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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

§3.6 Taylor Ðm

3.6.1 Taylor úª

�¼ê f(x)3 x0 ��,K

f(x) = f(x0) + f
′(x0)(x− x0) +R1(x0;x),

Ù¥

lim
x→x0

R1(x0;x)

x− x0

= lim
x→x0

(
f(x)− f(x0)

x− x0

− f ′(x0)

)
= 0
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= lim
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(
f(x)− f(x0)

x− x0

− f ′(x0)

)
= 0

Ïd,3 x0 �NC,�±^��'u x− x0 ��gõ�ª

P1(x) = f(x0) + f
′(x0)(x− x0),

�O f(x), dd�)�Ø�£½¡�{�¤R1(x0;x) � x → x0 �, ´'

x− x0 �p��Ã¡�þ.
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3 x0 NC^�gõ�ª f(x0) + f
′(x0)(x − x0)5O� f(x)¤�)�

Ø��Ø��¦�,g,/�±�Ä^�gõ�ª5O� f(x).
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′(x0)(x − x0)5O� f(x)¤�)�

Ø��Ø��¦�,g,/�±�Ä^�gõ�ª5O� f(x).

b�3 x0 NC f(x)k���¼ê,��3~ê a0, a1, a2 ¦�

f(x) = a0 + a1(x− x0) + a2(x− x0)
2 + o((x− x0)

2), (x→ x0),
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a2 = lim
x→x0

f(x)− f(x0)− f ′(x0)(x− x0)

(x− x0)2
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(x− x0)2
= lim
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f ′(x)− f ′(x0)

2(x− x0)
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f ′′(x0)

2
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f ′(x)− f ′(x0)

2(x− x0)
=
f ′′(x0)

2
.

�Ò´`3 x0NC^�gõ�ª5O� f(x),¦ÙØ���� o((x− x0)
2)

�,d�gõ�ª�U´

f(x0) + +f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)

2.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

½n 1 �¼ê f(x) 3 x0 ��� (x0 − δ, x0 + δ) Sk�� n ���ê.

XJ Pn(x) = a0 + a1(x− x0) + · · ·+ an(x− x0)
n���'u x− x0� n

gõ�ª,
�

f(x) = Pn(x) + o((x− x0)
n), (x→ x0), (3.1)

K Pn(x)�Xê7L´

ak =
f (k)(x0)

k!
, k = 0, 1, · · · , n,

l
 Pn(x) = Tn(x0;x),ùp

Tn(x0;x) = f(x0) +
f ′(x0)

1!
(x− x0) + · · · +

f (n)(x0)

n!
(x− x0)

n

¡��¼ê f(x)3: x0 ?� ng Taylorõ�ª.
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y² 3 (3.1)¥- x→ x0,=� a0 = f(x0).
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y² 3 (3.1)¥- x→ x0,=� a0 = f(x0).

b�®y�

ak =
f (k)(x0)

k!
, k = 0, 1, · · · ,m, m < n,
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b�®y�

ak =
f (k)(x0)

k!
, k = 0, 1, · · · ,m, m < n,

�â (3.1)k,

f(x)−
∑m

k=0
f (k)(x0)
k!

(x− x0)
k

(x− x0)m+1
= am+1 + o(1), (x→ x0).
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Ï
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k
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k!

(x− x0)
k

(x− x0)m+1
= am+1 + o(1), (x→ x0).

Ï
,

am+1 = lim
x→x0

f(x)−
∑m

k=0
f (k)(x0)
k!

(x− x0)
k

(x− x0)m+1
.

éþ¡�4�^mg L’Hospital{K,��

am+1 = lim
x→x0

f (m)(x)− f (m)(x0)

(m + 1)!(x− x0)
=
f (m+1)(x0)

(m + 1)!
.

u´�â8B�n,(Ø�y.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

½n 2 �¼ê f(x)3: x0��� (x0− δ, x0 + δ)Sk�� n���ê,

Tn(x0;x)´¼ê f 3 x0 ?� ng Taylorõ�ª,K� x→ x0 �,{�

Rn(x0;x) = f(x)− Tn(x0;x)

´ (x− x0)
n �p�Ã¡�þ,=

lim
x→x0

Rn(x0;x)

(x− x0)n
= lim

x→x0

f(x)− Tn(x0;x)

(x− x0)n
= 0.

�é{`,� x→ x0 �,k

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) + · · · +

f (n)(x0)

n!
(x− x0)

n + o((x− x0)
n)

¡��¼ê f(x)3: x0 ?�� Peano{�� Taylorúª.
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y² ��5¿� f(x)− Tn(x0;x)9Ù�� n���ê� x→ x0�,

Ñ´Ã¡�þù�¯¢,,�3O�4�

lim
x→x0

f(x)− Tn(x0;x)

(x− x0)n

�L§¥ëY¦^ L’Hospital{K,=��¤y².
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y² ��5¿� f(x)− Tn(x0;x)9Ù�� n���ê� x→ x0�,

Ñ´Ã¡�þù�¯¢,,�3O�4�

lim
x→x0

f(x)− Tn(x0;x)

(x− x0)n

�L§¥ëY¦^ L’Hospital{K,=��¤y².

AO,XJ¼ê f 3 x = 0NC n��ê,½n 2¥� x0 = 0,K Taylor

úª�

f(x) = f(0) +
f ′(0)

1!
x + · · · +

f (n)(0)

n!
xn + o(xn), x→ 0

¿¡��¼ê f(x)� n�äk Peano{�� Maclaurinúª£½Ðmª¤.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

½n 3 �¼ê f(x)3«m I Sk n+ 1��ê,� n��ê3 I þëY.

� xÚ x0 ´ I ¥?¿ü�ØÓ�ê, Tn(x0;x)´ f 3 x0 ?� n� Taylor

õ�ª. K3 xÚ x0 �m�3��ê ξ,¦�

f(x) = Tn(x0;x) +Rn

úª¥�{� Rn äke�/ª

Rn =
f (n+1)(ξ)

(n + 1)!
(x− x0)

n+1,

Ù¥ Rn¡� Lagrange{�,
þ¡ù�úª¡�� Lagrange{�� Taylor

úª. ½ö` f(x)3 x:?�±L«¤

f(x) = f(x0)+
f ′(x0)

1!
(x−x0)+· · ·+

f (n)(x0)

n!
(x−x0)

n+
f (n+1)(ξ)

(n + 1)!
(x−x0)

n+1.
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y² �Ä¼ê G(x) = 1
(n+1)!

(x− x0)
n+1 Ú

R(x) = f(x)−
n∑
k=0

f (k)(x0)

k!
(x− x0)

k,

w,k

G(x0) = G′(x0) = · · · = G(n)(x0) = 0,

R(x0) = R′(x0) = · · · = R(n)(x0) = 0,

�EA^ Cauchy¥�½n,�3 x0 � x�m�3 ξ1, ξ2, · · · , ξn, ξ ¦�
R(x)

G(x)
=
R(x)− F (x0)

G(x)−G(x0)
=
R′(ξ1)

G′(ξ1)
= · · · =

R(n+1)(ξ)

G(n+1)(ξ)
.

u´
R(x)

(x−x0)n+1

(n+1)!

=
f (n+1)(ξ)

1
,

=,

R(x) =
f (n+1)(ξ)

(n + 1)!
(x− x0)

n+1.
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Ï� ξ ´0u xÚ x0 ���ê,¤±�L«¤�

ξ = x0 + θ(x− x0), 0 < θ < 1

Ïd Lagrange{��L«¤

Rn =
f (n+1)(ξ)

(n + 1)!
(x− x0)

n+1 =
f (n+1)(x0 + θ(x− x0))

(n + 1)!
(x− x0)

n+1.
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íØ 1 �¼ê f(x)3«m I Skk.� n + 1��¼ê,=

|f (n+1)(x)| 6M,

K3«m I þ, f(x)�§� Taylorõ�ª�m�Ø�£�Ò´{�¤́

|f(x)− Tn(x0;x)| = |Rn| 6
M

(n + 1)!
|x− x0|n+1.

ddíØ��,�¼ê f(x)3«m I Sk?¿��ê,����¼ê�

¤�¼ê� {f (n)(x)}3 I þ��k.,Kk

lim
n→∞

Tn(x0, x) = f(x),

=, f(x)� Taylorõ�ª3 I ¥z: xÑÂñu f(x).

5¿,3��^�eþ¡�Âñúª¿Ø¤á.
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eãÐ«
�u¼ê y = sinx��VÐmª�cA�3 (0, π)é sinx

�%C�¹:

x

y
T1

T3

T5

T7

T9

11/26

‖J I‖ J I �£ �¶ '4 òÑ



3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

3.6.2 Ð�¼ê� Maclanrin úª
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

3.6.2 Ð�¼ê� Maclanrin úª

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+

eθx

(n + 1)!
xn+1, (x ∈ R)
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3.6.2 Ð�¼ê� Maclanrin úª

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+

eθx

(n + 1)!
xn+1, (x ∈ R)

ln(1 + x) = x−
x2

2
+ · · · + (−1)n−1

xn

n
+

(−1)nxn+1

(n + 1)(1 + θx)n+1
, (x > −1)
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x2

2
+ · · · + (−1)n−1

xn

n
+

(−1)nxn+1

(n + 1)(1 + θx)n+1
, (x > −1)

sinx = x−
x3

3!
+ · · · + (−1)m−1

x2m−1

(2m− 1)!
+

(−1)mx2m+1

(2m + 1)!
cos θx, (x ∈ R),
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x2
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+ · · · + (−1)m−1

x2m−2

(2m− 2)!
+

(−1)mx2m

(2m)!
cos θx, (x ∈ R)

(1 + x)α = 1 + αx +
α(α− 1)

2!
x2 + · · · +

α(α− 1) · · · (α− n + 1)

n!
xn
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α(α− 1) · · · (α− n + 1)

n!
xn

+
α(α− 1) · · · (α− n)

(n + 1)!
xn+1(1 + θx)α−n−1, (x > −1).
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

�
¦Ñ¼ê f(x)� Maclaurinúª,�KþAk¦Ñ¼ê3 0:��

ê� f (k)(0), k = 0, 1, 2, · · ·n. �k�ÿ¼ê�p��ê�¿ØN´O�.Ï

d,·��õ/´æ�m��ª. ù´Äué MaclaurinúªÄ�¹Â�eã

n):

½n 1 �Ä�¹Â´, XJ¼ê f (n)(0) �3, KÃØ^�o�{, ��

��äN/ª

f(x) = a0 + a1x + a2x
2 + · · · + anxn + o(xn), x→ 0

�Ðmª, K¦�½Ò´¼ê f � Maclaurin úª. ��B�¬, ·��^B

O�Ñ
 f (n)(0) = k!ak,ù�,·�ÒU¦Ñ�õ¼ê� Maclaurinúª.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 1 ¦¼ê e−x
4
� 4n� Maclaurinúª.

14/26

‖J I‖ J I �£ �¶ '4 òÑ



3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 1 ¦¼ê e−x
4
� 4n� Maclaurinúª.

) Ï�� x→ 0�, −x4→ 0,|^ ex Ðm�(J:

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+ o(xn),
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 1 ¦¼ê e−x
4
� 4n� Maclaurinúª.

) Ï�� x→ 0�, −x4→ 0,|^ ex Ðm�(J:

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+ o(xn),

��ò −x4 O� ex Ðmª¥� x,k

e−x
4

= 1 + (−x4) +
(−x4)2

2!
+

(−x4)3

3!
+ · · · +

(−x4)n

n!
+ o((−x4)n), x→ 0

= 1− x4 +
x8

2!
−
x12

3!
+ · · · +

(−1)nx4n

n!
+ o(x4n), x→ 0

14/26

‖J I‖ J I �£ �¶ '4 òÑ



3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 1 ¦¼ê e−x
4
� 4n� Maclaurinúª.

) Ï�� x→ 0�, −x4→ 0,|^ ex Ðm�(J:

ex = 1 + x +
x2

2!
+ · · · +

xn

n!
+ o(xn),

��ò −x4 O� ex Ðmª¥� x,k

e−x
4

= 1 + (−x4) +
(−x4)2

2!
+

(−x4)3

3!
+ · · · +

(−x4)n

n!
+ o((−x4)n), x→ 0

= 1− x4 +
x8

2!
−
x12

3!
+ · · · +

(−1)nx4n

n!
+ o(x4n), x→ 0

dd·����


(e−x
4

)(4k)
∣∣∣
x=0

=
(−1)k(4k)!

k!
, 3 x = 0 �Ù¦�ê�".

ù'��O�¼ê e−x
4
�N´�õ.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 2 ¦ cos2 x� 2n�� Maclaurinúª.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 2 ¦ cos2 x� 2n�� Maclaurinúª.

) |^

cos2 x =
1

2
+

1

2
cos 2x,

±9 cosx� Maclaurinúª:

cosx = 1−
x2

2!
+ · · · + (−1)n−1

x2n−2

(2n− 2)!
+ o(x2n−1)
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 2 ¦ cos2 x� 2n�� Maclaurinúª.

) |^

cos2 x =
1

2
+

1

2
cos 2x,

±9 cosx� Maclaurinúª:

cosx = 1−
x2

2!
+ · · · + (−1)n−1

x2n−2

(2n− 2)!
+ o(x2n−1)

5¿�� x→ 0�, 2x→ 0,¤±

cos2 x =
1

2
+

1

2

(
1−

(2x)2

2!
+ · · · +

(−1)n−1(2x)2n−2

(2n− 2)!
+ o((2x)2n−1)

)

15/26

‖J I‖ J I �£ �¶ '4 òÑ



3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 2 ¦ cos2 x� 2n�� Maclaurinúª.

) |^

cos2 x =
1

2
+

1

2
cos 2x,

±9 cosx� Maclaurinúª:

cosx = 1−
x2

2!
+ · · · + (−1)n−1

x2n−2

(2n− 2)!
+ o(x2n−1)

5¿�� x→ 0�, 2x→ 0,¤±

cos2 x =
1

2
+

1

2

(
1−

(2x)2

2!
+ · · · +

(−1)n−1(2x)2n−2

(2n− 2)!
+ o((2x)2n−1)

)
= 1− x2 +

1

3
x4 + · · · +

(−1)n−1

(2n− 2)!
22n−3x2n−2 + o(x2n−1), x→ 0
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 3 � f(x) = 1
x
,¦ f(x)3 x = 2� Taylorúª.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 3 � f(x) = 1
x
,¦ f(x)3 x = 2� Taylorúª.

) d 1
x
= 1

x−2+2
= 1

2

(
x−2
2

+ 1
)−1

. �â (1 + x)−1 � Maclaurinúª:

1

1 + x
= 1− x + x2 + · · · + (−1)nxn +

(−1)n+1

(1 + θx)n+2
xn+1,

^ x−2
2
�OÙ¥� x,Ò��

1

x
=

1

2

(
1−

x− 2

2
+ · · · + (−1)n

(
x− 2

2

)n
+ 2R

)
=

1

2
−
x− 2

22
+ · · · + (−1)n

(x− 2)n

2n+1
+R,

ùp

R =
(−1)n+1(x− 2)n+1

2n+2

[
1 +

θ(x− 2)

2

]−n−2
, (0 < θ < 1).
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

3.6.3 Taylor úª�A^

~ 4 O� e��,¦Ø�Ø�L 10−5.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

3.6.3 Taylor úª�A^

~ 4 O� e��,¦Ø�Ø�L 10−5.

) 3 ex �Ðmª¥,� x = 1,�

e = 1 + 1 +
1

2!
+ · · · +

1

n!
+

eθ

(n + 1)!
0 < θ < 1.

du

0 <
eθ

(n + 1)!
<

e

(n + 1)!
<

3

(n + 1)!

¤±,��(½ n,¦�
3

(n + 1)!
< 10−5

=�,´�,���ù��°Ý,�I� n = 9,ù�

e = 1 + 1 +
1

2!
+ · · · +

1

9!
= 2.718282
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 5 y² e´Ãnê.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 5 y² e´Ãnê.

y² £�y{¤XJ e ´knê, � e = q
p
, Ù¥ p, q ´��ê. �

n > p� n > 3,K

e =
q

p
= 1 + 1 +

1

2!
+ · · · +

1

n!
+

eθ

(n + 1)!
0 < θ < 1.

u´k
n!q

p
= n! + n! +

n!

2!
+ · · · +

n!

n!
+

n!eθ

(n + 1)!

d n�À���,þªØm>����	,Ù{��Ñ´�ê. Ïd n!eθ

(n+1)!
�

7´�ê. �¢Sþ

0 <
n!eθ

(n + 1)!
=

eθ

n + 1
<

3

n + 1
<

3

4
< 1

ù´gñ. gñ`² eØ´knê.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 6 ¦4�

lim
x→0

e−x
4 − cos2 x− x2

sin4 x
.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 6 ¦4�

lim
x→0

e−x
4 − cos2 x− x2

sin4 x
.

) Ï�

e−x
4

= 1− x4 + o(x4)

cos2 x = 1− x2 +
1

3
x4 + o(x4),

¤±

e−x
4 − cos2 x− x2 = 1− x4 − (1− x2 +

1

3
+ o(x4))− x2

= −
4

3
x4 + o(x4).

u´

lim
x→0

e−x
4 − cos2 x− x2

sin4 x
= lim

x→0

−4
3
x4 + o(x4)

x4
= −

4

3
.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 7 �¼ê f(x)3 [0, 1]«mþ����, f(0) = f(1) = 0,��3~

êM ¦�é?¿� x,k |f ′′(x)| 6M.¦y: 3 [0, 1]«mþk |f(x)| 6 M
8
.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 7 �¼ê f(x)3 [0, 1]«mþ����, f(0) = f(1) = 0,��3~

êM ¦�é?¿� x,k |f ′′(x)| 6M.¦y: 3 [0, 1]«mþk |f(x)| 6 M
8
.

y² é?¿� x ∈ (0, 1),d Taylorúª,�

f(0) = f(x)− f ′(x)x +
f ′′(ξ1)

2
x2, ξ1 ∈ (0, x)

f(1) = f(x) + f ′(x)(1− x) +
f ′′(ξ2)

2
(1− x)2, ξ2 ∈ (x, 1)

ò1�ª¦± (1− x),1�ª¦± x,,��\�

|f(x)| =
∣∣∣∣f ′′(ξ1)2

x2(1− x) +
f ′′(ξ2)

2
x(1− x)2

∣∣∣∣ 6 M

2
x(1− x) 6

M

8
.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 8 �¼ê f(x)Ú g(x)3 (−1, 1)þÃ¡��,�

|f (n)(x)− g(n)(x)| 6 n!|x|, x ∈ (−1, 1), n = 0, 1, 2, · · ·

¦y: f(x) ≡ g(x).
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 8 �¼ê f(x)Ú g(x)3 (−1, 1)þÃ¡��,�

|f (n)(x)− g(n)(x)| 6 n!|x|, x ∈ (−1, 1), n = 0, 1, 2, · · ·

¦y: f(x) ≡ g(x).

y² - h(x) = f(x)− g(x),K

h(n)(0) = 0, n = 0, 1, 2, · · ·

�â� Lagrange{�� Taylorúª,k

h(x) =
h(n+1)(ξ)

(n + 1)!
xn+1, x ∈ (−1, 1)

Ù¥ ξ 0u 0� x�m. Ïd

|h(x)| 6 |ξxn+1| 6 |x|n+2.

- n→∞,� h(x) = 0.¤± f(x) = g(x).
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 9 � f(x) 3«m [a, b] þk���ê, � f ′(a) = f ′(b) = 0. ¦y:

�3 c ∈ (a, b)¦�

|f ′′(c)| >
4

(b− a)2
|f(b)− f(a)|.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 9 � f(x) 3«m [a, b] þk���ê, � f ′(a) = f ′(b) = 0. ¦y:

�3 c ∈ (a, b)¦�

|f ′′(c)| >
4

(b− a)2
|f(b)− f(a)|.

y² ò f(x)©O3 a, bÐm,k

f(x) = f(a) +
f ′′(ξ1)

2
(x− a)2, ξ1 ∈ (a, x),

f(x) = f(b) +
f ′′(ξ2)

2
(x− b)2, ξ2 ∈ (x, b).

òd�ª�~¿� x = a+b
2
,��

f(b)− f(a) =
f ′′(ξ1)− f ′′(ξ2)

2
·
(b− a)2

4
.

� c´ ξ1 � ξ2 ��,¦� |f ′′(c)| > |f ′′(ξi)|, i = 1, 2.u´(Ø�y.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 10 �¼ê f(x) 3 R þ�g��, ¿�Mk = sup
x∈R
|f (k)(x)| < +∞,

k = 0, 1, 2.¦y: M 2
1 6 2M0M2.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 10 �¼ê f(x) 3 R þ�g��, ¿�Mk = sup
x∈R
|f (k)(x)| < +∞,

k = 0, 1, 2.¦y: M 2
1 6 2M0M2.

y² éu?¿ x ∈ R9 h > 0,�3 ξ ∈ (x, x + h)Ú η ∈ (x− h, x)
¦�

f(x + h) = f(x) + f ′(x)h +
1

2
f ′′(ξ)h2,

f(x− h) = f(x)− f ′(x)h +
1

2
f ′′(η)h2.

üª�~��

2f ′(x)h = f(x + h)− f(x− h) +
1

2
f ′′(η)h2 −

1

2
f ′′(ξ)h2.

Ï
 2|f ′(x)|h 6 2M0 +M2h
2, h ∈ R.dª%¹

2M1h 6 2M0 +M2h
2, h ∈ R.

u´kM 2
1 6 2M0M2.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 11 � f(x)3 [0,∞)þkn+1�ëY�¼ê,� f(0) > 0, f ′(0) > 0,

· · · f (n)(0) > 0.qé?¿ x > 0,k f(x) 6 f (n+1)(x).¦y: f(x) > 0.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 11 � f(x)3 [0,∞)þkn+1�ëY�¼ê,� f(0) > 0, f ′(0) > 0,

· · · f (n)(0) > 0.qé?¿ x > 0,k f(x) 6 f (n+1)(x).¦y: f(x) > 0.

y² éu x ∈ (0, 1],d Taylorúª�3 x1 ∈ (0, 1)¦

f(x) = f(0) + f ′(0)x + · · · +
f (n)(0)

n!
xn +

f (n+1)(x1)

(n + 1)!
xn+1,

�â^��

f(x) > f(x1)
xn+1

(n + 1)!
.

Ó�ò f(x1)Ðm,�� x2 ∈ (0, x1)¦�

f(x1) > f(x2)
xn+1
1

(n + 1)!
.

UYù�L§,�� (0, x)¥î�4~S� {xk}¦�

f(xk) > f(xk+1)
xn+1
k

(n + 1)!
.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

u´

f(x) > f(xk)
xn+1

(n + 1)!

xn+1
1

(n + 1)!
· · ·

xn+1
k+1

(n + 1)!

Ï� x 9 xk Ñ3 [0, 1] ¥, þªmà� k → +∞ �ªu 0, u´éu

x ∈ [0, 1]k f(x) > 0.dd

f ′(x) = f ′(0) + f ′′(0)x + · · · +
f (n)(0)

(n− 1)!
xn−1 +

f (n+1)(ξ)

n!
xn

>
f(ξ)

n!
xn > 0,

Ù¥ ξ ∈ (0, x). 8B�y f (k)(x) > 0, x ∈ [0, 1], k = 1, 2, · · · , n + 1. é¼

ê g(x) = f(x + 1)­E±þL§�� f(x) > 0, x ∈ [1, 2].^8B{�yé

?¿g,êm, f(x)3 [m,m + 1]þ�K.u´(Ø�y.
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 12 ¦y� a > 1 �Ø�3��¼ê f : (0,+∞) → (0,+∞) ÷v

�§

f ′(x) = f(ax), x > 0. (1)
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3.6.1 3.6.2 3.6.3 Taylor õ�ª Taylor úª

~ 12 ¦y� a > 1 �Ø�3��¼ê f : (0,+∞) → (0,+∞) ÷v

�§

f ′(x) = f(ax), x > 0. (1)

y²: e f ´÷v^��),Kd (1)� f Ã¡��� f 9§����

êÑ´î�4O�. e a > 1,Kéu x > 0�3 ξ ∈ (x, ax)¦�

f(ax)− f(x) = f ′(ξ)(a− 1)x

= f(aξ)(a− 1)x

> f(ax)(a− 1)x.

�ùéu x > 1
a−1 ´ØU¤á�. ùÒ`²� a > 1�Ã÷v^��).
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