
5.1.1 5.1.2 È©�½Â �È�7�^�

1 5 Ù üCþ¼ê�È©Æ

§5.1 È©

5.1.1 È©�½Â

>F/�¡È

éuõ>/, ½Â¡È�, ·��ÉAÛ�*, =«@éuz��£²

¡¤õ>/ P Ñk¡È,Ù¡È´���ê A(P ),¿äke¡ü�5�:

1◦ ü����õ>/k�Ó�¡È;

2◦ �N¡È´§��Ü©¡È�Ú: XJü�õ>/ P ′ � P ′′ ©n3

�å/¤��#�õ>/ P ,K P �¡È´

A(P ) = A(P ′) +A(P ′′)

¤¢/©n0½ö /̀¿0,=´ P ′ � P ′′ =k,
>�ú�Ü©.
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5.1.1 5.1.2 È©�½Â �È�7�^�

3◦ ¡ÈAëY�6Ù>�.

4◦ �½>�� 1���/�¡È� 1.

��/�â¡È�5�,>���knê r ���/�¡È� r2.·�

F"��/�¡ÈAëY�6Ù>�, Ïd, >���¢ê a ���/�¡

È� a2.

��/ du��/�±^��/©�¤, Uì¡È�ü�5�±9

ëY5�±y²>�� aÚ b���/�¡È� ab.

n�/?�±y²n�/�¡È�u: .×p÷2.

õ>/ Ï�õ>/�±^k��n�/©�¤, Ïdõ>/�¡È

�±(½.

>ã/ éu��dµ4��¤�²¡ã/, XJ§´k¡È�, @

o·��F"Ù¡È´÷v5�1◦ !5�2◦ Ú5�3◦.
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5.1.1 5.1.2 È©�½Â �È�7�^�

µ4��¤�²¡ã/�±©¤±en«ã/�¿.

ã 5.1 ã 5.2
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ã 5.3

ã5.2 �ã5.3 ´ã5.1�ðz�/: Ù¥�^>½ü^> ¤���:.

Ïd,·����ÄXã4.1�>F/�¡ÈÒ�±
.

ã5.1kn>´��ã, =k�>´�, ·�b½§�¤�¤�«�´

k¡È�,y3Ò´�¦Ñù�¡È.·�òæ^3���S/±��0�

�{,k¦Ñ¤¦¡È���Cq.
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5.1.1 5.1.2 È©�½Â �È�7�^�

�½�����IX Oxy, ¦¤�Ä�>F/dëY� y = f(x)

(f(x) > 0),� x¶,ü�� x = a9 x = b¤�¤ (Xã5.4).
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ã 5.4
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ã 5.5

3 a� b¥�\ n− 1�©: x1, · · · , xn−1,Ù¥ x1 < · · · < xn−1,¡

�«m [a, b]���/©�0. eP x0 = a, xn = b,K«m [a, b]©¤
 n�

�«m [xi−1, xi](i = 1, · · · , n). 3z��©:þxÑ� x¶R����,u

´¤`�>F/�©¤ n��/�^0(Xã5.5).
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5.1.1 5.1.2 È©�½Â �È�7�^�

¦ù
��^�¡È, JÝ¿�ü$, ��±�Ä^��Ý/�^5�

Cq£ù�L§,��u3z��«mþ^ f 3Ù¥,�:���O f(x)¤.

·�^ Sn L«ù���� n ��Ý/¡È�Ú. 3�*þ�±wÑ, e«

m [a, b] ©���5�[, = n Ã�O��, Ã�«m����Ýª�u",

K/Cq�0Sn ª�u>F/�¡È.ù�, >F/�¡ÈL«¤
ù


�Ý/�¡ÈÚ�4�.
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ã 5.6
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5.1.1 5.1.2 È©�½Â �È�7�^�

y3·�Ø��*ýk@½¤`�>F/�3¡È,´Äk�Äþ

¡½Â�Ú Sn, �©��5�[�, XJù
Úªu��(½�4�, ·�

Òòù�4��½Â�>F/�¡È.ù�·�Ò�Ñ
½Â¡È��«

�ª.

�(�/`,·�3z��«m [xi−1, xi]¥?¿���: ξi,P

∆xi = xi − xi−1 (i = 1, 2, · · · , n),

Kz��¬Ý/�¡È´ f(ξi)∆xi,§��Úª�

Sn =

n∑
i=1

f(ξi)∆xi.

XJ� max
16i6n

∆xi → 0 (n→∞)�,ÃØ©: x1, · · · , xn−1 9: ξ1, · · · , ξn
N�À�, Ú Sn Ñk�Ó�4�; ù�4��Ò�½Â�¤`�>F/

(ã5.4)�¡È.
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5.1.1 5.1.2 È©�½Â �È�7�^�

�:÷��$ÄrL�´§

���:÷��$Ä, �3�m«m [a, b] S?��� t ��Ý�

v = v(t),·��Ä�:3ù�ã�mSrL�´§.

lÔn¿Âþ5w,¤`�´§�,�3. �
¦Ñù�´§,·�^©

:

a = t0 < t1 < · · · < tn−1 < tn = b,

ò«m [a, b] ©� n ��«m [ti−1, ti](i = 1, · · · , n). 3z�«m [ti−1, ti]

þ?��: ξi, ò�:3�m«m [ti−1, ti] þ�$ÄCq�±�Ý� v(ξi)

�!�$Ä.dd,����:l t = a� t = brL�´§�Cq��

S′n =

n∑
i=1

v(ξi)∆ti.

�*þw,� max
16i6n

∆ti→ 0(n→∞)�,Cq� S′n Bªu¤¦�´§.
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5.1.1 5.1.2 È©�½Â �È�7�^�

½Â 1 �¼ê f(x)34«m [a, b]þk½Â.^©:

T : a = x0 < x1 < · · · < xn−1 < xn = b

ò«m [a, b] ©�¤ n ��«m [xi−1, xi](i = 1, · · · , n). 3z��«m

[xi−1, xi]þ?��: ξi,¿P

‖T‖ = max
16i6n

∆xi, ∆xi = xi − xi−1

¡�©� T �/°Ý0. Úª

Sn(T ) =

n∑
i=1

f(ξi)∆xi,

¡�¼ê f(x)3«m [a, b]þéAu©� T ���Riemann£iù¤Ú.X

J� ‖T‖ → 0 (n→∞)�,ÃØ©: xi �: ξi N�À�, Sn ok�Ó�

4�, K¡¼ê f(x) 3«m [a, b] þ�È; ¿òù4��¡� f(x) 3 [a, b]

þ�½È©,P� ∫ b

a

f(x)dx.
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 1 «m [a, b]þ�~�¼ê f(x) = c´�È�,�§�È©´∫ b

a

c dx = c(b− a).

y² Ï�~�¼ê3?Û:��Ñ´���,¤±

Sn =

n∑
i=1

f(ξi)∆xi = c

n∑
i=1

∆xi = c(b− a).

Ïd� ‖T‖ → 0 �, Sn k4�, �4�� c(b − a). � c > 0 �, d~�A

Û¿Â�:�!°©O� c� b− a�Ý/�¡È´ c(b− a),ù�Ð�AÛ

¥�½Â��.
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 2 � y0 ∈ [a, b]K¼ê

Jy0(x) =

1, x = y0,

0, x 6= y0

3 [a, b]þ�È,�È©�".

y² éu [a, b]�?¿©� T : a = x0 < x1 < · · · < xn = b,±9«

m [xi−1, xi]¥� ξi (i = 1, 2, · · · , n),�õk�� ξi �u y0.Ïd∣∣∣∣∣
n∑
i=1

f(ξi)∆xi

∣∣∣∣∣ 6 ‖T‖ → 0.

dd�� Jy0(x)�È,�È©�".
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 3 Dirichlet¼ê D(x) =

1, x´knê

0, x´Ãnê

3?¿«mþÑØ´�È�.

y² éu [a, b]�?¿©� T : a = x0 < x1 < · · · < xn = b,3�«

m [xi−1, xi]¥Qkknê�kÃnê,� ξi´d«m¥���knê, ηi

´d«m¥���Ãnê. K RiemannÚ
n∑
i=1

D(ξi)∆xi =

n∑
i=1

∆xi = b− a.

 RiemannÚ
n∑
i=1

D(ηi)∆xi = 0.

Ïd D(x)3 [a, b]þØ�È.
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5.1.1 5.1.2 È©�½Â �È�7�^�

½n 1 e¼ê f(x)3«m [a, b]þ�È,K f(x)3 [a, b]þk..

y² d½Â´�,�È¼ê� RiemannÚ Sn(T )� ‖T‖ → 0�k4

� A, ¤±�½´k.�. � ε = 1, K�3�ê δ, ¦�éu«m [a, b]��

�©� T : a = x0 < x1 < · · · < xn−1 < xn = b,,�� ‖T‖ < δ,Òk∣∣∣∣∣
n∑
i=1

f(ξi)∆xi

∣∣∣∣∣ 6 |A| + 1

5¿�þªéu?¿�|: (ξ1, ξ2, · · · , ξn), ξi ∈ [xi−1, xi] Ñ¤á. lþª

��

|f(ξk)|∆xk 6

∣∣∣∣∣∣
∑
i 6=k

f(ξi)∆xi

∣∣∣∣∣∣ + |A| + 1

éu�½� k,�½ ξ1, · · · , ξk−1, ξk+1, · · · , ξn,Kþªmà��´(½�. d

u ξk ∈ [xk−1, xk] �±?¿ÀJ. þªL² f(x) 3 [xk−1, xk] þk.. ùÒ

´` f(x)3z�ù���«mþÑ´k.�. Ïd3 [a, b]þ�k.. y..
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5.1.1 5.1.2 È©�½Â �È�7�^�

½n 1U
^5�ä,
¼ê3�½�«mþØ�È,�´½n 1�_

¿Ø�(. �Ò´`k.¼êØ�½´�È�. ~X, Dirichlet ¼ê£=3

kn:þ��� 1, Ãn:þ��� 0 �¼ê¤3?�«m [a, b] þk., �

´,��|^½ÂÒ��ä§3 [a, b]þ´Ø�È�.

½n 1 �w�·�, �?Ø=
¼ê´�È�, ��3k.¼ê���

S5?ØÒ�±
.

3�¡��!¥·�òy²½Â34«m [a, b]þ�üN¼ê!ëY¼

ê!�kk��mä:�k.¼ê�Ñ´�È�.
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5.1.1 5.1.2 È©�½Â �È�7�^�

5.1.2 A�~f

~ 4 � a < b,y²
∫ b

a

x dx =
1

2
(b2 − a2).

y² ¼ê f(x) = x �ëY5�y
§��È5. =ÃØæ��o�

�«m©��ª±9ÃØ��o��: ξi, éA� Riemann Ú�4��3.

3dcJe,�
^½ÂO�È©,·��ÀJ,«AÏ�©��ª,�AÏ

�: ξ,±Bu?n�A� RiemannÚ.ùp·�ò«m [a, b]^©:

a, a + h, a + 2h, · · · , a + (n− 1)h, a + nh

y©� n �°, Ù¥ h = b−a
n

. òz��«m�mà:�� ξi, K�A�

RiemannÚ�
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5.1.1 5.1.2 È©�½Â �È�7�^�

Sn = (a + h)h + (a + 2h)h + · · · + (a + nh)h

15/18
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5.1.1 5.1.2 È©�½Â �È�7�^�

Sn = (a + h)h + (a + 2h)h + · · · + (a + nh)h

= nah +
1

2
n(n + 1)h2
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5.1.1 5.1.2 È©�½Â �È�7�^�

Sn = (a + h)h + (a + 2h)h + · · · + (a + nh)h

= nah +
1

2
n(n + 1)h2

= a(b− a) +
1

2

(
1 +

1

n

)
(b− a)2.
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5.1.1 5.1.2 È©�½Â �È�7�^�

Sn = (a + h)h + (a + 2h)h + · · · + (a + nh)h

= nah +
1

2
n(n + 1)h2

= a(b− a) +
1

2

(
1 +

1

n

)
(b− a)2.

�� n→∞�, Sn→ 1
2
(b2 − a2).
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 5 � a < b,y²
∫ b

a

x2 dx =
1

3
(b3 − a3).

y² Ï��È¼ê f(x) = x2 ëY,¤±´�È�,æ^�©:

a, a + h, a + 2h, · · · , a + (n− 1)h, a + nh = b

ò«m [a, b] y©� n �°, Ù¥ h = b−a
n

. òz��«m�mà:�� ξi,

KÈ©Ú

Sn = (a + h)2h + (a + 2h)2h + · · · + (a + nh)2h

16/18
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 5 � a < b,y²
∫ b

a

x2 dx =
1

3
(b3 − a3).

y² Ï��È¼ê f(x) = x2 ëY,¤±´�È�,æ^�©:

a, a + h, a + 2h, · · · , a + (n− 1)h, a + nh = b

ò«m [a, b] y©� n �°, Ù¥ h = b−a
n

. òz��«m�mà:�� ξi,

KÈ©Ú

Sn = (a + h)2h + (a + 2h)2h + · · · + (a + nh)2h

= na2h + n(n + 1)ah2 +
1

6
n(n + 1)(2n + 1)h3

16/18
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5.1.1 5.1.2 È©�½Â �È�7�^�

~ 5 � a < b,y²
∫ b

a

x2 dx =
1

3
(b3 − a3).

y² Ï��È¼ê f(x) = x2 ëY,¤±´�È�,æ^�©:

a, a + h, a + 2h, · · · , a + (n− 1)h, a + nh = b

ò«m [a, b] y©� n �°, Ù¥ h = b−a
n

. òz��«m�mà:�� ξi,

KÈ©Ú

Sn = (a + h)2h + (a + 2h)2h + · · · + (a + nh)2h

= na2h + n(n + 1)ah2 +
1

6
n(n + 1)(2n + 1)h3

= a2(b− a) +

(
1 +

1

n

)
a(b− a)2 +

1

6

(
1 +

1

n

)(
2 +

1

n

)
(b− a)3.
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dd´� lim
n→∞

Sn = 1
3
(b3 − a3).
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~ 6 ¦
∫ b

a

cosx dx.

) ò«m [a, b]?1 n�©,©:�

xk = a +
k

n
(b− a), k = 0, 1, · · · , n.

� ξk = xk, k = 1, 2, · · · , n.K�A� RiemannÚ�

Sn =

n∑
k=1

f(ξk)∆xk =
b− a
n

n∑
k=1

cosxk
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2 sin
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2n
cos

(
a +

k

n
(b− a)

)
=

b−a
2n

sin b−a
2n

n∑
k=1

(
sin

(
a +

(2k + 1)(b− a)

2n

)
− sin

(
a +

(2k − 1)(b− a)

2n

))
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Ïd,k

Sn =
b−a
2n

sin b−a
2n

(
sin

(
a +

(2n + 1)(b− a)

2n

)
− sin

(
a +

b− a
2n

))
.

- n→∞,�� ∫ b

a

cosx dx = sin b− sin a.
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Ïd,k

Sn =
b−a
2n

sin b−a
2n

(
sin

(
a +

(2n + 1)(b− a)

2n

)
− sin

(
a +

b− a
2n

))
.

- n→∞,�� ∫ b

a

cosx dx = sin b− sin a.

Ón,�� ∫ b

a

sinx dx = −(cos b− cos a).

AOk ∫ π

0

sinx dx = 2.
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