax, x ∈ (−∞,+∞),Ù¥ a´~ê.

) (eax)′ = aeax, (eax)′′ = (aeax)′ = a2eax, · · · ,��k

(eax)(n) = aneax

AO

(ex)(n) = ex

~ 19 ¦ sinxÚ cosx� n��¼ê, x ∈ (−∞,+∞).

) ^êÆ8B{´y

(sinx)(n) = sin
(
x +

nπ

2

)
, n = 1, 2, · · ·

(cosx)(n) = cos
(
x +

nπ

2

)
, n = 1, 2, · · ·
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 20 ¦ (1 + x)α, x ∈ (−1,+∞)� n��¼ê.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 20 ¦ (1 + x)α, x ∈ (−1,+∞)� n��¼ê.

) d�¼ê¦�{K´�

((1 + x)α)(n) = α(α− 1)(α− 2) · · · (α− n + 1)(1 + x)α−n, n = 1, 2, · · ·

AO

((1 + x)α)(n)
∣∣∣
x=0

= α(α− 1)(α− 2) · · · (α− n + 1), n = 1, 2, · · ·
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~ 20 ¦ (1 + x)α, x ∈ (−1,+∞)� n��¼ê.

) d�¼ê¦�{K´�

((1 + x)α)(n) = α(α− 1)(α− 2) · · · (α− n + 1)(1 + x)α−n, n = 1, 2, · · ·

AO

((1 + x)α)(n)
∣∣∣
x=0

= α(α− 1)(α− 2) · · · (α− n + 1), n = 1, 2, · · ·

~ 21 ¦ f(x) = ln(1 + x), x ∈ (−1,+∞)� n��¼ê.
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~ 20 ¦ (1 + x)α, x ∈ (−1,+∞)� n��¼ê.

) d�¼ê¦�{K´�

((1 + x)α)(n) = α(α− 1)(α− 2) · · · (α− n + 1)(1 + x)α−n, n = 1, 2, · · ·

AO

((1 + x)α)(n)
∣∣∣
x=0

= α(α− 1)(α− 2) · · · (α− n + 1), n = 1, 2, · · ·

~ 21 ¦ f(x) = ln(1 + x), x ∈ (−1,+∞)� n��¼ê.

) ^8B{�y
dn ln(1 + x)

dxn
= (−1)n−1(n− 1)!

(1 + x)n
, n = 1, 2, · · ·

Ïd
dn ln(1 + x)

dxn

∣∣∣∣
x=0

= (−1)n−1(n− 1)!.
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~ 22 � y = x2eax,¦ y(n)(x), a´~ê.
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 22 � y = x2eax,¦ y(n)(x), a´~ê.

) d Leibnizúª��

y(n)(x) =

n∑
k=0

Ck
n(x2)(k)(eax)(n−k)
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~ 22 � y = x2eax,¦ y(n)(x), a´~ê.

) d Leibnizúª��

y(n)(x) =

n∑
k=0

Ck
n(x2)(k)(eax)(n−k)

= x2(eax)(n) + 2nx(eax)(n−1) +
n(n− 1)

2
· 2(eax)(n−2)
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~ 22 � y = x2eax,¦ y(n)(x), a´~ê.

) d Leibnizúª��

y(n)(x) =

n∑
k=0

Ck
n(x2)(k)(eax)(n−k)

= x2(eax)(n) + 2nx(eax)(n−1) +
n(n− 1)

2
· 2(eax)(n−2)

= anx2eax + 2nan−1xeax + n(n− 1)an−2eax
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~ 22 � y = x2eax,¦ y(n)(x), a´~ê.

) d Leibnizúª��

y(n)(x) =

n∑
k=0

Ck
n(x2)(k)(eax)(n−k)

= x2(eax)(n) + 2nx(eax)(n−1) +
n(n− 1)

2
· 2(eax)(n−2)

= anx2eax + 2nan−1xeax + n(n− 1)an−2eax

= an−2
(
a2 + 2nax + n(n− 1)

)
eax.
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~ 23 � y = arctanx,¦ y(n)(0).
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3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

~ 23 � y = arctanx,¦ y(n)(0).

) d y′ = 1
1+x2 ��,¼ê arctanxk?¿��ê,�

(1 + x2)y′ = 1.

3þªü>¦ n− 1��ê,¿d Leibnizúª��

(1 + x2)y(n) + 2(n− 1)xy(n−1) + (n− 1)(n− 2)y(n−2) = 0.

ò x = 0�\Ò��4íúª

y(n)(0) = −(n− 1)(n− 2)y(n−2)(0).

du y(0) = 0, y′(0) = 1. Ò��

y(2k+1)(0) = (−1)k(2k)!, y(2k)(0) = 0, (k = 0, 1, 2 · · · ).

39/41

‖J I‖ J I �£ �¶ '4 òÑ



3.1.1 3.1.2 3.1.3 3.1.4 3.1.5 3.1.6 3.1.7

3.1.7 �þ�¼ê��ê

¤¢�þ�¼ê,Ò´��l¢ê8Ü R� Rk ���N�

~f : [a, b] ⊂ R −→ Rk, ~f : t 7−→ ~f(t)

Ù¥{ü/ù, Rk ´¤k ~x = (x1, · · · , xk), xi ∈ R/ª��þ¤�¤��
m,¡� k �î¼�m. ÏdXJ�¤©þ/ª,K

~f(t) = (f1(t), f2(t), · · · , fk(t))

=z�©þ fi = fi(t)Ñ´ t�¼ê.

Rk ´��Ýþ�m,ÙÝþ´

|~x− ~y| =
√

(x1 − y1)2 + · · · + (xk − yk)2

�âù�Ýþ, �±½Â�þ�¼ê�ëY5, ��òëY¼ê�½Â¥�

Ø�ª |f(x)− f(x0)| < ε�¤ |~f(t)− ~f(t0)| < ε=�,ùp�/ýé�0́

þ¡'u�þ�Ýþ. w,,�þ�¼ê ~f(t)ëY�¿©7�^�´§�z
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��©þ fi(t), 1 6 i 6 k ëY.

·���^Ó���{½Â ~f(t)��ê,=

lim
∆t→0

~f(t + ∆t)− ~f(t)

∆t
= ~f ′(t)

XJþª�>�4��3. ØJwÑ,�þ�¼ê ~f(t)���¿�^�´§

�z��©þ f1(t), · · · , fk(t)þ��,
�

~f ′(t) = (f ′1(t), · · · , f
′
k(t)).

Rk ¥�þäk\{!ê¦!SÈ, AOéu k = 3, �k·�ÙG�	

È.Ïd·�ke�5�

1◦ (~f(t)± ~g(t))′ = ~f ′(t)± ~g′(t).

2◦ (~f(t) · ~g(t))′ = ~f ′(t) · ~g(t) + ~f(t) · ~g′(t).

3◦ éuk = 3,k (~f(t)× ~g(t))′ = ~f ′(t)× ~g(t) + ~f(t)× ~g′(t).
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